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Abstract. Punctured surface group ® SL(2,C) REDOZEMIZERR L HAT 5701 R. C. Penner
[Pe] i2X% X length D|EILEEZ 5, [Pe] & AMOBR TERBRBOARRRCLERBHOIEA CRE L EH
2HRE 2B 5,

1. Trace Identities.

SL(2,C) DfTFIic oW T T OEERI B Y Lo,

(1) trA=trA™!
(2) trAB +trAB~! = trAtrB.

COREMBEICEE I REEREBDC LANTE S, HICRKEVOM

Proposition 1.1. (Ptolemy equation) A, B,C,D € SL(2,C) i trABCD = -2 ##7:7 &
5, TNDLE = (trA+trBCD), y = (trB+trCDA), z = (trC+trDAB), w = (trD+trABC),
u= (trAB+trCD), v = (trBC + trAD) t B &

(1.1) zz + yw = uv.

Z® (1.1) Rid punctured surface group ® SL(2,C) ~DERZEMDEZBENIEM % BARH)IC
EXTIOICAVLIS,

Proposition 1.2. A,B,C € SL(2,C) ¢L D= (ABC)™! £ 8, Zmnt & X = trBC,
Y =trCA, Z = trAB 3kRX % A7 7,

X?2+Y%+ 2%+ XYZ — (trAtrD + trB trC)X — (trBtrD + trCtrA)Y — (trCtrD + trAtrB)Z
+ (trA)? + (trB)? + (trC)? + (trD)? + trAtrBtrCtrD — 4 = 0.
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ZZTa=—trA,b= —trB,c = —trC,d = —trD,z = —trBC,y = —trCA,z = —trAB t B
& bR

22+ y? + 2% — zyz + (ad + be)z + (bd + ca)y + (cd +ab)z +a? + B + & + d* +abed —4 =0
Yt bLtrD=—2%0E Li=z+a, Lo=y+b Lz=z+c &BLILITEY, TORIFEHIC

L, L, L a b c
1.2 —_t — 4+ —=1.
(1.2) Tols " Isli " Lly (L, "I, Is

F, FL—ADE%/8T X—F 5BROE Fuchs BCHR L TEBEEX 5 L EIEALRIEFFVDRLTHS, ¥
7oo 2O LTHL EBIRIT trA =trB = t1C = 0 D& & (1.2) i isthy% Markov DFBR 22 +y2 + 22 = zyz
DA B

Proposition 1.3. A, B,C,D € SL(2,C) &
ABA™'B7'CD =1

BT ET D, bL trD = -2 %513 L, = —(trA+trBA™'BC), Ly = —(trABA™!' + trB~'C),
Ly = —(trA™! + trB"1CAB), Ly = —(trAB + trA"'B71C), Ls = —(trC + trABA™'B™1),
c=—trC £BLLE, ThLRRNE AT,

(1.3)

(L1 n Ly + L4)+(L2 + L; 4 L4)_(L1 + L + L5)_i__1
LoLy L4l LiL, LsLy LsLo LoL3 LsLs LsLy, L;L3 Ls -

2. Traces as parameters for representation space of a punctured surface group.

m HOBRBS & HOMY g DHMEDDVEI Yy VNE Fyp 05 1 M p 8BV bD%R FI T
£b¥, F,,, DERE G'(g,m) 3

ﬂiﬁkiﬁ Al, Bl, ...,Ag, Bg, Cl, eeey Cm,

¥ bOHMBET D=C'---C! (Hf=1 BiA,-B,-‘IA{I) iZ puncture % AEY 5 HEML— T DFE b
E"Hﬁ‘f\&éo

R'(g,m) = {p: G'(g,m) = SL(2,C) : p ZBELEHRT t1D = -2}
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FEHT S L (1.2),(1.3) it R(0,3) £ R(1,1) oiﬁz:;aﬁpf&@ PL—RbhAi§~E&
BEEREE5IX T 5, Wi2(1.2),(1.3) A% T PL—R% 5272 & R(0,3) $72i3 R'(1,1) OB %
(SL(2,C) DABEHOEHEBRWC)—BHICEAETE 22 EIPERTAHS, C* =C\ {0} £5<,

Proposition 2.1. (R'(0,3) DHE) abce C &¥ %, bL Ly, Ly, Ly € C* #%(1.2) 2 &7zt
E(ALCTICE 2% EkRE) A B,C € SL(2,C) #EE Y trABC = -2 2 a = —tr4, b= —trB,
c=—trC, Ly = —a—trBC, Ly = —b — trCA, L3 = —c — trAB.

%%\

A= —L2/L3—a a+L2/L3+L3/L2
—La/Ls Ly/Ls ’

B —Ly/Ls—b Li/Ls
—b—Ly/Ls — Ly/L, L,/L; )’

_ 0 L,/L,
C= ( —Lz/Ll —C )
%%,

A

Proposition 2.2. (R'(1,1) D%4) ce C &¥5, b L Ly,Ly L3, Ly, Ls € C* #° (1.3)
EALEE(AUTICL 2%BEEBE) A, B,C € SL(2,C) #E% Y trABA-'B-1C = —2 »»
¢ = —trC, L) = —(trA+trBA™'BC), L, = —(trABA™'+trBC), L3 = —(trA~'+trB~'CAB),
Ly = —(trAB +trA"'B~!C), Ls = —(trC + trABA~1B™).

