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Go-Geometry of Overdetermined Systems of Second Order
By

Keizo YAMAGUCHI

Introduction.

Discovery of E. Cartan in

[C1] Les systemes de Pfaff & cing variables et les équations auz derivées partielles du
second ordre, Ann. Ec. Normale. 27 (1910), 109-192

Overdetermined ( involutive) system :

R Fa_1(02\' o1 ('
o or2 3 (r')-y2 Codxoy 2\ 0y?/)

Single equation of Goursat type:

(B) 9 + 12t%(rt — 5°) 4 32s° — 36rst = 0,

where ‘ ‘
0%z 0%z . 8%z
r=T75.. ST T/ = T
Ox? Oxdy oy?

14-dimensional Except.ioyna.l Simple Lie Algebra Go
The Plan of This TALK

Main Theme Contact Geometry of Second Order
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e Grassmannian Construction of Jet Spaces (§1)
== P’ D-manifolds (§4).

e Geometry of Linear Differential Systems( Tanaka Theory)(§2)
== Differential Systems associated with SGLA (Simple Graded Lie Algebras) (§3).

e Link between them
== Reduction Theorems for PD manifolds (§4, §5)

Together combined to discuss

G2-Geometry of Overdetermined Systems of Second Order (§6)

§1.Second Order Contact Manifolds.

GrassmannBundle:
M: a manifold of dimension m + n

J(M,n) =] Jur Jo=Gr(To(M),n).

zeM
Canonical System C on J(M.n) :
Vu € J(M,n)
C(u) = 7 (u) C Tu(J(M,n)).
Inhomogeneous Grassmann coordinate: x, = m(u,) € U’; (21, -+ , Zp, 2, -+, 2™)

U={uern'(U)|mu)=2€U’ and dz;A---Adz, |.#0};
Coordinates (z,, - .xp, 2", -+, 2™ pl.--- ,p™) are introduced by

n
dz® |,= Zpi‘(u) dz; |y -
i=1

On a canonical coordinate system (.- -+ .z, 2", -+, 2™, pl, .- | p™)

C={w1='~=w"‘=0},

where w® = dz* — Y1, p? dz;.

m = 1 == Contact Manifold

21 M — M : diffeomorphisin => ¢, : (J(M,n),C) — (J(M,n),C)



Theorem 2.1 (Béacklund). M, M : manifolds of dimension m + n.

Assume m 2 2. ®: (J(M,n),C) — (J(M,n),C) ; isomorphism
=> Jy¢: M — M such that ® = ¢,.

(J,C) : Contact. Manifold = (L(J), E)

Lagrange-Grassmann Bundle
LN=L.5J
ueJ
L, = {Legendrian subspaces of(C(u), dw) }.
VYo € L(J)
E(v) = ;' (v) C To(L(J)) = Tu(J)
where (T1,++ ,Tny Z,P1," "+ Py P15 ** » Pun) a0 Dij = Djs
E={w=w = =w, =0},

where ‘

{w =dz — Y i pidz,

n
w; = dp; — )i Pij AT;
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Theorem 2.2. ® : (L(J),E) — (L(J), E); isomorphism => 3¢ : (J,C) — (J, C)

such that ® = p,.

§2. Geometry of Linear Differential Systems (Tanaka Theory).

M: a manifold of dimension d
D < T(M): subbundle of rank 7 (s + 1 = d)

D={w =--=ws=0}.
(M, D): completely integrable '
& D={dr; =" =dr,=0}

< dw; =0 (mod wy, ,w,) (1SS 8)
<= [D, D] C D where D =TI'(D)

Derived System dD: 0D =D + [D, D).
Cauchy Characteristic System Ch(D):

Ch(D)(z) ={X € D(z) | Xldw; =0 (modwy,... ,w,s) fori=1,...,8},

k-th Derived System 6*D :
D = 9(6" ' D)
k-th Weak Derived System %) D :
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oD = gk-1p 4 [D,s%-1D),

Symbol Algebras
(M, D) : regular
(S1)  3u > 0 such that, for all k 2 ,
—k - - -
D =---=D“2...2022D1=D,
(S2) [Dr. DY) Cc D't forall p.g<0.

(M, D) : regular such that T (M) = D™*.

Ve € M,
-
(@) = D aple).

p=-1

g-1(2) = D(z), gy(x) = D(z)/ DP*\(z)

[X.Y] = @pie([X. Y]2),
where X € rDr),X = w,,(f{x) € gp(z), Y e I(D9),Y = wq(f/z) € go(2)-
8p(2) = [gp+1(2), 8- 1 ()] for p < —1.

