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1 Introduction

Let N be the additive semigroup of non-negative integers. Let C be a complete
nonsingular curve of genus g > 2 over an algebraically closed field k of character-
istic 0, which is called a curve in this talk, and K(C) the field of rational functions
on C.

Definition 1.1. For a point P of C, we set
H(P) := {a € N| there exists f € K(C) with (f)e = aP},

which is called the Weierstrass semigroup of the point P. An integer n is called
the first non-gap of P if it is the minimum positive integer in H(P).

Definition 1.2. For distinct points P and Q of C, we set
H(P,Q) := {(c, 8) € N x N| there exists f € K(C) with (f)o = aP + Q},
which is called the Weierstrass semigroup of the pair (P, Q) of points.

Fact 1.3. (Kim [2]) If C is a hyperelliptic curve, i.e., a double covering of the
projective line, then the semigroup H(P, Q) is determined explicitly.

Fact 1.4. ( Kim-Komeda [4]) If C is of genus 3, then the semigroup H(P, Q) is
determined explicitly.

Aim 1.5. Let P and Q be distinct points of C of genus g > 4. If the.first non-gaps
of P and Q are three, we determine the semigroup H(P, Q) explicitly. Moreover,
we give examples of two pointed curves (C, P, Q) whose semigroups are the given
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2 Possible Weierstrass semigroups of genus > 5

First, let us review some Kim’s results. Let C be a curve of genus g and P its
point.

Definition 2.1. We set
G(P):=N\H(P)={h<lh<...<l}.

The integer [, is called the last gap at P.

Let @ be another point of C' which is distinct from P. For each [ € G(P), the
integer min{g|(l, 8) € H(P,Q)} must be equal to some element in G(Q), say o(l),
and this correspondence o gives a bijective map between the sets G(P) and G(Q).

Definition 2.2. We set
I'(P,Q) == {(I,c())|l € G(P)}.

Fact 2.3. (Kim [2]) The semigroup H(P,Q) is completely determined by the
bijective correspondence o, i.e.,

leG(P) -

U{(e, o(D))le=0,1,...,1—1}),

where we set
G(P,Q) =N x N\H(P, Q).

Thus, it suffices to determine the graph I'(P, Q) of o for describing the semigroub
H(P,Q).

We consider the case where the first non-gaps of distinct points P and Q are
three. '

Theorem 2.4. o(l,) = 1 or o(l,) = 2, i.e., (I,,1) € [(P,Q) or (I,,2).€ I(P, Q).
Proof. Assume that (l;, 8) € I'(P, Q) with 8 > 4. Then
(@,1) €T(P,Q), 1< 0y <, and (25,2) € (P, Q), 1 < ap < I,
Now
B =i mod 3 for some i =1,2 and (o, 8) = (a.-,i) + (0, 3k) for some k.

Since (oy,4) € I'(P,Q) and (0,3k) € H(P,Q), we have (o;,8) € H(P,Q). But
(lg,0) € T(P,Q) and a; < l;. This contradicts Fact 2.3. Q.E.D.
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From now on we assume that g > 5. By the theory of curves we can find some
integer n with

g-—1
< n<
3 —— —

N Q

such that _
S(H(P)) ={3,3n+2,3(9 — n) + 1}

or
S(H(P)) ={3,3n +1,3(g — n) + 2},

where S(H (P)) = {3, 81, 82}, which is called the standard basis for H(P), with

3; =Min{s € H(P)|s =i mod 3} fori=1,2.

Moreover, since there exists f € K(C) such that (f) = 3P — 3@Q, the standard
basis S(H(Q)) must be one of the above two.

Definition 2.5. The point P is said to be of the n-th kind if
S(H(P))={3,3n+2,3(9 —n) + 1}

or
S(H(P)) = {3,3n+1,3(¢g — n) +2},

Definition 2.6. The point P of the n-th kind is said to be of type I (resp I]) if

n # % and 3n + 2 € S(H(P)) (resp. 3n + 1 € S(H(P))).

We note that If n = %, then S(H(P)) = {3,3n+1,3n + 2}.

Using the types of the points P and Q we can determine whether
(l3,1) e (P, Q) or (l,,2) € T(P,Q).

Theorem 2.7. Let P and Q bé two distinct points of the n-th kind and n # g
i) If P and Q are of type II, then

(45,2) € T(P,Q) and (3n—2,1) € T(P, Q).
ii) If P (resp. Q) is of type I (resp. II), then

(l5,1) e I'(P,Q) and (3n — 2,2) € T'(P, Q).
iii) If P and Q are of type I, then

(l,1) € T(P,Q) and (3n — 1,2) € (P, Q).
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Moreover, if (an,1) and (a,2) belong to T'(P,Q), then

I(P,Q) = {(al _3k,143K)[0<EK< %}U{(ag ~3k,243K)0 <k < -‘?}

In some case with n = % we have no candidate of the semigroup H(P, Q).

Proposition 2.8. Let P and Q be points of the g-th kind. If they are of type II,
then P = Q. In this case, H(P) is generated by 3 and g + 1 with g =0 mod 3.

