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ON EXPONENTIAL CALCULUS OF SYMBOLS OF
PSEUDODIFFERENTIAL OPERATORS OF MINIMUM
TYPE
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GRADUATE SCHOOL OF MATHEMATICAL SCIENCES,
THE UNIVERSITY OF TOKYO

1. INTRODUCTION

Let X and Y be n- and m- dimensional complex manifolds,
respectively.

§*X := (T*X - X)/R*,S*Y := (T*Y - Y)/R*.

We define the mapping v as

v 10'?‘(X xY)3 (z,w;&,n) — (2 |—§—|) X (w; T?IT) € §*X x §'Y,

where

T*(X x Y) == T*(X x Y \{(T"X x Y) U (X x T*Y)}.
For d > 0 and an open subset U of S*X x S*Y we denote
v 1 (U) N {l¢| > d,|n| > d}
by v~'(U;d, d).
Hereafter we write (2, £, w,n) for coordinates (2, w; &, 7).

2. SYMBOLS OF PRODUCT TYPE

Let K be a compact subset of S*X x S*Y.
Definition 2.1. P(z,£,w,n) is said to be a symbol of product type on
K if the following hold:

(1) There are d > 0 and U D K open in §*X x S*Y such that
P(2,&,w,n) is holomorphic in y~}(U;d, d).
(2) For each & > 0 there is a constant C, > 0 such that

(2.1) |P(2,&,w,1)| < Cees€HD on 4~Y(U; d, d).



We denote by S(K) the set of all such symbols on K.
S(K) becomes a commutative ring with the usual sum and product.

Definition 2.2. We denote by R(K) the set of all P(z,£,w,n) € S(K)
satisfying the following;

there are d > 0,6 > 0,U D K open in §*X x §*Y, and a locally
bounded function C(-) on (0, 00) such that

|P(2,€,w,m)| < C(I€]/In)e?min i}
on 7y~ 1(U;d, d).
We call an element of R(K) a symbol of 0-class.

Definition 2.3. A formal series Z P;x(2,€,w,n) is called a formal
k=0
symbol of product type on K if the following hold:
(1) There ared > 0,0 < A< 1,and U D K open in §*X x §*Y such
that P; is holomorphic in v~*(U; (j + 1)d, (k + 1)d) for each j, k > 0.
(2) For each € > 0, there is C, > 0 such that

(2.2) |Pix(z,&w,m)] < C.A e on X (U; (5 + 1)d, (k +1)d)
for each j,k > 0.
We denote by S(K) the set of such formal symbols on K.

We often write a formal power series Z titEP; k(2, &, w,n), in indeter-
3,k=0

[o o}
minants £; and t, for Z P; x(2,&,w,n).
k=0
We can easily obtain the following.

Proposition 2.4. S (K) becomes a commutative ring with the sum and
the product as formal power series in t, and t,.

S(K) is identified with a subring of S(K) as follows:
S(K) = S(K ey = {P = X t{#hPya Py =0 for all (1,8) # 0,0)}

Definition 2.5. We denote by ﬁ(K ) the set of all P(ty,ts;2,§,w,n) :=
Z 1tk P x(2,€, w,m) in §(K) such that there are d > 0,0 < A < 1,

3,k=0

and U D K open in S*X x S*Y satisfying the following;
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for each € > 0, there is C. > 0 such that

> Pik(z,&w,n)| < CoAmnlstieelieiinl

0<j<s
0<k<t

on y~Y(U; (s + 1)d, (t + 1)d) for each s,t > 0.
We call an element of ﬁ(K ) a formal symbol of zero class.

Proposition 2.6. Under the previous identification,
S(K)NR(K) = R(K) holds.

Proof. Let P(z,£,w,n) bein S(K). Then P(z,£, w,n) € R(K) is equiv-
alent to the following;

there exist d > 0,0 > 0, and U D K open in S*X x S*Y such that for
each € > 0 there is C, > 0 satisfying

|P(z, &, w,n)| < C.e®min{léhinlt+e(&l+In))

on v~ 1(U;d,d).
(C) Using the fact that (0,00) = {t := £};(2,£,w,n) € v(U;d,d)},
by the hypothesis,we obtain the following;

|P(2,€,w, )| < Coe™®mntLieleC1+ e

for all ¢ := £l € (0,00) and (z,¢,w,7) € v(U; d, d).
We fix any € > 0 such that 0 <e <1 and e < §.
Then for every t € [3¢, 1]
|P(2, €, w,n)| < C.e~ S+l < O Sl +e(1+5lel

On the other hand, for any sequence ¢, such that min{1, %} > g, >
gg > - -+ — 0, we define a function C(-) on (0, 1] as

Cs,., <t<Ll1,
C(t) = { %51 €1

C%€n+1’ sn+1 < t S en~

Then C(-) is locally bounded on (0, 1] and

|P(2,€,w,n)| < C(:ni:)e—%sleu



on y~(U;d,d) N {¢| < |nl}.
In like manners,

|P(z,&,w,m)| < C(%)e-%ﬂlnl

on v} (U; d, d) N {lé] > Inl}.

