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Some topics on order preserving operator inequalities
wREE YRy &@E#Zz (Takayuki Furuta)
Department of Applied Mathematics, Science University of Tokyo,

Dedicated to the memory of Professor Tatsuo Noda in deep sorrow

Abstract. Furuta inequality asserts: A > B > 0 ensures A*" > (A’?B”A%)%H holds for
all 7 > 0 and p > 1. Inequalities of (a) GFI type, I and (b) GFI type, II are given via
Furuta inequality. The following (1) and (2) are examples of (a), and (3) is an example of

(b):
(1) For A,B > 0, A > B if and only if
ATt > (AT B0+t A% I > [A5 (AT BPAT ) A5} G obetr
holds for allt <0, r>t,p>1 andlZsZﬁ.
(2) For A,B >0, If A> B if and only if
ATt > (AT B0+t AT G > (AS (AT BPAT ) AS}Gobeir
holds for allt € [0,1], r >t, p>1 and s € [1,2].
(3) For A,B > 0, A > B if and only if |
Altr—t > {A%(A?BPA?)SAg}ﬁﬁT > (A’—;—‘B(p—t)s+t,4’"—§£)ﬁﬁ7
holds for allt < —-1,r>0,p>1, andg%:rlz.le.
We show that GFI is easily obtained by repeating (2).
§1 Introduction
In what follows, a capital letter means a bounded linear operator on a Hilbert space H.
An operator T is said to be positive (denoted by T' > 0) if (Tz,z) > 0 for all z € H and an
operator T is said to be strictly positive (denoted by 7" > 0) if T is positive and invertible.

We write A > B if log A > log B for strictly positive operators A and B, which is called the
chaotic order. It is known that A > B > 0 yields A > B since logt is operator monotone.

We cite the following famous Léwner-Heinz inequality [20][18] established in 1934.
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Theorem L-H (Léwner-Heinz inequality). A > B > 0 ensures A* > B® for any a € [0, 1]
As an extension of Theorem L-H, we obtained the following result.
Theorem F (Furuta inequality). p (1+r)g=p+r

If A> B >0, then for each r > 0,

Q=

(i)  (BfAPB%): > (BEBPBE)

and

(ii) (A5APA%)T > (AT BPA%)S
(Or —1‘)
hold forp >0 and ¢ > 1 with (1 +r)g>p+r. FIGURE

The original proof of Theorem F is given in [8], alternative proofs in [3],[19] and one
page proof in [9]. The domain drawn for p,q and r in Figure is the best possible one for

Theorem F in [21]. Next we state the following result which is an extension of Theorem F.
Theorem G (generalized Furuta inequality).
If A> B >0 with A> 0, then for eacht € [0,1] and p > 1
Fpi(A,B,r,s) = AT {A5 (A7 BPAT ) A5} 007 AT
is decreasing of both r and s for any r >t and s > 1, and the following inequality holds:
A"t = F, (A, A,1,8) > F, (A, B,1,s),
that 1is,
(GFI) ANt > LAF(AF BPAT )2 A5} o0t
holds for all r 2tands>1.
(GFI) interpolates Theorem F and the inequality equivalent to the main result of lqg
majorization in [2]. The original proof of Theorem G is in [11], alternative proofs in [5],[17]

and one page proof of (GFI) in [13]. The best possibility of (GFI) is obtained in [22], and
[24][7].

Theorem FC ([4][10]). The following (i) and (ii) hold:
(i) A > B holds if and only if (B APB%)7+ > B" holds for all p>0andr>0.
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(ii) A > B holds if and only if A™ > (AT BPA%)5+ holds for all p > 0 and r > 0.

Theorem FC in the case p = r is shown in [1], and Theorem FC can be regarded as
Theorem F type inequality on chaotic order, and recently a breathtakingly elegant and
simple proof of Theorem FC is given in [23] using only Theorem F. We posed in [16] that

Q) A>> B if and only if ATt > {A5(AF BPAT ) A3} ooer

holds for allt € [0,1], r > t, p > 1 and s > 1?7 And we gave a concrete counterexample to
“only if ” part of this question (Q) in [16]. To this question (Q), the following interesting

answer is given in [6] by using their skilful method:
Theorem A. For A,B >0, A > B if and only if
ATt > {A5 (AT BPAT) A} Gmostr
holds for allt € [0,1], 7 >¢t,p>1 and s > 1.

Moreover the following affirmative answer to this question (Q) in some sense is given in
[6]:
Theorem B. For A,B >0, If A> B (i.e., log A > log B) if and only if
ATt > {A%(A‘T‘BPA%)SA%}G%?#
holds for allp >0, r >0, s€ [1,2] and t < 0.

We give several operator inequalities of two kinds of types associated with Theorem G

and Theorem B by using only Theorem F and Theorem FC.
§2 GFI type operator inequalities
By using only Theorem F and Theorem FC, we show the following Theorem 2.1, The-

orem 2.2 which are GFI type operator inequality, I and also we show Theorem 2.3 and

Theorem 2.4 which are GFI type operator inequality, II.
(a) GFI type operator inequality, I
Firstly we state the following two theorems as GFI type operator inequality, I.

