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C" L@ absolute norm D% ol gt

HBXAEARME =8 @ (Ken-ichi Mitani)
#MiBXKE W@ SB (Kichi-Suke Saito)
FBXERHE #HBK T (Tomonari Suzuki)

1 BFX

Jordan-von Neumann([5) i+ 1935 4E / L AZSRIASNEZER] Th 5 = & % PRERM
R D Z & TSIz, ZHICEEE LT, 19374 Clarkson(4] iX von Neumann-
Jordan EHX (B& L TLAtk NJ EH) OBEZRZ KDL HICHA LT,

Definition 1.1 X % Banach(8(\MZ/ /v 5) B E T2, X D NJEECh(X) &

1 iz 4yl + |l — ol
< C
¢S qeprp ¢ VEns00)

Wity C OHOR/ME L > TEET 5. BB

llz + y[I> + ||z — yl?
Cns(X) = sup
@z 2(]|z]% + lyl|?)

35,

Proposition 1.2 ([5]) X % Banach Zffi& 3%, ZD L &,
(1)1<Cw(X) <2 o :
(2) Cns(X) =1 <= X: Hilbert ZE[#]

Clarkson {3 £, ®° L, 22D NJ EFZFHE T D722, KD Clarkson FER % FE
AL, £/, 2LV, 0L, ZRB—HROMTHDZ L ER L, ZOBS
iX. Banach ZHIOEMAIFMIBELRADL LTEELRBEETH S, ik, Banach
ZER DO BALERDO A X (roundity) #RITEERTH V. HFE™ (strict convex) 7 5 H»
& (smoothness) %, 4F TIZEL DRERNBE L OBFEFIC L > TREN, Banach
ZEROBEOPLREL LTS ETICHRIN, AT T,

Bit, wAE—NEE— &I (11] i2BW T, C? £ absolute norm 2%t LT, B
BIZ. NI EBRORBEICRII Lz, Bz, [12] 128V T, C" Lo absolute norm {22
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WTh, MBSV D BE T 25 2, Be3RdutE (strict convexity), —iEE
(uniform convexity) 72 &0 /L AORMERMEE I LTHZE L7z, (cf. 13, 10]),

ZOFFETIL, /N ADRAEA B D—2Th % absolute norm D#SY FTHE
HIZHOWTHND I L2 EHE TS, FOFEZ CTICBITAE~T MK L
T, 3T norming functional 5 ETHZEICL>TIT I, NV ELSTH
DI, EFIHICC? LILOVTHERS, EiL, ZOBRE C LOBAEEET 5,

2 C? Lo absolute norm

F 3. C? _E® absolute norm IZ2WTE x5, Z D7k, Bonsall-Duncan[2] {2
Rohb,

Definition 2.1 ||-||Z# C? kD /v i &T3, ZDE &,
(1) || - || 2% absolute TIH 5 LiX. ||(z], Jw])|| = l|(z,w)|| (V(z,w) € C?) DB3SRLILT B
REEE 9,

(2) || - || 23 normalized TH 5 &%, ||(1,0)]| = ||(0,1)|]|=1D L& ZE I,

N, % C? L@ absolute normalized norm D2 & 3 3,
Example 2.2 RD {,-norm 3 absolute normalized / NAIZIR>TNA,

(Il + lwlP)/P if 1 < p < o0,

Iz w)ll, =

| max((el, jul) i p= oo
TP RO EBHKILT B,
Lemma 2.3 {EE® ||-|| € N IZX L T,

1 lloo < - 1T T
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EBR. EED (;,w) e CHiTH LT,
Iz, w)lleo = max{l|(z, O, lI(0, )}

= S max{ll(z, w) + (2~ Iz, w) + (~2, W)}

< %maX{ll(z, w)|l + [z, —w)l, [z, w)ll + (=2, )i}
= ||(z, w)l
< |i(z, 0)I + 110, w)|
= ||(z, w)lh. |
4. B || € Naicx LT, _
p@) ==t (0<t<).

