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1. Introduction

It was an interested and important problem to give the description of quan-
tization, ie of passing from classical physical systems to the corresponding
quantum ones, from the moment that quantum mechanics came into existence.
In the end Heisenberg and Schrédinger succeeded in giving the description
based on the notion of operators. On the other hand in 1948 Feynman pro-
posed an essentially new description in [2] based on the notion of the so-called
Feynman path integrals. His description is that the probability amplitudes can
be constructed from the classical systems in a direct way with physical mean-
ings. In 1951 Feynman himself gave the description reformulated by means of
the path integrals in phase space in [3]. Now we know that his description is
very useful and applied to wide areas in physics (cf. [7, 20]).

Since Feynman published his paper, much work has been done by physists
and mathematicians to give the rigorous meaning to the Feynman path inte-
grals. Some definitions of the Feynman path integrals are proposed and proved
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to be well-defined under some assumptions. See [6, 14, 21] and their references.
Recently the author in [9 — 12] studied the time-slicing approximate integrals,
determined through broken line paths as oscillatory integrals, of the path in-
tegral in configuration space and also in phase space and then proved in a
general way their convergence in L? space. It is noted that the approximate

integrals studied in [9 — 12] are very familiar in physics (cf. [4, 5, 20, 21]).

Our aim in the present paper is to study the path integral representation
of correlation functions of the position and also the momentum operators and
then to give a rigorous meaning to their representation. It seems that there
have been no results of this problem. Our path integral representation of
correlation functions is defined by the limit of the time-slicing approximate in-
tegrals, determined through broken line paths as oscillatory integrals, similarly
to the path integral in [9 — 12]. As is well known, correlation functions are
some of the most important quantities in quantum mechanics and quantum
field theory (cf. [16, 20]). In physics the path integral representation is well
known of correlation functions of only the position operators, though it has
not been rigorous. We note that in the present paper a more general represen-
tation, ie of correlation functions including the momentum operators, is given
rigorously and the Feynman path integrals in phase space determined in [12]
are used for obtaining our results. In addition, we note that we can give the
path integral representation of the canonical commutation relations , which

are the most fundamental in quantum mechanics.

The plan of the proof is as follows. The approximate integral of the Feyn-
man path integral is determined correspondingly to each subdivision of the
time interval. We consider the family of all approximate integrals. We first
show the uniform boundedness of the family of approximate integrals in some

weighted Sobolev spaces. This result is essential in our proof. By using this re-
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sult of the boundedness we show the equi-continuity w.r.t the time variable of
the family of approximate integrals in our weighted Sobolev spaces. Then, by
applying the abstract Ascoli-Arzela theorem we can prove convergence of the
approxh_ﬁate integrals of the Feynman path integral in our weighted Sobolev
spaces as the size of subdivisions tends to zero. We note that our method of
proving convergence is direct compared to that in [9 — 12], where convergence
in only L? space was proved by using the results in [8] about solutions of the
corresponding Schrodinger equation. Convergence of the approximate integrals
of correlation functions is proved by using the result above of convergence of
the Feynman path integral in the weighted Sobolev spaces and some delicate
calculus that is special to oscillatory integrals.

In the present paper we will only state main results and some remarks,

which will be given in §2. See [13] for their proofs.

2. Main Results and Remarks

We consider some charged non-relativistic particles in an electromagnetic
field. For the sake of simplicity we suppose charge and mass of every particle
to be one and m > 0, respectively. We consider z € R" and t € [0,T]. Let
E(t,z) = (E1, -+, Ea) € R and (Bjk(t, T))1<j<k<n € R"™~1/2 denote electric
strength and magnetic strength tensor, respectively and (V'(¢,z), A(t,z)) =
(V,Aq,---, An) € R™! an electromagnetic potential, ie

0A 0oV
P=-% "%
d(d Ajdz;)= Y BjdzjAdz; on R", (2.1)

j=1 1<j<k<n
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where 0V/0z = (8V/dzy,- - - ,0V/0z,). Then the Lagrangian function L(t, z, £
(z € R™) is given by

L(t,z,5) = %w +i-A-V. | (2.2)

The Hamiltonian function H(t, z,p) (p € R™) is defined through the Legendre

transformation of £ by
1
=—|p— AP+ V. (2.3
H(t,2,9) = 5-lp — AP + (23)

