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On Tensor Matrices and Norm Inequalities

BILRZRIEMIT 4% FW (Yasuji Takahashi)
LM T KT JnfEE #pHE (Mikio Kato)

Abstract. The operator norms of tensor matrices between £5-spaces
were studied in G. Bennett [1]. We shall consider these norms between
£5(X)-spaces (X-valued £3-spaces) for a Banach space X. The main
theorem (Theorem 1) is stated as follows. Let A and B be m x n and
r X s matrices respectively, and A ® B their tensor product. Let X be
an arbitrary Banach space. Then |A® Bll,4,x < |Allpg:x l|Bllp,g:x for
any 1 < p < ¢ < oo, where [|Allpgx = ||A : £(X) = £3(X)|l. The
equality holds true if X is a Hilbert space (Theorem 2). As applications,
from the classical Clarkson inequality we shall derive the generalized
Clarkson inequality ([2]; cf. [11, 4, 6]) and the type p inequality with
type constant 1 for L, (cf. [5]).

G. Bennett i3fT5IDT > Y VKAQB DIERAR /I NAFB A H TF—-
T—ATHR L, ZZTiXEh#% BanachZRTEEL, /L AR

EX~DICHERRB,
M1 mxnfTH A= (a;), r x sTTHI B LT
auB alnB
A®B=| : (mr x nsf751)
am1B -+ amnB

1<p,g<o0iZxLT
|Allp.q := IlA: & — €3]]
Banach ZEf#] X (=%t LT
[ Allpg:x := |4 : £5(X) — €X(X)||
O, |Allpg < | Allpgx-



165

FHE A (G. Bennett [1]). (i) 1<p, g < oolZH LT

|IA® Bllpg = |Allpg | Bllpag (1)
(i) 1 <p<g<o0IiZXHLT

IA® Bllpg < | Allp | Bllpg (2)

bbb
|A® Bllpg = llAllpq I Bllpg- (3)

Banach Z8f X \Ioxt L TERA OWEE2E 2S5, 2iEp>qne
ERAHF— « H—ATE R LA (cf. [1], Proposition 10.3) 23,
p<qDL ¥, &ﬁ@Banach%ﬁﬂX'C‘ﬁjzﬁTéi_ | |

EHE1. 1<p<g<ool+3. {£E"D Banach 2 X IZxt LT

IA® Bllpgix < | Allpgix | Bllpax (2x)

2x)ICBWTAL T —  F—RATIIHEEBHRILT S, —KD Ba-
nach ZZRTIXEBIIRIL L. LUFED X 5 2%/ X TEEIBL
MNTENEEETD. |

1l 1<p<r<qg<oont¥, £E®DBanach ZEMH X IZxf
LT

“A”p,q;Lr(X) - ”A”p,q;X
iz
”A”p,q;Lr = “A”p,q
EE2. () l<p<r<q<oobTd X=L ITRHLT

||A® B”p,q;X - ”A”p,q;X ”B”p,q;X

—#%1Z X 23 finitely representable (f.r.) in L, ToHhiviT L. |
(i) 1<p<qg<oo&¥%. XN Hilbert 2272 61X

“A®B”p,q;X = ”A”p,q;X ”B“p,q;X

ERE, ) iX3) LHE1 B ONS. £7-, Hilbert Z2#ji fr. in
L, (ERBKRTT) THEH0D (i) 12 () OBEEHRBERTHD. 751,
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XBfr. nY THD L, X DEEOFRRTBHZERMM LEED
€>0ITR LT, BIBEART : M - Y BFELT

A —¢llzll < |ITzll < 1 +e)llzl| (¥ ze M)
BEYILDOZ L THAB.
EH 2 (i) DOV TROBENE OIS,

EE 3. X 23 Hilbert 22 T3 5 7= D DLEA-5y&M1L, X OEE
DHEBRKRTEEH/IZEMY LEBED L1175 A, BIcrt LT

|A® Bllz2y = ||Allz2;y | Bll2,2;y
BRI T DL THA.

. (i) A, B X Littlewood fTAIIZRE L TH L.
(i) X M ERKTO L &

|A® Bllz2,x = || All2,2;x | Bll2,2;x
BRI L TH, X A Hilbert 2R LIRS 220 (BH4B]) .

EE4. 1<p, g<oolT3. {Afr. inX (&KX =1, L)
RO, T_XTOL11THIA, Bizxt LT

”A ® B "p,q;X = ”A”p,q;X "B ”p,q;X

LI, E# 1 % Littlewood 7%/, Rademacher 1752 A L T, L,
(Zx19 % —f% Clarkson A& R, type F&EX 5 <

RDATH A, % Littlewood 1731 &5 ([10]):

(1 1 _[ A An —
Al—(l _1),An+1——(An —An) (n-—l,2...).