LB, ToEE, P ix[0,1] Lok MEET
$(0) =9¢(1) =1, max{l—tt} <9P()<1

AT, FIT, 0L RBEEOLEE T, ER LTS,

Theorem 2.4 ([11)) Ny & ¥y i3 EROXRET, 15 1T T 5. AL, £ED
P € Uy 1T LT,

(12l + ol (o) ((z5w) # (0,0))

(2, w)lly =

0 ((z,w) = (0,0))

Lo TEETDE. ||-|ly € Ny THo9(t) = (|1 -t t)lly (0<t<1) Y,
BlziE, £, 7 A AR DML ¢, () = {1 -t +°}P TEX B S,
Theorem2.4 {12 & V. £, / /v ALSHZZ < O absolute normalized 72 / Vv AR LD
B EBRND,
Definition 2.5 BanachZEf X Wk EMTH B LT, EED 2,y € X(|Iz] = |yl =
1, z#y) LT,
T+ yll <1

2

THHREES D,

Theorem 2.6 € Uy &332, ZDE&E, |||y BVEEBLMTHDZ L L, o BB
ELTHBNTHDZLIIRETH D,
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3 C"_E® absolute norm’
C* kD V|| - || B absolute THD EIX
I(zals - s lza DIl = [l (21, - )|l V(21 20) € CF
MR DL EEED, |- || 3 normalized & 1%
1(1,0,---,0){| = /(0, 1,0, 0 =---= (0, - ,0,1)] = 1.
25, 21 £,-norms || - ||, I absolute normalized TH 5:
(loalP + - + |eal?) P 1< p < oo,
H(mhx?’ T 7-777»)”17 =
max(|z1],- -, |Znl) if p = oo.

N, % C" k@ absolute normalized norms £ & 45, ZDL X,

Lemma 3.1 ||-||€ N, &T5. TDL&E,

(B1) 100, 22,23, -+, za) [l < l(@a, -+ 2a)ll;
(Be) (1,0, 23, s za)l < @1, s za)lls
(Bn) (@1, 22, 2o, O < (1, 2n)l-
REIZ,
Tllo -1 e
N5 A RVASN
A

An :'{(31)52,.‘. . ,S'n,—l) 1S 1+ S+ -+ 8p1 < 1’ si > 0 (VZ)}

L3, EED ||| € Ny XL T,

P(s) = |(1— 51— s2 — T Sn-1,81, 0 ysn-1)|l (Vs = (515, 8n—1) € An)
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ETBE. YA, ETEERMBEBTHY ., Lemma 3.1 LV ROFMEETHZT,

(Ao) ¢(0,...,0) = w(l,o,...,o)z...zw(g,...,0,1)=1,

S1 Sp—1
(Al) 'l/)(81,"',8n_1) —>— ('51+'”+sﬂ—1)¢(31+-..+$n—1,.”’31+"'+$n—-1)’
() Blon, oo 1snmt) 2 (L= s (0, 720 700,

.........

(A) Bst, -+ sm1) 2 (1= spoy)tp(—i—, v, —2=2_ ).

1—sp-1 "1 —8p1

U, % A, EOMBHEEET (), (A1), , (An) 2T D2tk e+ 5, £,-norm
RS B BB D b DI B,

(L= )P+ s+ +sh )P if 1<p <o,
'lpp(slaSZ,'” )371—1) =
max(1 — 32077 83,51, , Sn-1) if p=oo.

Lemma 3.2 ¢ € ¥, IIX LT,

1
- < Poo(51,82,** » Sn—1) < P(s1,82, - ,8a-1) <1 (V(s1,82,° -+, Sn—1) € Ay)

DRI T B,
Theorem 3.3 ([12]) fE&® ||-|| € N, ¥ LT,
Y(s)=||(1—s1—82— —Sn-1,51," *»8n-1)ll  (Vs=1(51,-",8n-1) € An) (1)
CERTHE YeV, THDH, HIT, FED |- || E Ny ITH LT,
(loal + -+ + o) (e i)
(@1, za)lly = if (T1, -+, 2n) # (0,--+,0),

0 _ if($1,°--,$n)=(0,"',0).