Let T*R™ = R} x R? denote phase space, and (R")*% and (T*Rh)[”t]
the spaces of all paths ¢ : [s,t] > 6§ — ¢(f) € R" and (¢:p) : [st] 3
0 — (9(8),p(0)) € T*R", respectively. The classical actions Sc(t;;s;q) for
g € (R")*Y in configuration space and S(t, s;q,p) for (¢,p) € (T*R™)Y in

phase space are given by

Sit,s50) = [ £0.40,d0)d8, a0 =ZO @4

and

S(t,5i0,7) = [ 9(6) - 4(6) — 10, 4(6),2(6))d8, (25)
respectively (cf. [1]). | |
Let A:0=19<7 <...<7, =T be a subdivision of the interval [0, T].
We set |A| = maxi<j<,(7j — Tj-1). Let 0 < s <t < T and f € C°(R™),
where C§°(R") is the space of all infinitely differentiable functions in R™ with
compact support. For A above we define the time-slicing approximate integrals
Ca(t,s)f and Ga(t, s)f of the Feynman path integrals in configuration space
and in phase space, respectively as foilows.
At first we define Ca(t,s)f. We set Ca(s,8)f = f. Let 0 < s < t <
T. We take 1 < p/ < p < v such that 7y < s < Ty and 7,1 <
t < 7, For y,29 (j = /i +1,...,u — 1) and = in R" let’s define
aa(8;y, %), ...,z 1) € (R™)#Y by the broken line path joining points



yats o9 at 7 (j = p, 4 +1,...,4—1) and z at ¢t in order. We define
CA(ts's)f by

m —noal m " m "
(Calt,8)f)(=) = \/27rz‘h(t — Tu-1) 1 \/27rih(7',- - Tj-1) \/21rih(7'u' —s)

J=u'+1

x Os — / " / (expih™'S.(t, 5;qa)) f (y)dydz®) - - - dg D). (2.:6)

Here Os — [--- [ g(y,z%), ..., ®D)dydz®) . .. dz(¢~1) means the oscillatory
integral (cf. [15]).

We define Ga(t, s). For the sake of simplicity we set s = 0. The general case
can be defined in the same way that Ca(t, s) was done. We set Ga(0,0)f = f.
For0 <t <Ttakeal < pu < vsuchthat 7,.; <t < 7, ForoW (j =
0,1,...,u —1) in velocity space R® we define va(0;v©, ... v V) e (R0
in velocity space by the piecewise constant path taking v® at § = 0,v\?
for ; <0 <11 G =0,1,...,p0—2) and v#*V for 7,.; < § < t. Let
qa(6;29,..., ¢V 1) € (R*)04 (z(® = y) be the path in configuration space
defined above. Then we determine the path pa(8;z©,...,z®1, 2,00 ..

v#-1) € (R*)% in momentum space by
ac
pa(8) := -a—i_(O,\qA(G),vA(G)) = mva(6) + A(6,qa(9)). (2.7)
We define Ga(t,0)f by

(Ga(t,0)f)(z) = (2mh)™ OS-/“‘/(expiﬁ_ls(t, 0;qa,pa))
x f(©@)dmv@dz®dmvVdz® . .. dmyF-Ddzk-D), (2.8)

Let L2 = L%(R"™) be the space of all square integrable functions in R" with
inner product (-,-) and norm ||-||. For a multi-index a = (a4, ..., o) we write
lo = T3 @5, 8% = (8/821)% -+ (8/824) and < & >= /1 + |22 In [9 -
12] we proved the following.
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Theorem A. Let 32E;(t,z) (j = 1,2,-- - ,n), 82 Bjx(t, z) and 3, Bjk(t, T) (1 <
j < k < n) be continuous in [0,T] x R" for all a. We suppose

|02 E;(t,7)| < Ca, lo| 21, |85 Bs(t,2)] < Ca <z >70*), |a 21(29)

in [0,T] x R* for some constants § > 0 and C,, where § is independent
of a. Let (V,A) be an arbitrary potential such that V,8V/dz;,0A;/0t and
8A,/0zi (j,k =1,2,--- ,n) are continuous in [0,T] x R*. Then we have: (1)
Let |A| be small. Then both of Ca(t, s) and Ga(t,s) on C$° are well-defined
and can be extended to bounded operators on L%. They are equal to one other.
(2) Let |A| be small. Then there exists a constant K > 0 independent of A
such that

ICalt,s)fll < eXEfl, 0<s<t<T (2.10)

forall f € L2. (8) As|A| = 0, Ca(t,s)f for f € L?* converges in L* uniformly
in 0 < s <t <T and this limit satisfies the Schrodinger equation

ihg—t-u(t) — Ht)u(t), u(s)=f, (2.11)
where
H) =5 i:l(%%} AP +V. (2.12)

We write [ (expih™Sq(t, 5;4)) f(q(s))Dq and [f (expih~'S(t, s;4,p))
x f(q(s))DpDq for the limit of Ca (¢, s) f and Ga(t, s)f as |A| — 0, respectively.