Annn=A10A, &Y, ER1ZEALT,
lAall < lAufl®  (n=1,2,3.....). (4)



“hE v, Clarkson RER D H RO —% Clarkson REAXANE LN D
TEERLED.

% 1 (Generalized Clarkson’s inequality) ([2, 4, 6, 7, 8, 9]).
1<p<2 1/p+1/p =1,F%. A, = (&;) % Littlewood 1751 & ¢
5& &, WML,

(1) FEEDOneNLEED f1, f2y ooy fon € Lp Zxt LT

on on pl l/p' , on l/p
{z > et | 52"/”{Z||fj||£} - )
=11 j=1 P j=1 |

(11) 1 < r,S < o0 &';‘5 13‘5‘7%‘@7?, e N k{{:ﬁ@ fl,fz,...,fgn € Lp
WXL T \

2 s)1/s o 1/r
(E|Eas[} <z S0} (6
i=11l j=1 P Jj=1 _
ZZT
1/r+1/s—1/p ifp<r<oo, 1<s<p,
c(r,s;p) =4 1/s if 1<r<p, 1<s<7,

1/ if & <r<oo,p <s<o0.

%72, (5), (6) /X Ly-norm % Ly-norm {ZB X 2>2 THILT 5.

Clarkson %=
(i)l<p<2.Vf,ge L,
(If + gllF + 117 — gllE) " < 27(lI f1I5 + lgli)*/” M
(i) 2< g < 00. Vf, g € L, | o
(If + gll2+ [If — gDV < 29| £1IE + llglld)e (8)
i Littlewood 175 A; % AV CZNENKD & 5 IKREENS:
I A1|lppiz, = Az : £2(Lp) = E(Lp)|| < 27, (9)

1A1llg gz, = 141 : €(Lq) = G(Lg)l| < 2V, (10)
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(10) Tg=p LB &
lAsllpsriz, = 141 : G(Ly) = G(Ly)l < 27 (10%)
&72%. Lo T(9) & (10), T72b b (7) & (8) X Banach 22/ X
T HAREFERE LTROL S ITHE—Sh 3.
| Aillpix = 141 : £(X) = G(X)]| < 27, (9x)
TR2bb
(I + yllx + llz = yIB) 7 < 27 (2l + Iyl)?. (7x)

U EDEZREND, Clarkson REX (7), B) I X X =L, & X = Ly i
MY DE—DRER (Tx) IR B2, Fi, 1A = A KEETH
T (9%) ICBWT X #Z0WAEH X' CREHBZITHLEE. +4b
£1/p+1/q =10 ¥ % Clarkson K& (7), (8) IXRETH 5. L=
235 T Clarkson RERIT—RIC1 < p < 200PEX>EETHIT+HH
Tha.

LEFEROBRIZIY, 1 < p < 20FE, —# Clarkson RER
(5) ¥
Anllpp;z, = I1An : €2 (Lp) = €5 (Ly)|| < 277

LRHETHB. LiERoT @) IckoT

1Anllppiz, < (1A1llppiz,)* < (2V7)" = 207
Z D Z & ix—# Clarkson 7%3X (5) A3 dr #2489 Clarkson R (7) 5>
H¥EPNDZEERLTVS.

E. (i) Clarkson R (7) 1346572384 & L T—#¥ Clarkson R&
K. (5) KB ENSD (n=1 DHR). E7= (5) & (6) IXFUETH 5B (cf
2, 4]), Clarkson R%&= & —f% Clarkson F &R IIFIETH 3.

(i) X = L, (\RKT), 1 <prs<o0lTHLE, £ED
Littlewood 1751 A,,, A, 2% LT

“Am ®An||r,s;X = ”Am”r,s;X ”A'n"r,s;X
AERY LD, 727 L, X BERKITO & X IIRSI LRV (EE3ES
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&IZ L, D type FERX#E Clarkson RERXNLETZ 5.

