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Sequential elimination procedure for selecting the s best
normal populations with unknown variance

APK - HFFR HFAR F (Mitsuru Aoki)

Institute of Mathematics, University of Tsukuba

1. INTRODUCTION
k (> 2) oM 2 ERBER n: N(pi,02),i=1,.,.k 3H5¢T3. 22T, £
TONRTA—=F—RBRATHD. u; ODRFHFT 2 ppyy < .. S py ERETD. b3
Ay, TONEFBR LRI THSD. AR TIL, Bechhofer (1954) @ indifference zone
formulation Z A\ T g, ooy Pp-s+1) ZFFO s (1 <s<k-—1) BORERZRIRT
DREEEEXS. EOLE, Exbnb (>0 & Pre(1/(%),1) LB IR
REER
| P(CS) > P* whenever p € Q(8*) (1.1)

ERTETD. 2T, p= (i) Q(6%) = (¢ pery) — Mg = 07} Th
5. Q°(0*) % indifference zone & FETF, “CS” i “Correct Selection” DMEIFETH 5.
Bechhofer (1954) i% 0 BEEMEEEL T, ZOREICHREEX-. ¢ BEMTHS
REZIITL, 727 L s=1 DL &, Bechhofer, Dunnett and Sobel (1954) i Stein
(1945) D _BPEEZAVWT (1.1) REWMITHBE 5272, s B—& DB S, Aoshima
and Aoki (2000) %, Mukhopadhyay and Duggan (1999) @ — B2 %R LT (1.1)
REWIMEEZ, SOLIXBMOWBEAMEL 2ROA—F—FTHLMC L.
¥, LEOHELEBOFAEL LT, BROHELSEMCHTT, MO
BETHIEZITY ZENTEIREMISOVWTIILUEDOY 7Y U T DOwEH 5T
% Paulson (1962) @ Elimination #E%IGAT2Z & HE 2 b 5. EBE, Paulson
(1964) i3 o BBERMERE L T s =1 DFEIC Elimination & AVfEEZEX T
%. 0%, Hartmann (1988,1991) i% Paulson (1964) AV b3 RER 2 KBS
% Z & T Elimination EIZSE L R ZEXRKOHIBEZITVY, EHIZ o BEEMTHD
REZIX3 LT (1.1) X277 Elimination EIC L 58 % s =1 DRB/ITE X 1=



KBTIE, s=1DEERITT LD s DHBEIZONT (1.1) X&Z{E/Z 7 Elimi-
nation - X AMBEE X, TOEIEERAETD.

9, 2EICBWVT s B—BEDHEA D Elimination EEEBEL, (1.1) REWT
BErEZ 5L EERTD. 3EICHVWT, 28 TH %7 Elimination ¥iZ X 28D
A% %, Elimination IEZAVRWVWEAEDORE L DL L > TRAK L BROME
NHEEHICERTS.

2. PROCEDURE
BEShERES m(>2) OMEIER X;,j=1,..,m 2&RBEEA 7, (i =1,...,k)
MO L, EBAEY X, = T, Xij/m LERTH
k m
52 = ZZ (Xij —X-im)2 /I/, V= k(m - 1)

i=1j=1

PEHETD. HOATEEE jICHLTA=6/(2)) EB ANTEEFELTRES 7(>0)
b L SNT ay = quS2/6* EBE, Wa=[an/\ EEETS. ZIZT, [idcky
NS RBRAOEKEL TS, LY m> W, THIUTEREKRTL, Xim,i=1,..,k
DREVEND s BEETO m #BRTS. bL m<W, THRIE,

— — a
ij < X[k—s+1,m] - j,"n/l + A

YT D m; 2 BEMBROMNEPORAT D, 22T, Xpstiym EREVTS
bHsERED X, 3%, BASHATITEB-TWVD m; »HiIdEREZ 12T 2EMYT
5. COFEE r=m+1,.. W) iZOWTHEVEL, FEET

— J— a
Xjr < X[Ic—s+1,r] - T/\ + A (21)