Here,we define a function C’(-) on (0,00) as C'(t) = C(min {t, 1}).
Then C’(t) is locally bounded on (0, 0o)

and | P(z,€,w,7)| < C'({&)e-5*minllébinl} on y~1(U7; d, d).

That is,P(z,&,w,n) € R(K).

(D) Let P(z,&,w,n) € R(K).

Then there are d > 0,0 > 0,U D K open in S*X x S*Y, and a locally
bounded function C(-) on (0 oo) such that

P26, w,m)| < cﬁ)e*mﬁn“ﬁ"'ﬂ”

on v~ }(U;d,d). We fix any € such that 0 < ¢ < 1. Then,

~ min{je], |}
1Pz, &, w,n)| < max C(t) - e

on vy 1(U;d,d)N{e < < =:t < 1}. We put C! := max C(2).

<t<1
On the other hand, since P(z,£,w,n) € S(K), there exists C/ > 0
such that

|P(z,&,w,m)| < G+

on v~ Y(U;d,d).
Therefore, the following iequalities hold on v~*(U; d, d) N {'ﬂ <e}.

|P(2,&,w,1m)| < C;le—érmn{(l&l,lnl)}+5mm{(I£I,In|)}+E(I£|+InI)
< Cé'e—tsmin{(|€I,Inl)}+€(1+5)(|€|+|n|)_

If we put C;, := maX{Cé, Cé’},
|P(2,€,w,1)| < Cee~dmint(€hinh}+e(1+8)(€l+n)

on v~ H(U;d,d) N {[¢] < nl}.
That is, P(z,£,w,n) € R(K).

Proposition 2.7. R(K) is an ideal in S(K).
Proof. 1t is clear by the part (C) of the proof of Proposition 2.6.
Proposition 2.8. R(K) is an ideal in S(K).
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P’I‘OOf. Let Elaj,k(zag’wa 77) € ( ) and EQj,k(zagaw’n) € S(K)
Then there exist d > 0,0 < A< 1, and U D K open in $*X x $*Y
satisfying the following:

For each € > 0, we have some C, > 0 such that

a') |P3at(z’ &, w, 7l)|, IQs,t(z, & w, 'I])l < C£A3+tee(|§|+|"7|)

b) | ) Pix(2,&w,n)| < C.Amm {atheel+inD
0<j<s
0<k<t
on v }(U; (s + 1)d, (t + 1)d) for each s,t > 0.
It suffices to show that )" R;; € R(K) , where

Rjpy = § : Py ey Qi ez -
Jit+ja=j
k1+k2=k
Since we can easily estimate E R;; for st =0,

0<j<s
0<k<t

we suppose s > 1 and ¢t > 1.
Then we can obtain the follwing inequality:

Z R”"’ = Z E R?'hle:iz,kz

0<j<s 0<j<s j1+ja=j

0<k<t 0<k<t ky+ka=k

< ( E : PJ'1,k1)( E : sz,kz) + § : § : le,thz,kz
0<51<s 0<j2<s 8+1<5<2s ji+ja=j
<k <t 0<ka<t t+1<k<2t k1+k2=k

+ § : § : PjhleJ'chz + E : E : le,kajz,kz .
0<j<s ji1+ja=j s+1<j<2s ji1+j2=j

t+1<k<2t ky+ka=k 0<k<t ky+ka=k

We shall estimate the four terms in the right side of the inequality,
respectively.

the first term < C A™™ (a#heslleltinh . )" ¢, gi+keell+inl)

0<j2<s
0<ka<t

1 1

< C..C. . Amin{sit} 2e(|€]+Inl) |
<C.-C.-A € T4 1—A




149

on y~}(U; (s + 1)d, (t + 1)d) for each s,t > 1.

the 2nd term
< Z Z C. AN ee(ElHn) . ¢ pgdatkz ge(lél+n))

