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For a bounded measurable function ¢ € L* on the unit circle, Toeplitz operator
T, is defined by T,,f = Ppf for f € H?, where P is the orthogonal projection from
L? onto H2. If p € H®, then we say that T, is analytic. Halmos askes whether
every subnormal Toeplitz operator is either analytic or nomal. And concerning this
problem Amemiya-It6-Wong prove that every quasi-nomal Toeplitz operator is only
normal or a scalar multiple of an isometry. We shall give here a condition that the

Toeplitz operator T;, is normal or analytic.

The following results are well known.

Proposition 1. ([2]) If M is a non-zero invariant subspace of T}, then there exists
an isometric Toeplitz operator T, such that M = T, H?.

Proposition 2. ([3]) A € B(H?) is a Toeplitz operator if and only if T,* AT, = A.
And, in particular, A € B(H?) is an analytic Toeplitz operator if and only if T, A =
AT,.

Proposition 3. ([3]) 7,7y is a Toeplitz operator if and only if g or ¢y € H®. In
this case, T,Ty = Ty

Proposition 4. ([4]) If ¢ is a non-constant function in L, then 0,(T,,)No,(T,*) =
@ where 0,(T,,) denotes the point spectrum of T,,.

Lemma 1. For any ¢ ¢ H*, T, has no such type of invariant subspace as T L H?

for some non-constant inner function g.

"Proof. For some non-constant inner function g, if 7,7, H?> C T,H?, then there
exists a C € B(H?) such that T,, = T,C because T,T, = T,y by Proposition
3. Since g is inner, C = Ty*T,, = T, a.ndTM—TT and hence p € H*® by
Proposition 3 because g ¢ H™.

Lemma 2. For p € H®, if (T,*T,)? = T,,*?T,,?, then ¢ is a scalar multiple of an

inner function.



Proof. By Proposition 3 and by the assumption,
Ty, = (T,*T,)° = Tp,*°T,? = TpeType = T2 = Tjy)a

and By € H* and hence |¢| is constant. Therefore ¢ is a scalar multiple of an inner

function.

For p € L*, let X, =T,T, — 1,1, and let Y, = T,*T,*T,T, — T,*T,. Then

X, =0 = ¢ e H™ by Proposition 2,
Y, =0 = T,*T, is a Toeplitz operator by Proposition 2
= p € H® by Proposition 3,
and Y, =T, *T,*(T,T,+ X,) —T,"T, = T;*"T,* X,.

~ Since Y, = T,*T,*(I — T,T,*)T, T, and since (I — T,T,*)H? = v{1}, Y, is an
at most rank one positive operator and Y, T,*T,,*1 = ||V, ||T,*T,*1.

And since, for any f € B, | X,f2? = |(I - LA, Tl = (Y,f, f) =
IY,% fll2%, Nx, = Ny, and X,*H? = Y,H? = V{T,*T,*1} and hence

H?>={feH?: Y,f=0}®{f € H*: Y f =|Y,|If}
=Nx, ® V{T,*T,*1} - (1)

and also we have X,H? C Nr,. = v{1}.

Lemma 3. If {0} # Np,+1,-1,7,+ # H?, then Y, — Y5 # O and (Y, — Yz)H? =
V{T*T,*1, T,*T,1}.

Proof. If Y, — Yz = O, then T,*T, — T,,T,,* is a Hermitian Toeplitz operator by
Proposition 2 because Y, — Y5 = T,*(T,,*T, — T, T,*)T, — (T,*T, — T, T,*). Let
T,*T, — T,T,* = Ty. Then the assumption implies ¢ # o and 0 € 0,(Ty). This
contradicts Proposition 4. And since, for any f € H?,

(Y, —Y5)f = (f, T*T,"DIYLIT,"T, "1 — {f, T." T, DI Y5||T. T, 1,

we have (Y, — Yz)H? = V{T,*T,*1, T,*T,1}.

Theorem. If T, satisfies the following conditions ; (i) (T},*T,)? = T,*?T,?, (ii)
{o} # Nz ,+1,-T,T,*, (iii) Every eigen-space of T,,*T,, is invariant under 7,,* and
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(iv) T,*T;*T,*1 and T,*T,*T,1 are linearly dependent, then T, is normal or a

scalar multiple of an isometry.