Remark 2.1. In (2.8) we make the change of variables: R™ > (vO,...,
pD) o (pO, ..., pW-D) € R, setting p¥) = 8L(7;,qa(7;),va(T;))/0% =
mvP + A(r;, ). Then Ga(t,0)f is written

(Galt,ON@) = k)™ Os— [ -+ [ (expihi5(t,0;an,pa))
x f(:z:(o))dp(o)dx(o) dpMdz® ... dp#~Ddg W1
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in the form of an integral on the product space of phase space.

Remark 2.2. In Theorem A only smooth electromagnetic fields are consid-
ered. We can apply Theorem A as follows to the case that electromagnetic
fields have singularities. For example consider atomic Hamiltonians

B2 "oy 1
H= L L T e, B - 20
where ) € R® and A; denotes the Laplacian operator in ). Let x; (I =
1,2,...) bereal valued infinitely differentiable functions in R3 such that sup,c s

|02x:1(z)| < oo for |a| > 2 and

lim xi(z) = —— in L(R®) + L®(R®).

= ]
We set
p2 n n . _
H=-o- 24+ an,(m(”) - 2 xi(z? —z®).
j=1 j=1 1<j<k<n

We know that e~ ¢-9H: converges to e~ ¢~9H gtrongly in L? as | — oo.
See Example 2 of §X.2 in [18] and Theorems VIII.21, VIIL25 in [17] and also
see [22]. It follows from Theorem A in the present paper that e~ihT(t-9)H: f
for f € L? can be written in the form of our path integrals. So we see that
e~h"'(t=0)H £ can be written in the form of the limit of our path integrals. The
same argument can be applied to the general case of electromagnetic fields
having singularities.

Let B® (a = 1,2,...) be the weighted Sobolev space {f € L?; ||fl|l :=
| Fll+Zjaq=a(llz* Fll+1182£]]) < 00} and B~ its dual space. We write B® = L?.
As the first result in the present paper we have

Theorem 1. Besides the assumption of Theorem A we suppose

|02A4;| £ Cq, || 21, [5V|<Coa<z>, |21 (2.13)
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in [0,T] x R*. Leta =0,1,.... Then we have: (1) Let |A| be small. Then

there exists a constant K, > 0 such that
ICa(t, 8)fllBe < eX2¢=2||fllps, 0<s<t<T (2.14)

for all f € B®. In addition, Ca(t,s)f for f € B® is continuous as a B*-valued
functionin0<s<t<T. (2) As |A| —= 0, Ca(t,s)f for f € B* converges in
B® uniformly im0 <s<t<T.

Remark 2.3. Suppose that £ and By satisfy tkhe assumption of Theorem
A. We remark that then, we can find a potential (V; A) satisfying (2.13), which
was proved in Lemma 6.1 of [10]. In addition, we can easily prove Theorem
A from Theorem 1 where a = 0 by using the gauge transformation as in the

proof of Theorem of {10].

Remark 2.4. Let £2,([0,T}; B°*?) N EL,([0,T]; B*) denote the space of all
B*t2_yalued continuous and B%-valued continuously differentiable functions in
0 < s <t <T. Suppose (2.13) and consider the Schrodinger equation (2.11)
for f € U2, B® Then uniqueness of the solutions in U _, £2,([0, T; B**?) N
£1,([0,T]; B*) has been proved in [8]. So we write the solution of (2.11) as
U(t, s) f hereafter. As was noted in introduction, Theorem 1 is proved directly
without the use of the results in [8]. We also note that we can prove uniqueness

stated above of the solutions of (2.11) from Theorem 1 as in the proof of

Theorem in [8].

Let A be a subdivision and (qA 0;29,...,207V, 1), pa(6; 29, ...,z g,
0@, ... ,v("‘l))) € (T*R™)%T] the path determined before for A. Let 0 < t; <
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12 <...<t <T. For z = q or p we write

Jf (expih7S(T,0;9a,pa)) (2a)s0t4) - (20)1 (12) £ (4 (0))PpaDas

= 05— [ [(expih™'S(T,0;qa,pa))(a)5, (t) - - (28)5 (t1)
x f(@)(275) "™ dmvQdz@dmvVdz® . . . dgmpy®-Ddz-
(2.15)

and

[ (ex k75T, 0:0a)) (@a)icte) -+ (@a )i (1) (2 (0)) Daa
i=0s - / / (exp ik~ Su(T, 0;98)) (an)su k) - - - (aa) s, (02) £ (@)

v n
m
X : dzQdzM) ... dzv-1), 2.16
j—l:Il 2mik(t; — tj1) (216)

where (2a); is the j-th component of zo € (R")[7],

Theorem 2. Let0 <t <t;<...<txy <Tanda=0,1,.... Under the
assumption of Theorem 1 we have: (1) Let |A| is small. Then the operator
(2.15) on C§° is well-defined and can be extended to a bounded operator from