CE->TEHETDE. || |ly€ Na THY, (1) W, #oT. N, & T, id, 1
it 1 HRSICRHIST 2o

Theorem 3.4 ([12) Y € ¥, &T5, ZDLE, |||y BBBELNTHEIZL L, ¢
DKL LTHRBMTH D Z LIIRETH 5,



4 C? E® absolute norm @ smoothness

Definition 4.1 X % BanachZZEM & 32, X* & X OHBZEMEL, r€ X, 240
ETDLE. a€ XDz D norming functional T 5 & e

lefl =1, (e, z) = |||

ZWMIcTRZVWD, ZZTD(X,z) % 1 D norming functiohal 2kt 3%, Hahn-
Banach DEE XV 2 b D(X,z) # 012725, Banach 22 X 75 smooth Th 5 &
i3, EBDz € X, z#0IZxt LT, z D norming functional N—EIZFEET 2%
Vo, ‘

Proposition 4.2 X % smooth T B Z & & | ||| 7% Giteaus S FIEETH B Z &,
BEILGEED r,ye X,z #0112/ L T,

tull —
i 2+ 81l = Iz
t=0 t :

PEET B2 L LIIAETH S,

YeW &F D, &Fte (0,1 LT, Yp(t) & tiziF D o D left derivative, F
&t e [0,1) IR LT, Yi(t) % tiZR1F B 1 O right derivative &5, £7-G %
[-1,9%(0)], ift=0,
G(t) = Wi(t),va®), H0<t<1,
[Yi(1),1]),  ift=1

&7 5,

ETL (C% || - |ly) 23 smooth TH B & XD ¢ DXLENS+HEMEEER D, £

Dtel0,1]iTxLT
z(t) = @%t—)(l —t,t) € C?

EBL, TIT, |z@)|ly =1 TH B, £ z(t) D norming fﬁnctional;%§+§'§‘5°
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Theorem 4.3 ([2]) v € ¥y & T3, ZDLEHLe[0,1]ITHLT

iy 1 -
{(0(1+a)-)'“EG(O):|¢|=1}, ift=0,

2 . _ 1/)_(t)—at - .
D(C?, (t))_ﬁ{(d)(t)—i-a(l—t)). eG(t)}, ifo<t<l,

{(C(ll_a)):aEG(l),Iclzl}, z'ft=1-

RIZ—ED ¢ = (xﬁ,xl) € C2(||(zo, z1)|ly = 1) ? norming functional Z%& X %,
E3C 2N

Thbd,

_ |z1]
|zo| + |24

LB, E o B oo = € |ze] o € [0,27) BT DL T B, TOEX

1 = [|(o, 1)y = (o] + |z1])%(2)
£

z = (e"”|zo|, e |z1l)

= (lzol + |z1]) (e"“’0 [zol etf || )

lzo] + |z2]” ™ |20 + |24l

1 ipo(1 _ e
= SEna-0.n

EREIND, £ TRPRILD,

(2o, 1) € D(C% z(t)) <= (e g, e ) € D(C?, z).

EBE. (ap,a1) € D(C?,z(t)) 2 LT,

. ,z ) = —(e T ape(1 —t) +e P ayet
<( e—P1 0y ) > ¢(t)( 0e?(1—1) + 1€%%11)

1
= '(/)—(tj-(ao(l - t) + alt)

- < ( ‘;‘1’ ) ,m(t)> = llz(®)ly =1
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1™ a0, ™ as) || = [|(a0, )] = 1.

