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Spacelike stationary surfaces in semi-Riemannian space forms

Makoto SAKAKI (榊 真)

Department of Mathematical System Science,
Faculty of Science and Technology, Hirosaki University

(弘前大学理工学部数理システム科学科)

Let $N_{p}^{n}(c)$ denote the $\mathrm{n}$-dimensional simply connected semi-Riemannian
space form of constant curvature $c$ and index $p$, where we write $Nn(c)$ if
$p=0$. We say that aspacelike surface in $N_{p}^{n}(c)$ is stationary if its mean
curvature vector vanishes identically. We are interested in comparing the
geometries of spacelike stationary surfaces in $N_{p}^{n}(c)$ of various index $p$ .

We discuss necesarry and sufficient conditions for the existence ofspace-
like stationary surfaces in $N_{1}^{4}(c)$ and $N_{2}^{4}(c)$ , together with isometric defor-
mations preserving normal curvature.

THEOREM 1([S2]). (i) Let $M$ be aspacelike stationary surface in
$N_{1}^{4}(c)$ . We denote by $K$, $K_{\nu}$ and $\Delta$ the Gaussian curvature, the normal
curvature and the Laplacian of $M$ , respectively. Then

(1) $\Delta\log\{(c-K)^{2}+K_{\nu}^{2}\}=8K$

at $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\underline{\mathrm{t}\mathrm{s}}$ where $(c-K)^{2}+K_{\nu}^{2}>0$, and

(2) $\Delta\tan^{-1}(\frac{K_{\nu}}{c-K})=-2K_{\nu}$

at points where $K\neq c$ .
(ii) Conversely, let $M$ be a2-dimensional simply connected Riemannian

manifold with Gaussian curvature $K(\neq c)$ and Laplacian $\Delta$ . If $K_{\nu}$ is afunc-
tion on $M$ satisfying (1) and (2), then there exists an isometric stationary
immersion of $M$ into $N_{1}^{4}(c)$ with normal curvature $K_{\nu}$ .

THEOREM 2([S4]). Let $f$ : $Marrow N_{1}^{4}(c)$ be an isometric stationary im-
mersion of a2-dimensional simply connected Riemannian manifold $M$ into
$N_{1}^{4}(c)$ with nowhere vanishing normal curvature $K_{\nu}$ . Then there exists a
$2\pi$-periodic family of isometric stationary immersions $f_{\theta}$ : $Marrow N_{1}^{4}(c)$ with
the same normal curvature $K_{\nu}$ . Moreover, if $\overline{f}$ : $Marrow N_{1}^{4}(c)$ is another
isometric stationary immersion with the same normal curvature $K_{\nu}$ , then
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there exists $\theta\in[0, \pi]$ such that $\tilde{f}$ and $f_{\theta}$ coincide up to congruence.

THEOREM 3([S3]). (i) Let $M$ be aspacelike stationary surface in
$N_{2}^{4}(c)$ . We denote by $K$ , $K_{\nu}$ and IS the Gaussian curvature, the normal
curvature and the Laplacian of $M$ , respectively. Then

(3) $\Delta\log(K-c+K_{\nu})=2(2K+K_{\nu})$

and
(4) $\Delta\log(K-c-K_{\nu})=2(2K-K_{\nu})$

at non-isotropic points where $(K-c)^{2}-K_{\nu}^{2}>0$.
(ii) Conversely, let $M$ be a2-dimensional simply connected Riemannian

manifold with Gaussian curvature $K(>c)$ and Laplacian $\Delta$ . If $K_{\nu}$ is a
function on $M$ satisfying $(K-c)^{2}-K_{\nu}^{2}>0$ and (3), (4), then there exists
an isometric stationary immersion of $M$ into $N_{2}^{4}(c)$ with normal curvature
$K_{\nu}$ .

THEOREM 4([S3]). Let $f$ : $Marrow N_{2}^{4}(c)$ be anon-isotropic isomet-
ric stationary immersion of a2-dimensional simply connected Riemannian
manifold $M$ into $N_{2}^{4}(c)$ with normal curvature $K_{\nu}$ . Then there exists a
$2\pi$-periodic family of isometric stationary immersions $f_{\theta}$ : $Marrow N_{2}^{4}(c)$ with
the same normal curvature Ku. Moreover, if $\tilde{f}$ : $Marrow N_{2}^{4}(c)$ is another
isometric stationary immersion with the same normal curvature $K_{\nu}$ , then
there exists $\theta\in[0, \pi]$ such that $\tilde{f}$ and $f_{\theta}$ coincide up to congruence.