Theorem 2.1. For A,B >0, A> B (i.e., log A > log B) if and only if

ATt > (A%-E B(p—t)8+tA'—§—t)G:—t_:W (2.1)
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> (A% (AT BPAT ) A5} moewr
holds for allt <0, r>t,p>0and1>s> p;_tt-
Theorem 2.2. For A,B >0, A > B if and only if
Al+r=t > (A’T-‘B(p—t)sﬂAL;—‘)z,%"{;ﬁ
> {A3(A7 BPAT')* AB} Dot

holdsforalltﬁO,th,leandlZsz;,—:z.

(b) GFI type operator inequality, II

Secondly we state the following two theorems of different type from (a).

Theorem 2.3.
(i) For A,B >0, A> B (i.e., log A > log B) if and only if

ATt > (A5 (AT BPAT ) AS ) ot

holds for allt <0, r >0, p >0, andsz;“_—tt.

(ii) For A,B >0, A>> B (i.e., log A > log B) if and only if
ATt > (A5 (AT BPAT ) A} roew
> (AT BP9+t 455 oostr
“holds for allt <0,7>0,p>0, and%f%stZl.
Theorem 2.4.
(i) For A,B >0, A > B if and only if
ATt > (A5 (AT BPAT ) AF ) oonetr
holds for allt <0,r >0,p>1, and s > ’1,%:.
(ii) For A,B >0, A > B if and only if
ATt > (AF (AT BPAT ) A5 ) oo
1r—t

> (AT B—t)s+t A3 Giers

holds for allt < —1,r>0,p>1, andg%_;t:'—lz.le.
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First of all, to give proofs of our results, we state the following Theorem F}y, which is

obtained by putting ¢ = % >1for p>1andr >0 in Theorem F.

Theorem F,. If A > B > 0, then the following (i) and (ii) hold:

(i) (BgApBg)zl’JrT: >BY" forallp>1andr >0
and
(ii) AT > (AngAg)tl’_H forallp>1 andr > 0.

‘Next we state the following useful lemma to give proofs of our results.

Lemma A [11]. Let X be a strictly positive operator and Y be an invertible operator.

For any real number A,
(YXY* =YX3(X3Y*'YX3) - 1X3Y*,

We omit almost all proofs of the results in this paper.
§3 Operator functions associated with Theorem 2.1 and Theorem 2.2

At first, as an application of Theorem 2.1, we state an operator function associated with
Theorem 2.1, which is a parallel result to Theorem G.

Theorem 3.1. Let A > B (i.e.,log A > log B) and let G, (A, B,,s) be defined by

Goi(A, B,r,s) = AT {A5 (AT BPAT P A3} e AT

for real numbers p,r,s, and t. Then -
(i). IncaserZOZt,p_ZO and1> s> ,,_Ttti

Gpt(A, B,r,3) is decreasing of both r and s, and the following inequality holds:

At =Gpi(A Ay s) (31)
> Gpt(A,B,r,s).

(11) Incase0>r>t, p>0 andlZsZp‘—_tt:

Gp(A, B,r,3) is decreasing of r and Gp (A, B, 1, s) is increasing of s, and the following

inequality holds:
At =Gpi(A AT, 8) o (32)

Z Gp,t(A) B9 T, S)'
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Next, as an application of Theorem 2.2, we state an operator function associated with

Theorem 2.2, which is parallel results to Theorem 3.1 and Theorem G.

Theorem 3.2. Let A> B > 0 and let F, (A, B,r,s) be defined by
Fpi(A, B,1,5) = A7 {A5 (AT BPAT ) AT }5ooris AT
for real numbers p,r,s, and t. Then

(1). Incaser>0>t,p>1andl>s> 1=t

h-]

Fy1(A, B,r, s) is decreasing of both r and s, and the following inequality holds :
A"t =F, (A A1, s) (3.12)
> F, (A, B,r,s).

.. 1—t.
(ii). In case 0>r>t, p>1 and 1> s> =%

b

Fpt(A, B,r,s) is decreasing of r and F, +(A, B,r, s) is increasing of s, and the following

inequality holds:
A"t =F, (A, A, 1, s) (3.13)
> F, (A, B,r,s).

§4 A result associated with Theorem G and Theorem 2.2, and

a related counterexample and a conjecture

At first we state the following result which is quite similar to Theorem 2.2.

Proposition 4.1. For A,B >0, A > B if and only if

AlHr—t > (AT BP—t)s+t g 55\ eie (4.1)
> {A5(AF BPAT) A5 }ohe
holds for allt € [0,1), 7 >t,p>1 and s € [1,2].
Proof. (<=) : We have only to put r = ¢ = 0 in (4.1).

(=) : Werecall A* > B* by Lowner-Heinz theorem since t € [0, 1], so we have B~ > A~

by taking inverses of both sides. Then we obtain
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(A5 (A BPAT ) A3 )T beir

= {A B}(BEA-tB%)*"1B3 A7 )59+ by Lemma A

‘B%(B3B~'B%)*- 1B AT }Tbwe
3 g(p—t)s+t 4 =5+ )(ﬁﬁ?ﬁ

< A1+r—t

< {4

=(A

and the first inequality follows by B~* > A~ and Lowner-Heinz theorem since s—1 € [0, 1]

and (pl_t"';ﬁr € [0,1], and the second one follows by (ii) of Theorem F} since (p—t)s+¢t > 1

and r —t > 0, so we have (4.1). Whence the proof of Proposition 4.1 is complete.