EHE2 (cf. [12]). X ZBanachZZ & L1<p<2&L7 5. HDE
BMEs(1<s<oo) BIFELT
1/p
2 75(t)z;

S renfa)” <ul$ ier) 0

PMEBDHERI {z;} C X IZTHLTHVIEDLE, Xidtypep TH 5
&9 . ZZTr;(t) i Rademacher B, 372 % r;(t) = sgn(sin 277t)
T¥%. Khinchine-Kahane D REXKIZ LT, s (1 < s < 00) iHfE
BOELR &> TRE (BB M IIERT D). (11) 2R TRIOM %
Tys)(X) TEKL, X D type p(s) EFE V. |

E® 3. KO LD IZEHIN B175] R, # Rademacher 1751 & \»

n

(1 )
: R,
R, = ( __i ) Rpi1 = _i (n=1,2..).
| =Ry
\ —1 /

M2 (3,4]). 1<p<2&3%. BanachZEf] X izt LT, ®iX
[FIfiE.

(i) X iX type p.

(i) HDEEM > 0BHFEELT

IRn: £2(X) = Z(X)| < M2V forn=1,2,.. (12)
$2.1<p<2&F 5. Lyidtype p T, Tpp(Ly) = 1.
EEE, Ry X R ® A, D submatrix THhH 05, EE1LDY
| B+ €7 (L) — 27 (L) |

S ”Rl ® An . ezz,n(Lp) — e}z):H'l (Lp)”
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< Ry 45(Ly) = Ly (Ly)l - 14n - &5 (L) — €5 (L)

< 27(| Allpgiz, )"

< QUP L gn/p _ ontl)/P

Ly2% Ly CEBEDX 5L Ly btype pTTyp)(Ly) =1 THBZ &
BN5.

—fRIZ, type p FER (type p(p') E¥=1), Clarkson R, —i%
Clarkson R ENITEVICFEETH D Z & BHbNA TV 3!

85 ([5,4]). 1<p<2 1/p+1/p=1%L3 3. Banach Z=f] X
12 L TR RHE.

(i) (p,p)-Clarkson F& (7) 3% X TR Thbb
lAillpgix = |41 : £5(X) = £(X)|| < 217
(ii) (p,p'; n)-Clarkson F&=: (5) 28 X THRIL. +72bb
| Anllpp;x = |14n : €5 (X) = &/(X)|| < 27
(iii) —f% Clarkson RE&Z (6) 25 X THRIL. T72bb
I Anllrsx = |l An : €°(X) = & (X)|| < 27s)
(iv) X % type p T Typ)(X) = 1. T72bb

”Rn"p,p';X = ||R, : Z;,‘(X) — lg(X)" < on/v
References

[1] G. Bennett, Schur multipliers, Duke Math. J. 44 (1977), 603-639.

[2] M. Kato, Generalized Clarkson’s inequalities and the norms of
the Littlewood matrices, Math. Nachr. 114 (1983), 163-170.

[3] M. Kato, K. Miyazaki and Y. Takahashi, Type, cotype constants

for L,(L,), norms of the Rademacher matrices and interpolation,
Nihonkai Math. J. 6 (1995), 81-95.



[4] M. Kato, L. E. Persson and Y. Takahashi, Clarkson type inequali-
ties and their relations to the concepts of type and cotype, Collect.
Math. 51 (2000), 327-346.

[5] M. Kato and Y. Takahashi, Type, cotype constants and Clark-
son’s inequalities for Banach spaces, Math. Nachr. 186 (1997),
187-196.

[6] M. Kato and Y. Takahashi, Some recent results in the Banach
space geometry and related norm inequalities, Publicaciones del
Departamento de Analisis Matematico 46, Universidad Com-
plutense de Madrid, pp. 105-122, 2000.

[7] L. Maligranda and L. E. Persson, On Clarkson’s inequalities and
interpolation, Math. Nachr. 155 (1992), 187-197.

[8] L. Maligranda and L. E. Persson, Inequalities and interpolation,
Collect. Math. 44 (1993), 181-199.

[9] D. S. Mitrinovié, J. E. Pecari¢ and A. M. Fink, Classical and New
Inequalities in Analysis, Kluwer Academic Publishers, Dordrecht-
Boston-London, 1993.

[10] A. Pietsch, Absolutely-p-summing operators in L,-spaces II,
Sem. Goulaouic-Schwartz, Paris, 1970/1971.

[11] A. Tonge, Random Clarkson inequalities and L,-version of
Grothendieck’s inequality, Math. Nachr. 131 (1987), 335-343.
[12] P. Wojtaszczyk, Banach spaces for analysts, Cambridge Univ.

Press., Cambridge-New York-Melbourne, 1991.

Department of System Engineering,
Okayama Prefectural University,
Soja 719-1197, Japan

e-mail: takahasi@cse.oka-pu.ac.jp

Department of Mathematics,

Kyushu Institute of Technology,
Kitakyushu 804-8550, Japan

e-mail: katom@tobata.isc.kyutech.ac.jp

171