THEOREM 5([S3]). (i) Let $M$ be an isotropic spacelike stationary
surface in $N_{2}^{4}(c)$ with Gaussian curvature $K$ and Laplacian $\Delta$ . Then

(5) $\Delta\log(K-c)=2(3K-c)$

at points where $K>c$.
(ii) Conversely, let $M$ be a2-dimensional simply connected Riemannian

manifold with Gaussian curvature $K(>c)$ and Laplacian $\Delta$ . If $M$ satisfies
(5), then there exists an isotropic isometric stationary immersion $f$ of $M$

into $N_{2}^{4}(c)$ . Moreover, if $\tilde{f}:Marrow N_{2}^{4}(c)$ is another isotropic isometric sta-
tionary immersion, then $\tilde{f}$ and $f$ coincide up to congruence.

REMAR K. For these theorems, see [GT] for the case of minimal surfaces
in $N^{4}(c)$ .
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We, discuss spacelike stationary surfaces in $N_{2}^{4}(c)$ with constant Gaus-
sian curvature, or constant normal curvature. We also give arigidity type
theorem.

THEROEM 6([S3]). Let $M$ be aspacelike stationary surface with con-
stant Gaussian curvature $K$ in $N_{2}^{4}(c)$ . Then either (i) $K=c$ and $M$ is t0-
tally geodesic, (ii) $c<0$, $K=c/3$ and $M$ is isotropic, or (iii) $c<0$ , $K=0$

and $M$ is congruent to acertain surface in atotally geodesic $N_{1}^{3}(c)$ .

REMARK. Theorem 6should be compared with [K] for minimal sur-
faces in $N^{4}(c)$ .

THEROEM $7([\mathrm{S}3])$ . Let $M$ be aspacelike stationary surface with con-
stant normal curvature $K_{\nu}$ in $N_{2}^{4}(c)$ . Then either (i) $M$ lies in atotally
geodesic $N_{1}^{3}(c)$ , or (ii) $c<0$ and .M has constant Gaussian curvature $c/3$ .

THEOREM $8([\mathrm{S}3])$ . Let $M$ be aspacelike stationary surface in $N_{2}^{4}(c)$ .
If $M$ is locally isometric to aspacelike stationary surface in $N_{1}^{3}(c)$ , then $M$

lies in atotally geodesic $N_{1}^{3}(c)$ .

REMARK. For Theorem 8, see [S1] for the case of minimal surfaces in
$N^{4}(c)$ .

We give two classes of 2-dimensional Riemannian manifolds which can
be realized as spacelike stationary surfaces in $N_{p}^{n}(c)$ .

Let $M$ be 2-dimensional Riemannian manifold with Gaussian curvature
$K$ and Laplacian $\Delta$ . For each real number $c$, set

$F_{1}^{c}=2(K-c)$ , $F_{p+1}^{c}=F_{p}^{\mathrm{c}}+2(p+1)K- \sum_{q=1}^{p}\Delta\log(F_{q}^{c})$ if $F_{p}^{\mathrm{c}}>0$ .

THEOREM $9([\mathrm{S}5])$ . Let $M$ be a2-dimensional simply connected Rie-
mannian manifold. Suppose that $F_{p}^{\mathrm{c}}>0$ for $p<m$ , and $F_{m}^{c}=0$ identically.
Then there exists an isometric stationary immersion of $M$ into $N_{2[m/2]}^{2m}(c)$ ,
where $[]$ denotes the Gauss symbol.

THEOREM 10([S5]). Let $M$ be a2-dimensional simply connected Rie-
mannian manifold with metric $ds^{2}$ . Suppose that $F_{p}^{\mathrm{c}}>0$ for $p\leq m$, and the
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l/(vn +l)
metric $di^{2}\ovalbox{\tt\small REJECT}$ $(\cdot\ovalbox{\tt\small REJECT}.F\ovalbox{\tt\small REJECT})^{\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}/(\mathrm{F}\mathrm{f}\ \mathrm{r}_{\ovalbox{\tt\small REJECT}})}\ovalbox{\tt\small REJECT} \mathrm{d}\mathrm{s}^{2}$ is flat. Then there exists a $2\mathrm{v}\mathrm{r}$-peri0dic
family of isometric stationary immersions of M into $N2\mathrm{m}^{+1}(\mathrm{c})$ .

REMARK. The conditions of Theorems 9and 10 may be seen as gen-
eralized Ricci conditions (cf. [LI], [J]). There are many 2-dimensional Rie-
mannian manifolds which satisfy the conditions.

COROLLARY ([S5]). For every positive integer $m$, there exists an is0-
metric stationary immersion of the hyperbolic plane of constant curvature

$2/\mathrm{m}(\mathrm{m}+1)$ into $N_{2[m/2|}^{2m}(1)$ .

REMARK. (i) For every positive integer $m$ , there exists an isometric
minimal immersion of the 2-sphere of constant curvature $2/m(m+1)$ into
the $2m$-dimensional unit sphere (cf. [C]).

(ii) The author does not know.the explicit representations of the surfaces
in the Corollary.

(iii) There exist many explicit flat spacelike stationary surfaces in pseud0-
hyperbolic spaces (cf. [S5]).
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