Conversely given a

Fundamental Graded Lie Algebra :
—u
m=@D g
p=-1

i.e.. Nilpotent GLA satisfying the generating condition : g, = [gp+1,0-1] for p < —1

=
(M(m), Dy) : Standard Differential System of type m

==

g(m) : Prolongation of m = ®,<08p

Our Problem :

When does g(m) become finite dimensional and simple ?

Symbol Algebra of (L(J), E) :

E={w=wl=-o-=wn=0},
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A(n) =c3®c By,
where c_3 =W,c_o =W Q V*,
L =VaewaeSi(V).

Coframe: Dual frame:
0 8 d 0
) iad‘ivd A E :_s__'a—'—.)_-
{w, @i, dzi, dps} {dz Op;’ dz; 6p,-j}
where

OF = {w =0} =7'C, Ch(OE) = Kern,.

§3. Differential Systems associated with Simple Graded Lie Algebras.

Gradation of g

g: Simple Lie Algebra over C

f: Cartan Subalg. ;® C h*:Root System
A ={oy,---,ar}: Simple Root System

0=P 2910 P 9-a;

acd+ acdt
A) C A: Fix,  OF = Uy,

£
@;*:{a:Zniail E n; =p},
~i=1

€A
O = Docaf 8oy (P> 0)
go = EBaeap(’)f' 9o © h o @aecpg F-a)
g-p= ®ae<1>,'§ 9-a>
Then [8p: 9] C Bp+q for p,q €Z.

Generating Condition:m = @,_, 8p (*) 8y =1lp+1,8-1] for p<—1

B
ACA = (XpA): g= @gp

o

where jt =3, A, ni(0), 6 = S ni(0)



Theorem 4.1. g = ®pel gp: Simple Graded Lie Algebra over C satisfying (x).

X¢: Dynkin Diagram of g.== 3, Ay C A s.t. g = ®pez 8 = (Xo, Ay)

Classification ofg = @, gpWith(*)

<= Classification of Parabolic subalgebrasg = @ 9
p20

(Xe, A1) = My =G/G": Rspace pu22 g.=>D; onM,
(Mg, Dy) D (M, D), m = @,,0 8p-
Theorem 4.2. g = ®pez 8p: Simple Graded Lie Algebra over C satisfying (*).

Except for (1), (2), (3),
8=Pag, =g(m),

peZ
where m = @, ., 8-
(1) 9=9-1®go® gy is of depth 1 (n=1).
(2) g= @;_2 gp s a contact gradation.
(3) 8 = @D,z 8p is isomorphic with (Ag, {1, c;}) (1 < i <€) (Cp {n, e}).

Corresponding R-spaces
(1) = Compact Hermitian Symmetric Spaces
(2) = Standard Contact Manifolds
(3) (Ae, {(l‘], ai}) = (J(]Pl’i -1),0) (Cy, {ala af}) = (L(Pu_l)v E).

§4. Geometry of PD-manifolds.
R ¢ L(J): submanifold satisfying

(R.0) p:R - J;submersion,

On L(J), C'=08E, C'=E
On R, D'=C'|p, D*=0C? |
(R; D', D?) satisfies :

(R.1) D% codim. 1, D% codim. n +1,
(R.2) 8D? c D',

100
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(R.3) Ch(D') C D?: codim. n,
(R.4) Ch(D')NCh(D?) = {0}.

Triplet (R; D!, D?) : PD-manifold <= (R.1) ~ (R4)

{0} = Ch(DY) N Ch(D?) C Ch(D') C D? C 8D* C D' C T(R)

Realization Theorem for PD-manifold

(¢) (R.1) and (R.3) = (J,C)
J=R/Ch(DY), D'=p;}(C),
where p: R — J = R/Ch(D").

(#) (R.1) and (R.2) = L(’U) = p,(D?*(v)(C C(u) : Legendrian
(it1) (R4) => ¢ : R — L(J): immersion

Theorem 5.1. o
® : (R; D'. D?) — (R; D', D?):isomorphism =>

Sy (J,C) — (J.C): contact diffeo s.t.;

R —=— L(J)
«:pl | l
R —— L(J).

Compatibility Condition (C)
() pY:RY — R is onto.
where R(): the first prolongation of (R; D', D?).