CHNUT B 1 R BEMBROMENLBA LTV, EROHIBETRY OBE
B2 s Bz o788, EREKTL, Tho0BEARBRTS. £z, r=W,
DEMT s+ 1 EULORERRE- TV HE, TALOERERNL S bITEER
F1oTOBMULT, Xiwyp PREVEND s BRETO 1 2BRT 5.
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HBEERK j L A =6/(2)) KHLT, HER

f(—l)‘“(l—6,-,-/2)(1+(2j~.i)z'n/j)-"’2=1—P*1""’°“’” (22

i=1
1p). 17 IZ& B ay =nwS?/6* #RAVWB L&, LF Elimination ¥ (1.1) X&E#H= T
BEE2%. ZZT, &; ix Kronecker symbol £ 5.

EBOIERIZIX, KOGEZHAWVWS

e

{(W(t), 0 <t < oo} % drift u (> 0) ® Brownian motion & L, m (> 0) & A (> 0)
EEZONDERLTD. EDOLE, A=p/(2)) TT B |WT)| > AXm-T) 2%
symmetric stopping time 72 b1, FEHX

PAW(T) <0} < 32 (~1)*}(1 - 6;/2) exp{~2m(2j — )i} (2.3)

=1

BELY D, TTT, &; 1 Kronecker symbol &3 5.

EE DS
REELMRICT DD, ZITid py 2HOBEHE m TRIZLICTD. £,
procedure % 2 DDORER m;, m; KAWL &, m; BBRAINDERE {1, > 7;}
TET. ZOLE, BRENDZREBEM 7, ..., Th_sy1 D procedure 12 & - TER
ENRVER,
O U {me > =}

i=k—s+1 L#i

RABERIZEEND. 2T, F-wAHVOEBEZRANWDZET

P(CS) >p{ A ﬂ{m>>7r¢}}

i=k—s+1 €#£1

MR LD, BRENDREBEANPSOER X, ... Xiwya, i =k—s+1,...,k &
S2LEEXFEMETEZXDL, BR M > m),i=k—s+1,..,k;€=1,...k—s
XML B DT
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P(CS)

k
P{ ﬂ ﬂ{ﬂ'z > 71'[}} ‘ X,;l, -":XiW,\-i—l’ it=k—s+ 1, ...,k; 52]
t=k—s+1 Z#z ‘

k k—s
2> E[ I IIP {'/Ti > | Xity ooy Xiyt1, 1 =k —s+1,..,k; SQ}] (2.4)

i=k—s+1 £=1

PERL. ZOREERIL u; (B LT, least favorable configuration (LFC) & FHEHLD

Hia) = e = fle—s] = Big-st1] = 07 = o = by — 6
DL EICENERY, (24) Rk

s(k—s)
E [(PLFC {Wk > 11| X1y oor Xawn+1> 52}) ]
TTFhoBE2ONSE. 22T, Jensen DREXREZAHAWVWAZ LIZL-T

s(k—s)
P(CS) > (E [PLFC {7Tk > 11| Xk, oo Xkwn+1 52}])
> (Prrc {mx > 7T1})3(k_s) (2.5)

255.
(2.5) RiZH B Prpc {m > m} ZFHET 5. 4, stopping time T iX

—ay +nA < Z(in — Xh) < ay—nA (26)

=1 :
RESRVER/NOBERE 0 (>m) LB EZT, (26) X%

—a) ni n (in - Xh') ax ni
— 4+ ——XZ < —
V20 V2 ~ ; 20 ~ V20 V20

LEXELT lemma ZAHAWAZ LT, $2>01TxLT

(—1)"*1(1 = §;;/2) exp{—a6*(2j — 1)i/(2j0%)}

Mo

Prrc{m > m|S?} <

,\
Il
N

(—1)"*1(1 - 6;5/2) exp{~((25 — 9)in/(2))) (vS*/0)}

I
-

Il
—

1

2ES. S ICHETAIMEEL LD LT Prpe{m > T} @ upper bound & LT

(=11 = 6;5/2)(1 + (25 — 1)in/5) ™/ (2.7)

J
=1

)
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REBBN, (25) R (27) REMHEDED = & CHEARKTT 5.