Proof. By Lemma 2, we have only to prove that there is no non-normal, non-
analytic Toeplitz operator which satisfies the conditions (i), (ii), (iii) and (iv).
Let T,, be non-normal and non-analytic. Since T,*(T,*T, — T,T,*)T, = O by
®,
T,*(Y, - Y5)T, = T,*T,*(1,* T, — T,1,* )T, T,
=(T,*T,* — X,* )T, T, — T, T,* )T, T, — X,)
=T "T,* (T * T — T 1" ) X — X ™ (1" Ty — T T " NI, T, — Xp) (1)
and T,*T,*(T,*T, — T,T,*)X,H? C X,*H? + T,*(Y, — Y)H? and hence, by
Lemma 3, '
T *T,*(T,* T, — T,T,*)1 = a1, Ty*1 + BT, T, T,*1 + 4T, T, T, 1
for some «,3, y€C (2)

because the conditions of Lemma 3 are satisfied by (ii) and by the non-normality of

T,. And since
T (T,* Ty — ToT,* )1 =(T,* T + X )Tl — (T,T2" + X*)T,*1
=T,*T,*T,1 + aT,*T,*1 — T, T,*T,,*1 + bT,*T,1

for some a, be C,

T *T,*(T,* T, — T,T(p*)l
=(T¢*Tz* + X¢*)(T¢*T¢ - Tthp*)l
=T¢*Tz*(Tw*Tv - TspTw*)l + Xsp*(Tcp*Ttp - Tsstp*)l
=T *T,*(T,*T, — T,T,*)1 + cT,*T,*1 for some c€C
=T, (T,*T,*T,1 + aT,*T,*1 — T,T,*T,*1 + bT,*T,1) + cT,*T,*1
=T¢*2TZ*T¢1 +aT,* T,*T,* 1 — T,* T, T,"T,* 1 + bT,*T,*T,1 + ¢T,* T, *1

and, by (2),
T,*T,T,*T,*1 o
=T,**T,*T,1 + (c — &)T,*T,*1 + (a — B)T,* T, *T,*1 + (b — V)T, *T,*T,1.  (3)
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Since, by (1),
T, (Yo—Y5)T,H? C T,*T,*(T,*T,~T,T,*) X ,H*+ X ,* H? (4)
and since T,,* (Y, — Y5)T,,H? C T,*(Y,, — Y)H?,

T T T, 1= \MT,*T,* 1
and T,*T,*T,1 = AT, *T,*1 |
for some A\, Ay € C (5)

by (iv), Lemma 3 and (2). And hence, by (3),
TW*TS‘,(TZ*T(p*l) = {/\2)\1—{—(C—()!)—}-((L—,B))\l+(b¥’y)/\2}Tz*T¢*1. (6)

Let 7 = AAi+(c—a)+(a—B) A1 +(b—7) A2 and M = {f € H? : T,*T,f =rf}.
Since, for any f € /M, . .

(T,*T, — rDT,* f =T,*(1,*T, — Xg*)f —rT*f
=(T'T," = X f — Ty X*f — 1T f
==X, "I, f - Tw*Xa*f‘

=—a1,*'T,"1 - T,*(01T,*T,1) for some a;, b eC
- — (a1 + blAz)Tz*T¢*1 by (5)

and since T,*T,,*1 € M by (6), (T,*T, — rI)*T,*f = o and (T,*T, — r)T,*f = o
because ||(T,*T, — rI)T,* f|ls%2 = (T,*T, — r1)?>T,*f, T,*f) = 0 and hence M is
invariant under 7,*. Since T, is non-analytic by the assumption, T,*T,*1 # o by
(1) and by Proposition 2 and M # H? by Proposition 3 and hence M is non-trivial.
Therefore M+ = T,H? for some non-constant inner function g by Proposition 1.
Since M is invariant under T,,* by (iii), Ty H? is invariant under T, and ¢ € H®

by Lemma 1. This contradicts the assumption that T, is non-analytic.

Corollary. ([1]) Every quasi-normal T, (i.e., T, commutes with T,*T,,) is only

normal or a scalar multiple of an isometry.

Proof. It is clear that every quasi-normal 7, satisfies the conditions (i), (i) and
(iii). And, by Theorem, we have only to show that quasi-normal T, satisfies the

condition (iv).
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If T,*T,*T,*1 and T,*T,*T,1 are linearly independent, then
(Y, — Yo)T,H? = V{T,*T,*1, T,*T,1}
because, for any f € H2,

(ch - YG)quf = (Tspfa Tz*Tcp*D”Yw”Tz*Ttp*l - (szf, Tz*T\P1>||Y¢|ITz*T<p1
= (f, T,*T,*T,* V||V || T2 *Tp*1 — {f, Tpo* T * T, D) Y5 T2 T 1.

And since T,*(Y,, — Y5)T,H? C X,*H 2 by (4) in the proof of Theorem because
T,*(T,*T, — T,T,*) = O by the quasi-normality of 7,,,

T,*T,*T,*1 = MT,*T,*1
and T,*T,*T,1 = X\T,*T,*1 for some A;, A2 €C

and this contradicts the assumption that T,*T,*T,*1 and T,,*T,*T,1 are linearly

independent.
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