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0 Introduction.

[NS3] 128\ T, F4 13 Dynkin RN 7 7 B CHAEOEH &, standard path,
X U standard monomial NEE% T, Zh b EHAWT, [FRS], [FSS] TRO
7z, symmetrizable Kac-Moody algebra E o integrable highest weight module-
® twining character {283 5 AR %, [KN], [§] TH & 17z Demazure module ?
twining character 283 5 AROFIFEHZE 5 2 72. ARBTIR, ShHDEREHE
WCHHAT 5.

1 Preliminaries.

1.1 Kac-Moody algebras. Kac-Moody algebra (2883 %55 1% DTo&EY:

A = (aij)s, jer : symmetrizable generalized Cartan matrx (GCM) with #(I) < o0
g = g(A) : symmetrizable Kac-Moody algebra/C associated to A

h: Cartan subalgebra of gA

{a;}ier ¢ the set of simple roots, {aY}ier : the set of simple coroots
{zi,yi}ier : Chavalley generators, where z; € go, and ¥i € §—o,

n, : the sum of positive root spaces
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:=bh @n, : Borel subalgebra of g
W : Weyl group of g

L(A) = @D, cp- L(A)y : irreducible highest weight module of highest weight A

Ly(A) := U(B)L(A)w(s) : Demazure module of lowest weight w()) in L)),
where A is a dominant integral weight and w e W

1.2 Diagram automorphisms. w:J] — I % bijection T,
Guii),w(j) = a5 forall 4, 5€1r (1.2.1)

TWlsTHh LT B, TabH wiEGCM A D Dynkin FIED 75 7 B RR
T®% (diagram automorphism). & & E,wig DHCHAY w ¢ Aut(g) T,
wh)=h BL”r

Nw(z:) =z,5 for i€,
W) =yo for iel, (1.2.2)
w(a)) = oy for i€l

ZWMZT b DEFHS S (see [FSS, §3.2] and [S, §1.1]). w*: bp* — p* %
(@ (N))(R) :== A(w™'(h)) for Aeh* heh (1.2.3)
TED,
B :={Aep o' N =2}, W={veW|ww=wn)} (124)
£B<. (h*)° DIt symmetric weight & FEITH 2.

P C b* % w*-stable % integral weight lattice T, HEDiel 2N LT, o€ P
ThordbnL L,

Pp:={X€ P|X(aY) € Zx foralli € I} (1.2.5)
LEDS.

AEP N ETE. CHLE w TERINS KO (w) D L(\) ~D¥EH
T, UATEBLTOOIM—DFET LI L HFHONT VS (cf. [NS1, §4.1)):
{w (zv) =w(z)(w-v) for z€g, ve L()\),

(1.2.6)
WU\ =11 for vy € L(/\),\



$7 weW ThohEE L) RID (W) OERTRETHZ Z LGP 2. X
Z T, L(X\) ® restricted dual L(A)* B & U Ly,(A)* ~O (w) DIER %,
fe L (resp. f€ Lu(N)),

(- f)w) = fw™"-v) for { (1.2.7)
ve L\ (resp. v € Ly(N)),

TEDS.
1.3 Orbit Lie algebras. i,j € {ZxLT,
Nj-1
Cij =) Qi uk(j) - (1.3.1)
k=0

LB 2T, N; = #{w*@) | k> 0} TH2. I IZBIT 4 w-orbit nEEFEK

"

FTx#MY, I:={ieTl|c;i>0} £BL. EHIT,
a;; = 2c5/c; fori, je€ T - (1.3.2)
¢§5. ZZT, . . . o
. ifi f, ‘
D L (1.3.3)
; 2  otherwise, |
Y4h. 0L E ROMGENBILT % (see [FRS, Lemma 2.1)).
Proposition 1.1. A= i), jet 12, symmetrizable Borcherds-Cartan matrix T
HY, A= (@ij); jer V&, symmetrizable GCM Tdh5. a

g =94 % A 121458 L 7> generalized Kac-Moody algebra & L, b % Cartan
subalgebra, {Z;, 7i},.; % Chevalley generators, W % Weyl group &3 5.

Definition 1.2. § & {z, gf}ief THEFEIND § O subalgebra % § TEL, Th
% w 2T % orbit Lie algebra & FE5.