LoT, (e7ay, e roy) € D(C%z) THD, HHFKTH 3, DT Enb—f
? norming functional £ %1525 = L R TX 5,

Theorem 4.4 ¢ € U, &5, (o, 1) € C? (||(

Zo, Ty ||¢ ) WXL T,

I 1
|Zo| + |z1]

3150it\%%n;mmmeem@mémtfﬁme¢éo:@eg\
D(C xg,.’l?l =

{( e ) a € G(0), |c|=1}, if z; =0,
—wo t)—at) . . ' '
J{( —ien ( t)+a1—t)))-a€G(t)}, if zo -z #0,

{( {;“) aeG()le}, if zo =0

L@ﬁﬁmﬁ%ﬁ%(@m-m)ﬁmmmhf&étémweq5@%§+ﬁ%#
BELND, ~
Theorem 4.5 ¢ € Uy &35, ZDL X, (C |- |ly) 2% smooth ToHBHD ¢ D
VEDOTREMIL, 2 (0,1) EMATEEDD, ¢5(0) = —-1,9,(1) =1 THB =
LThB,

Remark 4.6 ¢ € U, IZxt LT %

THD,

1-t¢, ift<O,
o) =4 v(t), fo<t<l,
e,  ift>1

LRECHETZ L, FOEBEIROL S IcRaND,

Theorem 4.7 (CZ,||-||,) 78 emoothfﬁétbﬂ)zgﬁ‘oﬂ“ YREEIZ. o B0, 1]
EWORIETHD L TH B,



5 C"_t® absolute norm @ smoothness
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¥4, C" _E® norming functionals #%& x5, L n > 2TH D, t = (t1, 82, - ytn1) €

An (BLto=1-Y77) 1) LT,
(thtla e 1tﬂf1) € Cn

0 = =50

L3¢, EBIC. po= (0,0,0,+,0), By = (0,0, ,0,1,0,0,-+,0) € Ap ,j =
L2 n= LI = {0,1, ,n—1} £+ 5,
¥7 X #EBanach ZR: L. C & X OMBHER LT 2. fRCHLR~D

BB LT, ZDEE, zeCITHLT
of(z) ={a € X*: f(y) 2 f(z) +(a,y —z), Vy € C}.
TEHEIND0f(z) Z z € CILBITD fOFHHB LV D,
¥ 9" z(t) ® norming functional ZRK®» 5,

Theorem 5.1 ([8]) ¥ € ¥, L T5, DL &, EREDL= (tl,té,":' stn-1) € An
X LT

D(C™, z(t))

| a € 9Y(t),
e ((t) + (a,po — 1)) D) + (a,p; —t) > 0
e (y(t) + (a,p1 — ) for j € I, with t; =0,
e (1(t) + (a,p2 — 1)) : 0, €[0,2m) | \

I

forj €I, witht; =0,

%=1 (1(t) + (@, Pn1 — 1)) ;=0
for j €I, witht; >0 |

THhd,
—#&® porming functional X EDOEHEM S, C? LOBE LRKRICELND,

Corollary 5.2 ([8]) ¥ € ¥, £+ 5, EED z = (0,21, %2, * ,Tn-1) €C" zlly =
1iZx LT,
| |z

tj = -1
Z:o |$k|

JEIn
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LB, if:tz(tl,tb'“ ,tn_l)EAncl:L/\ Pj %f:vj:e"flxj|,pje[0,27r) ,J €1,
EWTODETH, ZDE X,

D(C", z)
( a € (1), ]
co(1(t) + (@, po — t)) Y(t) + (a,p; — t) >0,
c1 (¥(t) + {a,p1 — t)) for j € I,,
= J c2($(t) +(a, p2 — 1)) Dl =1 =
P forjel, wztht —O
Cn—1 (Tﬁ(t) + (@, pn_1 "‘».t>) Cj = e—zp,’ ;
\ ‘ Jor j € I, with t; >50, )
Th b,

WIZ (C™, || - ||ly) D smoothness & x5, o € U, KA LT, Eﬁﬁcp%Rn 1J:Ir’
ROLSIZEET D,

s = (817321 e )sn—l) 6 Ana
p(t) = sup ¢ P(s) + (a,t — s5) : a € OY(s),
Y(s) + {a,p;—s) >0,j €I,