Remark 4.1. Needless to say, it turns out that Proposition 4.1 belongs to GFI type
operator inequality, I. Although the first inequality in (4.1) holds for all s > 1, t € [0,1],
r >t and p > 1 as seen in the proof of Proposition 4.1, the restricted condition s € [1, 2]
is required for the proof of the second inequality of (4.1).

Although Proposition 4.1 holds under the restricted condition s € [1,2], here we show

a nice application of Proposition 4.1 as follows.
A simple proof of (GFI) by using Proposition 4.1
Proposition 4.1 asserts that A > B > 0 ensures
ATt > (A (AT BPAT)S A5} o bore (4.2)
holds for all t € [0,1], r > ¢, p> 1 and s € [1,2]. In (4.2), put A; = A*"* and

B, = {A3 (ATB”A )sA }ZP 57, Then A1 > B; > 0 by (4.2) holds, so by repeating
(4.2), we have |

A1+1‘1-—t1 > {A (Al B’:’114.12 )31A }W?T:Tt-l*ﬂ_ (4-3)

holds for all t; € [0,1], 77 > t1, p1 > 1 and s; € [1,2]. In (4.3), put p;, 1 and ¢; as follows:
(p—t)s+r r

= > =t =———€|0,1
P1 pr— >1 and r=t 1+r—t€[’]’
(4.3) ensures
AVt > (A5 (AT BPAT ) AR ) Toem e (4.4)

holds for all t € [0,1], 7 > ¢t, p > 1 and ss; € [1,4]. Repeating this process from (4.2) to
(4.4), we obtain the desired inequality:
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(GFI) ATt > (A5 (AT BPAT )0 A5} Ghetr
holds for all t € [0,1], » > ¢, p > 1 and s > 1. Whence the proof of (GFI) is complete.
Here we state a refinement of the proof of (GFI) in [11] and we remark that another

simple proof of (GFI) is in [13].

Motivated by Proposition 4.1, Theorem 2.2 and parallelism between Theorem G and

Theorem 2.2, we might apt to suppose the following question.

Question 4.1. For A,B > 0, A > B if and only if
ATt > (ATF Blo-tett o754 s (Q-4.1)
> (A5 (AT BPAS )P A5} 520w
holds for allt € [0,1], 7 >t,p>1 and s > 12,

But we have a counterexample to this Question 4.1, and we state a related conjecture.

A conjecture. There ezists strictly positive operators A and B such that A> B > 0

and

(AT BP0+t 475" ) o heir ¥ (A5 (AT BPAT ) A5 ) oo0etr

foranyte[0,1],7>t,p>1 and s > 2.

§6 Concluding remark

Remark 5.1. In what follows, let A and B be strictly positive operators. According
to Theorem 2.1, Theorem 2.2, Theorem 2.3 and Theorem 2.4, we define Type-I-(u), Type-
I-(c), Type-II-(u) and Type-II-(c) as follows:

Type Content of type

Type—I—(u) . A1+r —~t > (A B(p t)s+tA—r) pl—t"a-:-r

> {A5 (AT BPAT ) AT} oooeis

Type-I-(c) : ATt > (AT Blr—t)s+t g5t )m

> {A5 (AT BPAT ) A} Groer

Type-II-(u) : ATt > LAT (AT tBPAT )sAg}zp—"%%
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> (ArT_tB(p_t)s“LtArT—t)T,,le—tr)}h
Hpes ATt > (A5 (AT BPAT S AR} GooeTr

r—t r—t

> (AT BP-tstt A% ) Groeir,

where Type-I-(u) means Type-I of the result on the usual order A > B and Type-I-(c)
means Type-I of thé result on the chaotic order log A > log B respectively and similarly
Type-1I-(u) means Type-II of the result on the usual order A > B and Type-II-(c) means
Type-II of the result on the chaotic order log A > log B respectivcly.

We can enjoy an interesting contrast of the ranges of the parameters t, r, p and s, which

clarifies Type-I-(u), Type-I-(c), Type-II-(u) and Type-II-(c) of the corresponding formulae.

Order Range Type Formula
(i) A>B t<0,r>t,p>0,1>s2> 5_'1% Type-I-(c) (2.1) of Theorem 2.1
(i) A>B t<0,r>t,p>1,1>s2> %E% Type-I-(u) (2.2) of Theorem 2.2
(i) A>B tel0,1],r>t,p>1,s€(l,2] Type-I-(u)  (4.1) of Proposition 4.1

iv) A> B t<0,r>0,p>0 2t >5>1 Type-1I-(c 2.3’) of Theorem 2.3
p—t

2p—t+1 ’
(vJA>2B t<-1,r>20,p>1 £==2>s2>1 Type-II-(u) (2.4’) of Theorem 2.4

vy
P
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