Oooo0o0oOooooo 12480 20020 96-99

96

On Michael’s and Vaughan’s examples
on product spaces

RBREZHER P EE (Megumi Nakamura)

Institute of Mathematics, University of Tsukuba

The Michael’s example given in [2] and the Vaughan’s example given in [3] are famous
ones showing fundamentally that the product of a paracompact space and a metric space
need not be normal.

Let R be the real line and P the set of irrationals. Let M be the Michael line in (2],
that is, the space (R, 7,) with a topology Tp on R by defining all subsets of the form
G UK to be open, where G is open in R and K C P.

To recall the Vaughan’s example we use the same notations as in [3]. Let D(w;) denote
the set w;, with the discrete topology. Let ﬁ(wl) be the set w; + 1 with the topology so
that every a with @ < w; is isolated and the sets (y,w;] = { 8|y < B < wil,Y € wy
are basic neighborhoods of w;. Let B; = El ﬁ(wl) denote the box product of countably

many' copies of D(wl). For a space X, X“ denotes the usual product space of countably
many copies of X.

Example 1 (Michael [2]). M x P is not normal.
Example 2 (Vaughan [3]). B; x D(w;)“ is not normal.

In reviewing the original proofs of the above two examples, although the situations of
the spaces are quite similar, but the basic ideas of the proofs are completely different.
The purpose of this paper is “to exchange these ideas”, that is, to give our proofs to
Example 1 under Vaughan’s idea and to Example 2 under Michael’s idea.

Unless otherwise indicated, spaces are assumed to be Hausdorff. For undefined notions
and terminologies, referred to Engelking’s book [1].

Our proof of Example 2.

For brevity, set X = B; and Y = D(w; ). Sometimes we consider Y as a subset of X.
Let m; be the ith projection map on X. For each z = (z;,72,---) € X and for each
a < wi, let

a(z) = [ (z:) | z: <w ] N [N{77 (@, w1]) | 2 = wi}].
For each y = (y1,y2,---) € Y and for each positive integer m, let
m(y) = {7 (y) | i < m}.

Note that a(z), o < w; and m(y),m € N are basic open neighborhoods of z and y in X
and Y, respectively.
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Leu .
K():(X\Y)XY, K1={<y,y)€X><Y|yEY}.
Then Ky and K; are disjoint closed subsets of X x Y. Suppose that there exist disjoint
open subsets U and V of X xY for which K, ¢ U and K; C V. For each natural number

n, let us put
P,={yeY |{y} xn(y) CV}

and S L e R
M, = D(w1) X D(wy) X - - D(w) XD(w1) x D(wy) X -+ .

. n times

Then we have Y = U‘{P,‘1 | n € N}. We claim that there exists a natural number n such
that -
PN M,)N(X\Y) #0D.

To see this, assume the contrary. Pick a countable ordinal zo and define 2, = (g, w1, w1, - Y
then z; ¢ P, because 21 € M; N (X \'Y). Therefore there exists an ordinal oy < wy
such that oy(z1) NP1 = 0. Pick a countable ordinal z; > max{zo, @1} and put 22 =
(Zo, T1, W1, W1, " ), then similarly we have z; ¢ P,. Therefore there exists an ordinal
ay < w; such that as(29) N P, = 0. Pick a countable ordinal zo > max{zi,as}. As-
‘sume we have constructed o, Z1,Z2,"* , Tk-1- Put ze = (To,T1, "+ »Th=1,W1, W1, " )y
then 2z ¢ Px. Therefore there exists an ordinal o < w; such that ax(zg) N P = 0
Pick a countable ordinal z) > max{zx_1,}. By induction, we can construct a point

z = (zo,21, -y such that z €Y =U{P, [ n € N}. On the other hand, we must have

1 € N{ai(z) | i € N} € X \U{P | n € N},
a contradiction. ST T SRR S o
Therefore there exists an n so that we can take a point
| R t= (2,20, ) E BN MY, |
Take an arbitrary o < w;. Since Y is dense in X, we can take d point y= (yl,;yz, - ) €

a(z) NY.. Then (z,y) € Ko C U. Hence there exist an ordinal B < w; and a natural
number k such that, o s : ‘ MR -

B(z) x k(y) c U.
Since z € P,, we can take a point
y = (Y1, Y2 ) € B(2) N P

Then we have - ‘ S
(,y) € B(z) x k(y) CU.
On the other hand, 2 € M, implies that ‘

mi(a(2)) = {z:} = m:(B(2)) fori=1,2,---n
and since y € a(z) and ¥’ € (),
B Cyi=m=y fori=1,2,--,n

Therefore y € n(y’). Since (¥',y) € {y'} X n(y’) and by the definition of P,, we can
conclude that S v A - S

W ,y)eUnV.

It is a contradiction. : : ; O
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Our proof of Example 1.

For each natural number k, let ok be a function from the product space N* to 0,1)NQ,
defined by

1
Pr((n1,ng, -+ ) = 7
n +
1 . 3
n
2 1

n3 + ) 1

4 —

3

for each (ny,ny,- -+ ,nx) € N¥. Then we notice that
1 1

(%) por+1({n1,n2, -+, Mgk41)) — P2r((n1,na, - -+, nge)) < Ak—To . "
4o

for each natural number k

Let B(N) denote the Baire’s zero-dimensional space with respect to N. Let ¢ be a
function from B(N) for which

‘p((nlin%' )) = kl_i_.r{.lo<pk((nl’n2"" ank>)

for each (n1,ny,---) € B(N). Then it follows that ¢ is a homeomorphism between B(N)
and the space PN (0, 1).

Let Mg denotes the rational points of M and Mp the irrational ones. Put Ky =
Mg x P and K; = {(p,p) | p € Mp}. They are disjoint closed sets of M x P. Let U be
any open set of M x P containing Ko. We need only to show that U N K # 0.

Put

90=0, po= W((lals"')))

where ¢ is the above homeomorphism between B(N) and the space P N (0,1). Since
(90, P0) € Ko C U, there exist mo and ng € N such that S, (g0) x 8’1 (po) C U where
mo ng

S’y (po) = S (po) N P. Pick a natural number zg > mg. Put
no no

a1 = 1(20), P1=0((70,1,1,---)).

Since (q1,p1) € Ko C U, there exist m; and n; € N such that Sm% (1) x 8"y (m) C U.

Pick a natural number z, > m;. ,
Assume we have reached the kth step in this construction, and have constructed

Lo, L1,  Tk-1- Put

@ = ¢k((Z0, Z1, -, ZTk-1)), Pk = @({To, %1, ,Th—1,1,1,---)).
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Since (gx,px) € Ko C U, there exist my and n; € N such that S (ge) x S’y (px) C U.
my ik

Pick a natural number z > my.

By induction, we can construct a point z = ¢(zo, 1, -+ ) such that (z,z) € K. For
any positive number €, {z} x S.(z) is a neighborhood of (z,z). Since ¢ is continuous,
there exists a positive and even integer k(= 2j) such that o(Br({zo,z1,--+))) C Se(z).
Therefore

Dk = @((anxla oty TE—1, 1) 1) v >) € S;(w)

On the other hand,

ae = or((To, T1, -+ 1 Th—1)) < T < Prs1((Z0, T1,7 0+ Tk)) = G

because k is even. And

' <1 1<1<1
Qrk+1 — Gk ST S

by (%). Then z € S_1_(qx). Therefore
™k

L
M

(,p8) € ({&} x S(@)) N (s (@) s%<pk>) .

Since S_1 (k) x S'1 (pk) C U, every neighborhood of (z, z) hits U. : o
™ nk
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