8+1<j<2s j1+jo=j
t+1<k<2t ky+ka=k

=Ce G-t (%™ N 4y 3 T a4y,

s+1<5<2s j1+j2=j t+1<k<2t k1 +k2=Fk

If we choose any B and C' suchthat 0 < B < 1,0 < C < 1, and
BC > A, we can get the following inequality:

Z Z AjSCs+1(BO+Bl+B2+--~)2=Cs+1(1_lB)2.

s+1<5<2s j1+j2=j

Then,
1 1
<C.-C..exle+n)  os+1r_ = N2 o+l 1 2
the second term < C. - C. - e C (1—B) C (I—B)
on v~ }U; (s + 1)d, (t + 1)d) for each s,¢ > 1.

the third term
< Z Z C. Al gellel+inl) . o gdatkz e(igl+in)

0<j<s j1+ja=j
t+1<k<L2t k1+ko=k

=C, - C, - X+l Z Z AP)( Z Z AF)

0<j<sjitiz=j  t+1<k<2tky+ko=k

1 1
< . O . o2([El+Iml) | 2 rt+l 2
<C.-Ce-e =) C (—g)
on vy HU; (s + 1)d, (t + 1)d) for each s,t > 1.
In like manners,
1
2 2

1
the fourth term < C. - C. - e2e(€l+nl) | os+1 (1 -

on v~ HU; (s + 1)d, (t + 1)d) for each s,t > 1.
Hence, we conclude that > R; . € R(k).



S(K )/ ﬁ(K ) becomes a commutative ring by Proposition 2.8. By Prop-

sitions 2.6 and 2.7, the inclusion S(K) — S(K) induces the injective
ring homomorphism

vk : S(K)/R(K) — S(K)/R(K).
Conversely, we obtain the following.

Theorem 2.9. If Y P;x(2,&,w,n) € S(K), there ezists P(z,€,w,n) €
S(K) such that P — ) P;;, € R(K).

Thus, S(K)/R(K) is isomorphic to S(K)/R(K) in the sense of com-
mutative rings.

Definition 2.10. We call an element in the ring S(K)/R(K) a pseudo-
differential operator of the product type on K. We write : _ P; : for
the associated pseudo-diﬁ'ergntial operator of the product type on K
using an element ) Pj, in S(K).

The mapping < is the composition of the following v; and .

(X x¥)3 @ wign) ™ (w |(£,£n)| e €S xY),
oo* € % %k
$00) 3 (s i ) 7 g < ) € SX XS,

where S*(X x Y) = §*(X x Y)\{(S"X x Y)U (X x §*Y)}.

Proposition 2.11. If P(z,&,w,n) is a symbol of product type on K,
P is a symbol on v{1(K) in the sense of AOKI’s symbol.

Proof. By the hypothesis, there are d > 0 and U D K open in S*X X
S*Y satisfying the following:

a) P(z,&,w,n) is holomorphic in v~'(U; d,d), and
b)for each € > 0 there is C, > 0 such that |P(z,&,w,n)| < Cees€+in)
on v~ }(U;d,d).

Let K’ be compact in .g'?“(X xY) and 77}(K) D K'.
Then there exist d’ > 0 and U’ D K’ open in S*(X x Y') such that
Yy HU)N{€l > d,[nl > d} D v (U) N {I¢] + Inl > d'}-

In fact, for each (z, w; Z, n) € 77 (K) we can choose d’ > 0 such that
d

d > -
min{|¢|, |n|}
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Then there exists a neighborhood U’ of (2, w; 2, n) €y 1(K» ) in .g'?"(X X
Y') such that

Y HO)N{El > d, Inl > d} D % (U) N {lg] + In] > d'}.
By the compactness of K’, the proof is completed.

Proposition 2.12. If P(z,£,w,n) is a symbol of product type of 0-
class on K, that is, P € R(K), P is a zero symbol on v7*(K) in the
sense of AOKI’s symbol.

Proof. Let K’ be compact in S*(X x Y) and 771(K) D K'.

It suffices to show that P is a zero symbol on K’ in the sense of AOKUI’s
symbol. By the hypothesis, there exist d > 0,6 > 0,U D K open in
S*X x 5*Y, and a locally bounded function C(-) on (0, 00) such that

|P(2,& w,m)| < C(%)e—émm{m,mu

on v~ (U) N{[¢| > d, n| > d}.
Let (z,w;¢, 1) be any point of v (K. By Proposition 2.11,

there exist d’ > 0 and a neighborhood U’ of (z, w; 2, n) in g'?"(X xY)
such that

Y (@) N {lEl > d, nl > d} D> MU N {é] + nl > d},

and that there exists §’ > 0 satisfying

P .
m S o e )

Hence,
|P(z,€,w,n)| < C(Il—g—:)e—“’(lﬁlﬂnl)
B U]

on v ({U) N {[¢] + Inl > d'}.
Since K is compact, P is a zero symbol on 7;!(K) in the sense of
AOKT’s symbol.