B%+k into B®. In more detail, we have

" / / (expiA='S(T,0;qa,Pa)) (25 (te) - -
% (2)(4)f (@ (0)DpaDas] 5, < Gillfllgers, (217

where C, is a constant independent of A, t,,...,tk—1 and ty. (2) We assume
ti#t; (i#7). Then as |A| =0, (2.15) for f € B*t* converges in B*, which
we write [[ (expih’IS(T, 0;q, p))z,-k(tk)---zjl(tl) f(g(0))DpDq. This limit is
equal to U (T, t)2;, U (te, te—1) - - - 2;,U(t1,0) f, where 2; denotes a multiplication
operator z; when z = q and denotes i"'hd;; when z = p. (3) Lett € [0,T)
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and f € B**2, We take a u for each A so that Tu-1 <t < 74. Then we have

Jim [f (expins(T,0 qA,pA))(pA)ku)(qA),(t)f(qu))DpADqA

= UT, 0550 (0,0)f + 285 gngo(——_T)U(T 0)f (218)

in B!, where ik is the Kronecker delta. It is noted that the right-hand side
above is divergent if j = k. (4) Here we don’t assume t; # t; (i # j). Let
|A| be small. Then the operator (2.16) on C is well-defined and is equal to
(2.15) where 2 = q. In addition, in this case, ie all z = q (2.15) for f € Botk

converges in B%, as |A| — 0.

We write [ (expihi~'S.(T,0;q)) g;, (t&) - - - g5, (t1) £ (g(0))Dgq for the limit of
(2.16) as |A| — 0. Let’s use the notations of the Heisenberg picture of quan-
tum mechanics, 2;(t) = U(t,0)~'2,U(¢,0), |f,t >= U(t,0)"f and < f,t| =

|f,t >*, where g* is the complex conjugate of g.

Corollary. Under the assumption of Theorem 1 we have: (1) Let 0<ti<
t2 <...< 4% <T,g € L? and f € B*. Then we obtain the path integral

representation of correlation functions

<9.TValt) - 5(0)1£,0> (= (9.7 > 23, (60) -+ 2 (0)1,0 )

= (6, [ (expin™S(T,0:,1)) 23, t0) - 23 (1) a(0)) DDg).
(2.19)

We also have

<0, Tlgs (t) - 4a(t)£,0>
= (9, [ (exp ih™'S(T, 0;0)) g5, (8) - 45 (12)/(a(0))Da).
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(2) Let 0 <t <t < T and f € B®. Then we have for j,k=1,2,...,n

lim / / (expih1S(T, 0;,p)) (ps(t)ax(t) — a(t)p;(t))) £(a(0))DpDg

= ;'-i ik f / (expih~'S(T, 0;4,)) £(4(0))DpDg (2.21)
in L2,
Proof. Since

U(T, t)23, U (tes tee1) - - 2, U1, 0)f = U(T, 0)3;, (t&) - - - 3, (t1) f, (2.22)

we can easily prove (2.19) and (2.20) from the assertions (2) and (4) of Theorem
2. It follows from the assertion (2) of Theorem 2 that the left-hand side of
(2.21) is equal to

—t

Here let’s use the fact that ||U(t, s)g||z. < e¥o®=?)||g||p. and U(t, s)g for g €
B¢ is continuous as a B%-valued function in 0 < s < t < T, which follows from
Theorem 1. Then

U, t)aU(,0)f — gU(t,0)f( 5

< F1)|g (U(F,0) = U 2,0)) fllar + Ut £)iuU (8, 0)f — GU (2, 0)fl|»
and so limy_, U(t,t)GU(t,0)f = §U(t,0)f in B'. Consequently we have

lim U(T, t)p;U (¢, t)@U (¢, 0)f = U(T,)p;@kU (¢, 0) f

in L2. Hence we can prove (2.21). Q.E.D.

Remark 2.5. (i) The path integral representation (2.20) of correlation func-
tions of the position operators is well known in physics, though it has not been
rigorous ([16, 20]). It is noted that our result (2.19) gives a more general rep-

resentation of correlation functions including the momentum operators. (ii) It
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follows from Theorem 2 and (2.22) that the equation (2.21) is equivalent to

. . . . R , . . h
Im (5;(0a()f — G@B(E)f) = 60, (22
ie the canonical commutation relations.

Example 2.1. Let (V, A) be an electromagnetic potential such that
|02V |+ <z >0 |024| < C,, o] 22, [0°0,A| < Ca, || >1

in [0,T] x R" for some constant § > 0. Then since E; = —0A;/0t — V/0z;
and Bjy = 0Ayx/0z; — 0A;/0x from (2.1), we can see that the assumption of

Theorems 1 and 2 is satisfied.
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