3. NUMERICAL RESULTS
FETIE, £7, AiHTRELAFECLELRSER n Oz BEMITRkD, X

512 Monte Carlo simulation {Z & W OB EAK L BREOFE O EE TS,
NI A= DfEE, P*=.95k=2(1)10, s = 1(1)k — 1, m = 10(10)30, j = 1(1)4

KRELT (22) A D n DEZEEHE L/ZLONBLUTD Table 1 Th 5.

Table 1. Values of 5

i=1
m | s\k| 2 3 4 5 6 7 8 9 10
10 1 |.292 | .247 | .207 | .177 | .155 | .138 | .125 | .114 | .105
2 .247 | .226 | .198 | .175 | .157 | .141 | .129 [ .119
3 207 | .198 | .180 | .163 | .149 | .136 | .126
4 77 | 175 | 163 | .151 | .139 | .129
5 155 | .157 | .149 | .139 | .130
6 138 | .141 | .136 | .129
7 125 | 129 | 126
8 114 | 119
9 105
20 1 [.129].110 | .093 | .080 | .071 | .063 | .057 | .052 | .048
2 110 | .101 | .090 | .079 | .071 | .065 | .059 | .055
3 .093 | .090 | .082 | .074 | .068 | .062 | .058
4 .080 | .079 [ .074 | .069 | .064 | .059
5 .071 | .071 | .068 | .064 | .060
6 .063 | .065 | .062 | .059
7 .057 | .059 | .058
8 052 | .055
9 .048
30| 1 |.083].071 |.060 | .052 | .046 | .041 | .037 | .034 | .031
2 .071 | .065 | .058 | .051 | .046 | .042 | .038 | .035
3 .060 | .058 | .053 | .048 | .044 | .040 | .037
4 .052 | .051 | .048 | .045 | .041 | .038
5 .046 | .046 | .044 | .041 | .039
6 .041 | .042 | .040 | .038
7 .037 | .038 | .037
8 .034 | .035
9 .031