Definition 2.13. Tne canonical mapping Hy is defined as follows;
S(K)/R(K)>: P+% [Ple lm EX(U).
Uoyl(K)
Proposition 2.14. Suppose K; and K, are compact in S*X x S*Y,
respectively, and K1 O K,. Then, Hg,(: P :) Vi) = Hi (2 Pli, ?)
for all P € S(K)/R(K).
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Definition 2.15. We define the product * of two elements of §(K ).
as follows:

(3 Pz, 0,m) * Z Qs &) = 3 Ryulz, 6w, m),

J,k=0 J,k=0
where

o0 (o ]
Z titER; 1 (2, €, w, ) := et1<8e,a,.)+t2<am8w*)((Z Pix(z,€,w,7))

4k=0 Jk=0
X (Z Qs (2" ’5 w*,n%))) | 2 -ZE'—€ :
3:k=0 T=win®=n
That is,
1
Rj,k(za §1 w, "7) = Z a’—magag'lekl (Z, 5’ w, 77)
qitietlal=5 ~
k1+ka+|8|=k

X a:angzkz (Z, &, w,n).

Then we obtain the following.

Lemma 2.16. If Y P;x and ) Q; are formal symbols of product type
on K,then Y R; is also a formal symbol of product type on K.

Proposition 2.17. If 3~ P; € S(K) and Y Qix € R(K ), otherwise
Y P;x € R(K) and 3 Q;x € S(K), S R, is also in R(K).

By Lemma 2. 16 and Proposition 2.17, the following composition of
two elements inS(K)/R(K) is well-defined;

Y P Qi = O_Pu)x (D Qix):.

We can easily verify the associativity about the operation o. That is,
S(K)/R(K) becomes an associative C algebra. Hence the mapping
Hpy is a homomorphism about the operatlon o, +, and -, where

EXE(K) = B(K)/R(K) =5 €} v (v ' (K)).
Definition 2.18. The reverse of 3" P, in S(K) is defined as
Ztat ij)R o= gt1(9,0:)+2(By, 8w)(ZtJt PJ, (z £ w, 77))

We can verify that if 3° P is in S(K) (R(K)) then (3° P;x)® is in
S(K) (R(K)) ,respectively.
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3. EXPONENTIAL CALCULUS OF SYMBOLS OF MINIMUM TYPE

Definition 3.1. A function A : Ry, — R, is said to be infra-linear
if the following hold;

(1) A is continuous,
(2) for each a > 1, A(at) < aA(t) on (0, 00),

(3) A is increasing,

(4) lim Alt) = 0.
tsoo t
Definition 3.2. P(z,£,w,n) € S(K) is called a symbol of minimum
type of growth order (A;,A;) on K if there exist constants C > 0,
d >0, and U D K open in S*X x S*Y satisfying the following;

(1) P(z,€&,w,n) is holomorphic in v~!(U; d, d), and

(2) |P(2,¢,w,m)| < C - min{A;([¢]), Az(In])} on yv~(U; d, d).

Example 3.3. (by K. Kataoka)

Q=0 :=Cx{¢eC;largé| <9d, £€#0}(0<d<3).

Let K be any compact subset of S*C, x S*C,, such that v~1(K) C
Qx Q.

P(z,&,w,n) == (§n)*+72 /(€ + ),
Al(t) = Ag(t) =t°with0 <o <1

Remark 3.4. If P is a symbol of minimum type on K, ef is a symbol
of product type on K.

Definition 3.5. > Pj in S(K) is called a formal symbol of minimum
type of growth order (A;,As) on K if there exist constants C' > 0,
d>00< A< 1, and U D K open in §*X x S*Y satisfying the
following;
(1) P; 4 is holomorphic in y~*(U; (j+1)d, (k+1)d) for each j,k > 0,
(2)

|P; (2, €, w,m)| < C - min{A;(€]), Az(Inl)} - A7**
on v }(U;(j + 1)d, (k + 1)d) for each j,k > 0.

Remark 3.6. If _ P;; is a formal symbol of minimum type on K,
eXFix ig a formal symbol of product type on K.