There are two possibilities in the case n = g

Proposition 2.9. Let P and Q be distinct points of the ‘;l-th kind, i.e.,

S(H(P)) =S(H(Q)) ={3,3n +1,3n+ 2}.
Then
(3n—-1,1) e T(P,Q) or (3n—1,2) e ['(P, Q).
If 3n —1,1) e I'(P,Q) (resp. (3n —1,2) € I'(P,Q)), then
I'(P,Q) = {(a,3n — a)la € G(P)}

(resp. {(3k—2,(3n—1) -~ (3k-2))|k=1,...,n}
U{(3k—1,3n+1)— (3k - 1))[k =1,...,n}).

3 The existence of two pointed curves

In the previous section we determined the possible Weierstrass semigroups H of
a pair of points on a curve of genus> 5 whose first non-gaps are three. In this
section for each such a semigroup H we give two pointed curves (C, P, Q) such
that H(P,Q)=H

Let C be the curve whose function field K(C) = k(z,y) is defined by the
equation

Y=@-a)(z- Cu)(x —ci1)? (T Ct1+tz)
where cy,. .., ¢j, 4i, are distinct elements of k£ and 7, + 2i, is not divisible by 3. We
note that the genus g of the curve C is i; + i, — 1 by Riemann-Hurwitz formula.

Let 7 : C — P! be the morphism corresponding to the inclusion k(z) C K(C’)

i.e., m(P) = (1: z(P)), where P! denotes the projective line. We set

{Po}=m"10:1) and {P,} =7"Y(1:¢,) for s=1,...,4; +is.



Then we have S(H(Py)) = {3,141 + 2i2,2i; + i5} (For example, see Kim-Komeda
[3]). If 4 + 2i2 = 1 mod 3, '

_ {3,i1+2i2+1,2i1+i2—1} ifl<s<y
S(H(P,)) = {S(H(Poo)) ={3,i +2i, 2y +ip} fiy+1<8< 0 +1

If iy + 2i = 2 mod 3,

_ S(H(Poo)) = {3, il +2i2,2‘i1 +i2} if 1 <s S il
S(H(F)) = {{3,i1+2i2- 1,2 +iy +1} iy +1<8<in+ip

From now on we assume that g > 5. By the above formula we get the following
examples :
Example 3.1. i) Let % <n< % Ifiy, =29-3n+1>n+landig=3n-g >0,
then the points P,, and P, ({; + 1 < s < i, + i3) are of the n-th kind of type II.
ii) Let % <n< g;1. Ifi,=29g-3n+1>n+3and i, =3n — g > 0, then the

points P., is of the n-th kind of type II and the points P, (1 < s < %,) are of the
n-th kind of type L.

dii) Let g ; l;g.n < g—;l-.lf-a'.lzig —-3n2>n4+2andip =3n—-g+12>0, then
the points P, and P, (1 < s < 4;) are of the n-th kind of type I.

In the case of Proposition 2.9 we get the following examples:
Example 3.2. Let n > 3. If i, = n+1 and i, = n, then g = 2n and the points P,
and P, are of the %-th kind. Then S(H(Px)) = S(H(P,)) = {3,3n + 1,3n + 2}.
Moreover,
I'Pe,P)2(3n-1,1)for1 <8<

and -
F(POO,P,) ) (3‘" - 1,2) for il +1 S 8 S ‘il + ig.

4 Weierstrass semigroups of genus 4

In this section we treat the curves C of genus 4 with point P whose first non-gap
is 3. Then we have S(H(P)) = {3, 5,10} or {3,7,8}.

Remark 4.1. Let S(H(P)) = {3,5,10}. If Q is another point of C' whose first
non-gap is three, then S(H(Q)) = {3, 5, 10} and there exists f € K(C) such that
(f) =3P - 3Q.
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Proposition 4.2. Let P and Q be two distinct points such that S(H(P)) =
S(H(Q)) = {3,5,10}. Then T'(P,Q) = {(1,7),(2,2), (4, 4), (7,1)}.. For ezample,
such pointed curves are given by

3

y'=@-a) (r—-c), P=PFx andQ=P,fors=1,...,5

where we use the notations in Section 3.

Proposition 4.3. Let S(H(P)) = {3,7,8} and Q another point of C whose first
non-gap is three. Suppose that there exists f € K(C) such that (f) = 3P — 3Q.

i) (5,1) e I'(P,Q) or (5,2) e I'(P, Q).

it) If (5,1) € I'(P,Q), then I'(P,Q) = {(5,1), (4, 2),(2,4),(1,5)}. For ezample,
such pointed curves are given by

=(z—a)(z—c)(z—cs)(x—c))*(x—cs5)?, P=Py and Q =P, for s =1,2,3.
iii) If (5,2) € T(P,Q), then T'(P,Q) = {(5,2),(4,1),(1,4), (2,5)}. Such pointed

curves are given by the same equations as above, P = P,, and Q = P, for s = 4,5.

Proposition 4.4. Let S(H(P)) = {3,7,8} and Q another point of C whose first
non-gap is three. Suppose that there is no f € K(C) such that (f) = 3P — 3Q.
Then (5,1) € I'(P,Q) and I'(P,Q) = {(5,1),(4,4),(2,2),(1,5)}. Such curves C
are also given by the equations

= (:1: —a)(z - ¢)(z - c3)(z — cg)(z — c5)?.

Using the result of Kato [1] we get our desired points P and Q.
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