m|s\k| 2 3 4 5 6 7 8 9 10
10| 1 |.236|.195].161 | .137 | .119 | .106 | .095 | .086 | .079
2 195 | .175 | .152 | .134 | .119 | .107 | .097 | .089
3 161 | .152 | .137 | .123 | .112 | .102 | .094
4 137 | .134 | .123 | .113 | .104 | .096
5 119 | .119 | .112 | .104 | .097
6 1106 | .107 | .102 | .096
7 .095 | .097 | .094
8 .086 | .089
9 .079
20 | 1 |.104 | .087 | .072 | .062 | .054 | .048 | .044 | .040 | .037
2 087 | .078 | .068 | .060 | .054 | .049 | .044 | .041
3 072 | .068 | .062 | .056 | .051 | .047 | .043
4 062 | .060 | .056 | .052 | .048 | .044
5 054 | .054 | .051 | .048 | .044
6 048 | .049 | .047 | .044
7 044 | .044 | .043
8 .040 | .041
9 . 037
30 | 1 |.067 |.056 | .047 | .040 | .035 | .031 | .028 | .026 | .024
2 056 | .050 | .044 | .039 | .035 | .032 | .029 | .027
3 047 | .044 | .040 | .036 [ .033 | .030 | .028
4 040 | .039 | .036 | .033 | .031 | .029
5 035 | .035 | .033 | .031 | .029
6 031 ].032(.030 | .029
7 028 | .029 | .028
8 .026 | .027
9 024
=3
m|s\k]| 2 3 4 5 6 7 8 9 10
10| 1 |.219].180].148 | .126 | .109 | .097 | .087 | .079 | .072
2 180 | .161 | .139 | .122 | .108 | .097 | .088 | .081
3 148 | .139 [ .125 | .112 | .102 | .093 | .085
4 126 | .122 | .112°| .103 | .095 | .087
5 109 | .108 [ .102 | .095 | .088
6 .097 [ .097 | .093 | .087
7 .087 | .088 [ .085
8 .079 | .081
9 072
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20 1 |.096 | .080 | .066 | .057 | .050 | .044 | .040 | .036 | .033
2 080 | .072 | .063 | .055 | .049 | .044 | .040 | .037
3 1066 | .063 | .056 | .051 | .046 | .042 | .039
4 1057 | .055 | .051 | .047 | .043 | .040
5 1050 | .049 | .046 | .043 | .040
6 044 | .044 | .042 | .040
7 1040 | .040 | .039
8 1036 | .037
9 1033
30 | 1 |.062 | .051 | .043 | .037 | .032 | .029 | .026 | .023 | .022
2 1051 | .046 | .040 | .036 | .032 | .029 | .026 | .024
3 .043 | .040 | .036 | .033 | .030 | .027 | .025
4 037 | .036 | .033 | .030 | .028 | .026
5 032 | .032 | .030 | .028 | .026
6 029 | .029 | .027 | .026
7 1026 | .026 | .025
8 023 | .024
9 022
i=4
m|s\k] 2 | 3 ] 4 | 5] 6 7 8] 9 |10
10| 1 |.211 | .173 | .142 | .120 | .104 | .092 | .083 | .075 | .069
2 173 | .154 | .133 | .117 | .103 | .093 | .084 | .077
3 142 | .133 | .120 | .107 | .097 | .089 | .081
4 120 | .117 | .107 | .098 | .090 | .083
5 104 | .103 | .097 | .090 | .084
6 :092 | .093 | .089 | .083
7 1083 | .084 | .081
8 075 | 077
9 1069
20 | 1 |.093 |.077 | .064 | .054 | .047 | .042 | .038 | .035 | .032
2 077 | .069 | .060 | .053 | .047 | .042 | .039 | .035
3 1064 | .060 | .054 | .049 | .044 | .040 | .037
4 054 | .053 | .049 | .045 | .041 | .038
5 1047 | .047 | .044 | .041 | .038
6 042 | .042 | .040 | .038
7 038 | .039 | .037
8 1035 | .035
9 1032
30 | 1 |.059 | .049 | .041 | .035 | .031 | .027 | .025 | .022 | .021
2 1049 | .044 | .039 | .034 | .030 | .027 | .025 | .023
3 041 | .039 | .035 | .031 | .029 | .026 | .024
4 1035 | .034 | .031 | .029 | .027 | .025
5 1031 | .030 | .029 | .027 | .025
6 027 | .027 | .026 | .025
7 1025 | .025 | .024
8 022 | 023
9 021
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QETE X IZBOBEHEIC OV, P*=.95 k =6(2)10, s =2(1)k/2, m =10 D
BAIT 10000 EIDY 2 = L— 2 VEITY, BENRKRIEEZIT 7. ERILED T
A—=FiFTo=1&L, p, i=1,. ki CBELTILFCIKRELL. jDEIXj=21Z
#E LT Table 1 255\ 2. 6* OIERL, o BBESMTH S Z & Z{XE L T Elimination

%% I\ 2\ Bechhofer (1954) DFEITELNDERDKRE (n*) Z 20x k & 50x Kk

KEELT, ZINbPETHIETRELL. KO Table 2 i, 2HTRELL
Elimination (1231 3 10000 Bl Y 2 2 L—3 3 2 L B REABKOEYE (N), CS
DI (p), ERVPEBRICKT T 5 FE TOERBED LRMEDTE (TFha), FHEOPT
BESHDBEEO LBENTY (1), BLY, EAKOHRE N/n* 52T\ 5.

Table 2. Efficiency of the Elimination procedure

n*=20xk
k |s|o/é* N P | Tmax w | N/n*| n*
10 | 2| 1.202 | 136.807 | .982 | 17.560 | 45.881 | .684 | 200
311.160 | 146.267 | .983 | 18.032 | 45.033 | .731
4 |1.141 | 153.905 | .986 | 18.221 | 44.691 | .770
5| 1.136 | 160.387 | .983 | 18.235 | 44.516 | .802
8 |211.243|113.159 | .980 | 17.451 | 47.031 | .707 | 160
3(1.206 | 121.229 | .982 | 17.811 | 46.260 | .758
411.195 | 127.702 | .986 | 17.910 | 46.035 | .798
6 |2]1.310 | 89.056 | .983 | 17.294 | 48.975 | .742 | 120
311.286 | 95.506 | .983 | 17.529 | 48.611 | .796
n* = 50 x k
k o/8* N P | Tmax w N/n* | n*