EPBR,
A= ( L4/L2 - L3/L5 + (Lg + L1L3)/(L2L4) L5/L3 + L3/L5 - (L% + Lz + L1L3)/(L2L4)
—L3/Ls L3/Ls
5 Ly/Ls  —Ly/Ls+ (L% + LiLs)/(LsLs)
—-L4/L1 + L2/L5 R !
_ 0 L,/Ls
C= ( —L3/L1 —C )
AFAR D

R = (—LyLyL} + L1LiLs + L3L2Ls + L}L3Ls — LyLyL3Ly)/(Ly1LsLaLs)
Lk,

Lemma 2.3. A, B € SL(2,C) it trAB = -2 # %73 ¥ 5, bL trA+trB=0%51F A, B
TR ERT B,
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L7zd-> T
R (g9,n) ={p € R(g,m): p(G'(g,m)) RITHERZHZ bk}
Eo SL(2,C) oE% A€ SL(2,C),p € R, (g,m) i272nLT
(A4,p) = p*(9) = A7'p(9)A (9 € G'(g,m))

TED S L Proposition 2.1 128133 Ly, Ly, Ly BE UV 22 2B % Ly, Ly, L3, Ly, Ls R ENEN
orbit space R, (0,3), R, (1,1) D/XT A =5 L&,

—#D G'(g,m) & G'(0,3),G'(1,4) DWW 2hDaE¥—iH, G'(0,2) LERIZ S BETCOMAHE
EBOERELTEBONRE, SO EIZEY, 22

Corollary. A, B,C,D,E € SL(2,C) i trABCDE = -2 ¥ #:¥,¥$%. Ly = —(trA +
trBCDE), Ly = —(ttB +trtCDEA), Ly = —(trC + ttDEAB), Ly = —(trD + trEABC),Ls =
—(trE + trABCD),L¢ = —(trAB + ttCDE),L; = —(trABC + trtDE),a = —trA,b = —trB,c =
—trC,d = —trD,e= —trE £ B &

a b d
(a0 (0 )+ S(he L) + 2+ L £y gty
ZZT
S(z,y,2) = -—+_y__|_f_.
2T TY

3. Complexified A length.

3.1. &8l p € R'(g,m) W LT trp REXE G'(g, m) PELIBIR% { v — 7D free homotopy
class DATEE HOTRD EWME F,, LON— T2 c LT trp(c) PEHTS %o

HHE Fy,, Lo p FREECOOMMN — T ¥ EX D, CHD p BV bDE c & T B, EDTH
INE VRS E ¢ 12 freely homotopic ZEMIL — 7 ¢y, ¢ EHEFICE Do ThBIE (g,m) = (1,0)
DEEERCT F, = Fym \ {p} Tid freely homotopic T%V p € R'(g,m) 23 LT

L(c, p) = —(trp(c1) + trp(cz))
% p lZ2WVTD ¢ D complexified A length & & 5,

3.2. W F,,, \2F T m EOEFRHMRIC freely homotopic % p ZEALT2HMV—T ¢, ...,Cn
o RIZINSDONV—FICHi-> THE 2 ) BRIERE ECHRSE TN TUNHEL LTTE2MEZ p
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EERLTOEMN~T ¢niy,..,C0 (d=69—6+2m + 3) TZARHNT 2, COLE ¢ =5\ {p}
(i=1,..,d) &L, (c1,...,ca) & Fy,, @ ideal triangulation ¥ IEEZ &I2F %,

Theorem 3.1. A = (¢y,...,¢4) % Fé’m 7 ideal triangulation £ 5%, DL &

A Rne(g7 m) - Cd LA([P]) = (L(Cl, P), seey L(Cd, p)7 trp(cl), ey trp(cm))
ZHS T, £0RIIH A BMBHMEICET L,
4. Rational representation of mapping class group.

4.1. UTTREFBBOLVHE, Tebb m=0DREEEX L, BFS Fo=F, ki
LT B, A=(c1,...,Ca) % F, 0) ideal triangulation &3 %, c; kﬁﬁﬂ?)*%%ﬂ‘é 200) Ak
T,T S %0 1L T#T &:(il‘EB’.’:b‘o CDEE AP ¢ XBRE, BEDLHIZTUT Db —
DOMABYPEODLN—T ¢, EMATTES A i1 A 5(c; TD) elementary move THEHND &\
Yo 5 TUT D:B%* a,b,c,d Elat cHADBFRIIHY, E5iZ it a,d & bc 2TBELTVS
&£¥ %L Proposition 1.1 (Ptolemy equation) #*5 X length BEEUILLF % & 77,

L(a)L(c) + L(b)L(d)
L(c:)

L7:%%>T Theorem 3.1 DERISH LT Warp = tar 013! 3 C OEBRERE % 5,

(4.1) L() =

Theorem (R.C.Penner) 80 F, ® ideal triangulations A, A’ i} elementary move D% R
RIETBYH S Yo

oT EED Fy O ideal triangulations A, A’ IZ3 LT Warp = tar 01! BEEERTH S,

MCqyy & Fy D(AEERO)EREBELTHL MC,, DTEE—D2DER h TRESED LA, F, 0
ideal trlangulatlon AZ—D2BEELTBL, THL A h*A h='(A) & F, ? ideal trlangulatlon T
HBo h ICHLT Ry = Vpea)a REBERER S,

4.2. A % F; © ideal triangulation & L, EhHEDB=ARKE T),...,T, £ ¥ 5, & T; DAT
HHEV—-T% 611,6_72,0_73 &L T 5 A length Eg% LJI,LJQ,LJ3 t‘?‘b!: 3

w= Z (dlog Ljs Adlog Lj; + dlog Ljz Adlog Ljz + dlog Ljz Adlog Lj;)
i=1

it (C*)? Ei2 MC,y DHERTREZER 2BRE52 5,
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