Theorem 5.2. (R : D!, D?):PD-manifold satisfying the conditz'én (C).
Yv € R:
dim D'(v) — dim 8D?*(v) = dim Ch(D?)(v).
Especially D' = 0D* <= Ch(D?) = {0}.

In case rank Ch(D?) > 0,
Geometry of (R; D', D?) => Geometry of (X, D),
where X = R/Ch(D?), D? = p;}(D),p: R— X.
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85. Single Equations of Goursat Type.
L(J) D R = {F(xi, z,pi, pi;) = 0}: Hypersurface s.t. p: R — J ; submersion,

R is of (weak) parabolic type at each v € R

= (a%%(")) :rank 1 at each v € R

&= (R.D?): regular of type s:
$=6_3D6_2DS6_,
where s_3=R,s_,=V* s_,=V@&ffc S*V*); (f)* = (e?) c S](V),e€ V.

<= 3 Coframe {w, Wq,Ws: @Wia: Tap} (1 Sa<n,25a S fSn)on Rsuch

that
D2={w=w1="'=Wn=0},
dwo =w Awy +ovvee- + wp Aw, (mod w),
dw, = waAw+ - +wp Awy, (mod w,wy, -, wy),
dweg S Wi Aoy + v+ - - + wn A Wan (mod @, wy, -, wp,).

where  wWag = Waa Wia = War; 2S5, A S 1.

R is a equation of Goursat type
<> R ; (weak) parabolic type s.t. M(FE); completely integrable,
where M(E) is the Monge system ;

M(E) ={w=m =-~-=wn=wa=w1a¥0 (2L asSn)}.
The First Order Covariant System N(E)

N = N(E) = {w = w, =0}

By Two Step Reductions
Geometry of (R, D?); Goursat Type=> Geometry of (Y, Dy); Type c¢!(n—1,2),

where Y = R/Ch(N), N =p;}(Dn),p: R—-Y.



-0
(03] an [0 79 W4 7]
A (£22)
2 2 1
[0 ———"0 SSTEYTTE} — OO0
-0 (=7} Qg O
Cy (£22)

Extended Dynkin Diagrams with the coefficient of the highest root

§6. Go-geometry.

6.1. Standard Contact Manifolds

g: Simple Lie Algebra over C

A: Highest Root

(X¢, Ag) : Contact Gradation =

-6
2 2 2
] SO _o:o
a2 Qg1 ¢
(s3] ,
B, (£23)
__0 1
2 _3,<z!e—1
1 1
o2 Q-2
ay [s7]
Dy (€2 4)

o az -0

=9 29098-1DgDg1 DY

(Jy. Cy):Standard Contact Manifolds <= Boothby

103
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[Projectiviation of the (co-)ajoint orbit through the highest root vector|

Ay < Extended Dynkin Diagram
6.2. Gradation of G,.

(OR—XON 0 = 3a; + 2a;.

[+3] 2

A CA= {a;,ag}

(Gl) Al = {al}. n= 3,
m=g 30829

where dimg_3 = dimg_; = 2, dimg_2 = 1.

(G2) Aj={a}. p=2
m=g_,®g-; : Contact Gradation

(G3) Ay = {0, a2} =05,
mM=g;09-4Pg-3Dg-2D g1

where dimg_, = 2 and dim g, = 1 for others.

Root System G,

rankg = dimbh = 2

A = {o1,03}: Simple Root Systeﬁn

&+ consists of the following roots
ay, (g,
as + a1, g + 20y, ag + 3oy,

209 + 3y

Type G,



(Jg, Cy): Standard Contact Manifold
dimJg =5
L(J,) : Lagrange-Grassmann Bundle
dim L(Jy) = 8

Orbits Decomposition
' L(Jg) = OUR UR,,
(1) O: Open orbit,

(2) Ry: Codim 1, the Global Model of (B),

(3) Ry: Codim 2, the Global Model of (A).

Ry: compact = (Gq, {aq,as})

Xe# A = Ag = {ag}

For Exceptional Simple Lie Algebras, 3; o¢: 3 next to oy

(Xp,{ag}): p=3 <<= (Mg, Dy)
g3=W, go=V g,=WeV"

dimg_3=2
i.e.,(My, OD,): regular of type ¢!(r,2).

(JnCy) ==  (Xu{oo})
T

L(J,) D Ry =  (Xe{os ac})

(Xv D) — (le {aG})

L(J)DR <=  (M,,dDy)

105
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