KROEEIE 5N TS (see [FRS, Propositon 3.3 and Corollary 3.4]):

Proposition 1.3. #FERER P2 — (h*)° BIUHARERZ 6: W—-Ww
T, EBED D eW I LT,

-~

b —— b

7| |7 (1.3.4)
(5*)° Y (6*)°

WUHICL D S DPHFET 5. O

7



2 Path Models.
<~ Dt 7> a Tk path model IZDWTHEET 3 (cf. [L1]-[L5]).

2.1 Notation. XL CTESLEM 7:[0,1] » Rz h* T, 7(0)=0%
W2 b D%, path LS. = < T, 220 path m, 7 12X L T, X5 HMICRE T,
S5 IR E % ¥, ¢ :[0,1] - [0,1] T, rop =70 Y Wz O
EdsLE, n o ¥A—#HT52Li1232 (reparametrization). B % path 4
DA (modulo reparametrization) & L, By, := {reB|x(1) e P} & BXL.

€ : B U{0} > B U{0} BT f;: B, U {6} > B U{6} %, o ICHT 2
raising root operator, lowering root operator & ¢ % (cf. [L2, 81]). 22T, 0 i3,
BHY 7% symbol ThHB.! ZhbD root operator & FiV2T, By, IC13, crystal D
BREADLZEFMENTVWS,

2.2 Lakshmibai-Seshadri paths. path model D& | 1> T, b EEXHN
% path 3 Lakshmibai-Seshadri path (L-S path) TH%. A€ P, ¥+ 5. shape
A @ L-S path & i%, “chain condition” & FRiTh 2 FELWMAT, WA ICEThD
weight DFJ vy > vy > ... >y, (SCT, >3 WX LD “Bruhat order”) t A&
BBDOM a:0=ay<a;<---<a,=1 DM (v:a) CEES path DL THh 2.
B()) T, shape A ® L-S path DKL L &L,

Bu() := {(v1, ... ; 8) € BO\) | 11 < w(A)} (2.2.1)
EBL ZOLE ROEBIRTT 5.

Theorem 2.1 ([L1] and [L2]). (1) B()) C B,y
(2) B(A) U {8} X root operator CARZETH 5.
) EED m € B(A) IS LT, 4y, 4y, ..., 4% € I DFLE LT, 7= fifip - fim
&b, ZTT, m(t) = (X;0,1)=tA TH 5.
(4){reB(\) |emr=6forallic I} = {m}.
()
> e(m(1)) = ch L(N), D e(n(1)) = ch Ly,(N), (2.2.2)

wEB(N) nEBy (A)
AT A O

lerystal DERICBITD O ST S, HEED ¢t € (0,1] IZN LT n(t) =0 &5 path &
RBT 57 DICBINES 2> Z Lz L7, '
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2.3 Standard paths. 2 -2® path m, ma € By (XL T,

™ (2t) if0<t<1/2,

(1 * mo)(2) == { (2.3.1)
7T1(1) +7T2(2t - 1) if 1/2 S t S 1,

LED D (m & mp D concatenation). TN & X, my, mp, M3 € Biny IIXF L T, modulo
reparametrization T, (m * mp) * w3 = my * (72 *73) BRIALT 5 Z L DFH 5.
AL, Ag, ooy Ay € Py ET 5. T € ]B(/\z) Wt L T,

Catl | T =Ty x Mg %+ % My (2.3.2)

kL,
Catl, B(\;) := {Catl, m | m € B(\:)} (2.3.3)

EEDS.

Remark 2.2 (cf. [L2, Lemma 2.7]). Cat?; B(\;) U {8} i3 root operator NYEH
TARETHS. 51T, crystal & LT, Cat?, B(A;) 2 B(A) ®B(A2) ® - - @B(\y)
T& % (Theorem 2.1 (1), (2) £ 1, & B(\) 1213 crystal DEEDITAS).

A=A+ Aot A, BEFA:= (A A2, .-, An) 5. my:=Catll m, €
Cat?_, B(\;) IZ root operator X /B S ¥ TVoTHON S path DI L & shape A
O standard path & e (§ &b B, standard path & 13 B(A) @B(A2) ®- - -@B(As)
® highest weight component & ¥ NABTEIZXIET % path D & THSB (cf.