10 1.901 | 307.248 | .977 | 42.245 | 115.580 | .614 | 500
1.835 | 337.011 | .978 | 43.432 | 113.228 | .674
1.805 | 360.539 | .979 | 43.968 | 112.231 | .721
1.796 | 379.170 | .982 | 43.925 | 111.938 | .758
1.966 | 256.311 | .973 | 41.888 | 118.314 | .641 | 400
1.907 | 282.430 | .978 | 42.980 | 116.711 | .706
1.890 | 302.699 | .979 | 43.374 | 116.010 | .757
2.070 | 202.539 | .976 | 40.893 | 123.579 | .675 | 300

2.034 | 222.423 | .979 | 41.611 | 122.018 | .741

oo
WIN | W] O W ®
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A EHRZE L7 Elimination 51X, o 23BE&%{KE L 7= Bechhofer (1954) M Fik & e~
20% 75 40% HE YD LREEAKZHB L THREEGEZTWVDEIEBHDD. Tmay DIE
ERTYH, TXTOBEATEABOHIBICEIIL TWDZ ENBHD 5. £72, Tnax
& wDEEZE~SZ LT, Elimination X FHEDOIIMBERICRE S 5 BEEKD L
RETETDIZLRSEREDBRIMKTLTND ZLMR54H D, elimination HAE

BESEBHLTWERZ LR TENS.

Remark

FEOPTRET D j DEICOWVT, FWIXP TIL, Paulson (1964) 28 s=1 D
BECEEERDOHRLE j =2 2V, SEO s B—ROBEIZONT, j D
fE% j=1(1)4 $THEA LT Table 1 #5|%, ZOHZESL Table 2 LRAEDV I =

L—a v ®2ToTHRRELDON, RO Table 3 THB.

Table 3. Efficiency for the several choice of j

n* = 200

(k,s) | o/6* | 5 N D Tmax | N/n*
(10,2) | 1.202 | 1 | 138.658 | .976 | 17.251 | .693
2 {136.807 | .982 | 17.560 | .684
3| 138.140 | .986 | 18.014 | .691
4 1139.461 | .986 | 18.317 | .697
(10,3) | 1.160 | 1 | 146.844 | .977 | 17.596 | .734
2| 146.267 | .983 | 18.032 | .731
3| 147.931 | .988 | 18.498 | .740
4 | 149.586 | .988 | 18.812 | .748
(10,4) | 1.141 | 1 | 153.700 | .976 | 17.763 | .769
2 [ 153.905 | .986 | 18.221 | .770
3 |156.284 | .990 | 18.672 | .781
41 158.129 | .991 | 18.995 | .791
(10,5) | 1.136 | 1 | 159.339 | .978 | 17.784 | .797
2 (160.387 | .983 | 18.235 | .802
3 |163.445 | .990 | 18.732 | .817
4 1165.804 | .991 | 19.080 | .829
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n* = 160
(k,s) | o/0* | j N P | Tmax | N/0*
(8,2) | 1.243 | 1 | 114.151 | .974 17.166 | .713
2| 113.159 | .980 | 17.451 | .707
31114.594 | .984 | 17.909 | .716
4 115.725 | .988 | 18.206 | .723
(8,3) | 1.206 | 1 | 121.284 | .976 17.429 | .758
2| 121.229 | .982 | 17.811 | .758
31123.209 | .988 | 18.296 | .770
41124.479 | .988 | 18.554 | .778
(8,4) | 1.195 | 1 | 126.771 | .978 17.484 | .792
2| 127.702 | .986 | 17.910 | .798
31129.474 | .989 | 18.264 | .809
4| 131.612 | .990 | 18.646 | .823

sﬁ—&wk%,j=QMMfL%%ﬁftw:eﬁﬁ6n,%Eﬁt%#éﬁ%ﬁ
A%OBBEICHITOND.
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