Proposition 3.7. If P and Q are in S(K), then

(3.1) P(z, 57 w,n) * (Q(Z, 6’ w’ n))R
=etl(af’az*)'*'tz(a’l’aW‘)P(,g,w7 W)Q(Z*,ﬁaW*,n) J:zfv :

Theorem 3.8. If P and Q are symbols of minimum type of growth
order (A1, Az) on K, there exists a formal symbol, 3" R, x, of minimum

type on K satisfying eF x €9 = eZtit5Rsx

Proo.f' W(S, t; z’ 5’ w7 n’ 2*7 5*7 w*, 7’*)

= e060: 14400 0u") exp(P(2,€, w, ) + Q(2*,€*,w*,7*)) is the unique
formal series solution to the following system of partial differential
equations:

(3.2) O,W = (0, 0, )W, OW = (8,,0,)W,
' Wi=t=0 = exp(P(z2,§, w,n) + Q(2*, £*, w*, n*)).

If we put W = exp(3_75 s't*W;i(2,€,w, 7, 2*,£*, w*, ")), by the above
system, we obtain the following recursive formulas
about {Wji}jk>o0

(Woo = P(2,€,w,n) + Q(2*,&*, w*, "),

Witk = 77{00:0)Wik + D (0cWiyky, 00 Wig i)},
(3.3) 4 A o)

Wiktr = g {(0n 0 )Wik + D (83 Wiy ks O Wi, }.

J1+j2=j
\ k1+ko=k

Then R;x = Wj(2,&, w,n, 2*, £, w*, n*) ’ *=zgt=f -

wr=wn*=n
Suppose there exist Cp(= Cg) >0, d > 0, and an open subset U (D K)
of $*X x §*Y satisfying the following:

(1) P and @ are holomorphic in v~1(U; d, g) ,
(2) |P(2,&,w,m)|, and |Q(z, &, w,n)| < Cp-A(|€], n]) on y~*(U d, @)
, where A(|¢], |n]) := min{A4(|¢]), A2(|n])}.
Vi=7"1(U;d,d) x y'(U;d, d),
vever .= {(z,w, &, n, 25, w*, &, 0*) € V;|€ — €| < €], |2 — 2| < ey,
|77’ - 77' S 52"’7': |w*’ - w*l S Eg = (Z, w, é,a 77,, Z*l, w*,a 5*’ 7’*) € V}
Then we obtain the following lemma.
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Lemma 3.9. Suppose {C}f,‘c’") }ikupo satisfy the following conditions:

(1)
Gt

Ine’® (uw) 2 *
W . . . ( , ) :
2 5 (GG +17 + 306+ D0 + DO O,

J1,k1 J2,k2

(2)

(psv)
Cj,lllc+1

10
S 9me
~ k+1
(3) Cps < Cp + Cy,
(4) CRY 20 (j,k>0, 0<p<j 0<w<k),
(5) CH =0 (otherwise).
Here, the sum 3%, 3™ mean Y, jiyjo=j, , O ji+ia=j, , Tespectively.
k

{CRRP e+ 1)+ 37 (k + 1) (ke + 1)CLI T,

J17k1 J2,k2

1+ka=k, k1+k2=ka
u1tpo=p—1, M1+p2=p,
vi+v2=v v1+re=v—1

Then for each €, and €3 such that 0 < &y < 1 and 0 < g3 <K 1, the
following hold:

(M,V) _ _
(34) Wikl < Ik ____(K(l¢], Inl) + K(I€*], "))
’ o;jﬁf’e%’“lﬁlflnl"
0<v<k

| X (Ax(I€]) + A (1€ D) (Az(Iml) + Ae(Im*]))”
on V2 for all 5,k > 0.

The following lemma guarantees the existence of CJ(,‘;C’U) satisfying the
conditions from (1) through (5) of the previous lemma.

Lemma 3.10. The following sequence {C},’,‘c’y) }ikpvzo satisfies the con-

ditions from (1) through (5) of the previous lemma.

) {IB”’“(J' F ISk DS, (0<p<], 0<v <K
ik

Y

0, (otherwise)

where | and B are constants satisfying | > max{Cp + Cg, 1} and
B > 721 - max{m,n} - €!° - (¢> + 1) and c is a constant satisfying the
following T.Aoki’s iequality;
1 v—1 j—v+u+l
3.5) —— k+1)F 7 2(j—k+ 1) kv el < (j41)7v2
65 =73 3 (D G—k+) < e(j+1)

=0 k=p



forall j,v such that 0 < v —1< 3.
(continued) We can prove the theorem using the above two lemmas.
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