Remark 5.3 ¢ € ¥, 72 5%

1—-t, ift<O,
p(t) ={v(), FO<t<l,
t, ift>1,

7 dp(t) = G(t), Vt € [0,1] Th 5,
Lemma 5.4 ¢ li/kﬂ) ig%’bo

1. w:ar ' EMBET, o(t) < oo (VteR"“)

2. 9(t) =p(t) (Vt€A,),; |
8. B t=(t1,ta,- ,tn_1) € Ay (te = 0 for somel € I,i) [l P G

| As&‘()\(t —pe) +pe) =Mp(t) (VA>1)
ThbB, £0 | | o

0. (t;pe — t)(= 11m0‘/’_(t+5(1’4;?)) - fb‘(t))*

DIFRALD;



4-p(Aps) < A+ 1, (V/\GR, vi (1 Sj Sn—l))-
P DPDLYIT @ "&E') L. Theorem 5.1 KD & 5 K EERZ LB,

Corollary 5.5 ¢ € ¥, }_’TZ) 0)?: %’S\ ﬂ’:ﬁa) t = (th,t2, = ,tac1) € By IR
LT, :

D((C" z(t) | -

( et (¢(t) + (a Po— t)) a € 9p(t), - )
~ e (P(t) +{a,p—1) | 6 €[0,2m) |
=< €i92(¢(t)+(a,1’2—t>) . for j € I, with t; —0 L

s e=0
\ ¢ifn-1 (¢(t) + {a, ?n-l — t)) Jorj €1, witht; >0 )

BLEED. (C]-ly) 7 smooth T B HOLELHREBBOND,

Theorem 5.6 ([8]) (C",{} +{ly) #3 smooth THBHZ & & K2 75) A, EAFIRETH
5T & Iiﬂﬁ“(“&vé '

S5 30K

(1] B. Beauzamy, Introduction to Banach Spaces and Thezr Geometry, 2nd ed.,
North-Holland, Amsterdam-New York-Oxford, 1985.

[2] F.F. Bonsall and J. Duncan, Numerical Ranges II, London Math. Soc. Lecture
Note Ser. vol. 10, 1973. ' ‘

[3] J. A. Clarkson, Unzformy convez spaces, ‘Trans. Amer. Math. Soc. 40 (1936),
396-414.

[4] J. A. Clarkson, The von Neumann-Jordan constant for the Lebesgue space, Ann.
of Math. 38 (1937), 114-115..

~[6] P. Jordan and J. von Neumann, On inner products in linear metric spaces, Ann.
of Math. 36 (1935), 719-723. ' ' '

[6] M. Kato and Y. Takahashi, On the von Neumann-Jordan constant for Banach
spaces, Proc. Amer. Math. Soc. 125 (1997), 1055-1062.

108



[7] M. Kato and Y. Takahashi, Von Neumann-Jordan constant for Lebesque-
Bochner spaces, J. Inequal. Appl. 2 (1998), 89-97.

[8] K. Mitani, K.-S. Saito and T. Suzuki, Smoothness of absolute norms on C™, to
appear in J. Convex Analysis.

In

[9] R. T. Rockafellar, Convexr analysis, Princeton Univ. Press, Princeton, 1970.

[10] K.-S. Saito and M. Kato, Uniform convegity of 1-direct sums of Banach spaces,
preprint.

[11] K.-S. Saito, M. Kato and Y. Takahashi, Von Neumann-Jordan constant of ab-
solute normalized norms on C?, J. Math. Anal. Appl., 244(2000), 515-532.

[12] K.-S. Saito, M. Kato and Y. Takahashi, Absolute norms on C", J. Math. Anal.
Appl., 252(2000), 879-905.

[13] Y. Takahashi, K. Kato and K.-S. Saito, Strict convezity of absolute norms on
C? and direct sums of Banach spaces, to appear in J. Inequal. Appl.

109