Remark 2.2)).
Cat?, B(\;) #IGA%standard (2% 5 2D DLEFTFREVFAON TN 5:

Proposition 2.3 (|[L3, Theorem 10.1 and Lemma 10.2]). m; = (Vi1,-- -, Viss; ; &) €
B\) &35 (i=1,2,...,n). 2O&E, 7=_Catl,m € Cat; B(\;) #*, stan-
dard TH 5 0 DRLE+F &M, WA OTLOF {Xi;}i=12,...n (71T % defin-
ing chain) T : TR '
(D) A1 2 Ay 2 A1 2> Aggp =000t > A1 =0 2 Ansns
(if) pi(Xig) = vig,
W TYOPHEETHILETHD. 2T, pi: WA — W) id canonical map T
»5. &5I\2, standard path 7 123 LT, m 12343 % defining chain {AR1.}; ; T,
ROBEERTHRAD S DOHME—DHFELET S (minimal defining chain): EED 7 2
%t3 5 defining chain {X;;}i; X LT, ARB. < X5 A%, TXTD 4,5 18 L TH

";ilJ -
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B()A) T, shape A @ standard path £%DEEZET. /2, we W IIHLT,
Bu() = { € BQ) | A2, < w())) (234)

LB ZDLE BQ) BLUB,()) 23 LTH Theorem 2.1 & FROHEHFE
LD, Bz X, kD character formula 2SI ¥ 2 :
Z e(m(1)) = ch L(\), Z e(m(1)) = ch L, (), (2.3.5)

meB(A) wEBy (A)
3 Main Results.
BFCi, M d, o, M €PN B weW &5,

3.1 Standard.paths fixed by w*. path m IZ¥ LT, (w*(7))(t) := w*(n(t))
LEDD. ZNLE BQ) BLUB,()) iw-stable Th o Z L35 h5. ST,

B°(\) = {r € B(\) |w*(nr) =7},  BY(\) :=B,(\)NB°()  (3.1.1)

ep . %7z orbit Lie algebra I2B3 5 path 7 : [0,1] — b* IS LT, (P*(@))(t) :=
Pi(w(t)) LEDDB. DL E ROERIHRILT 5.

Theorem 3.1 ([NS3, Theorem 4.4]). i =1,2,...,n i LT, ), := (P2)7 ()
L, X=X+ do+ A0 BEEX = O R, ., An) 2B, £7, 0=
Ol (w) £ T5. ZDL ).,

B°(\) = Py(BQ)), B\ = B (Bs(Q)) (3.1.2)

DRILT B, 2T, BQQ) 12 orbit Lie algebra § 1B % shape X ® standard
path £4DEETH Y, B5(}) i3, shape X D standard path T, minimal defining
chain OFED D(A) LT Db DLtk% &Y. 0

Remark 3.2. n =1 ® & &, Theorem 3.1 3 L-S path (2043 2 ERICE S (see
[NS3, Theorem 4.2]). Z#iid, [NS1, Theorem 3.2.4] D—#fkiZ % > T3 ([NSI]
T, I =T (cf. §1.3) %#7-¥ diagram automorphism D& % k- 72).

3.2 Standard monomials fixed by w. [L6] 28T, Littelmann % standard
monomial &FHIND m € BQ) L7 MV p, € L) R EHL, Fh
LEBDEE {p, | T €BQ)} L) DEE:XLZTILERLE (ZZTp, O
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weight 13 —1(1) TH5). S5 {pelray € Lu(V)* | 7 € By(Q)} 7 Lu(A) OF
Elch b2 kbR LY. S5O standard monomial & (w) @ L(A)* E~NOER
(cf. §1.2) L DBRIZRDEHTE X HN5:

Theorem 3.3 ([NS3, Theorem 4.6]). fEED 7 € BQA) X LT, w - pr = Pur(x)
FRF B, L7dtoT, p 3 w CHEESNB b OLEFFEHE © e BQ)
THHILTHAH. 5512, w OEFATHEE XN 5 standard monomial DR
& ¥ orbit Lie algebra (2839 % standard monomial Z4DEEDHIC ko BA
2 1a LHEAIEET S preo pr SIT, 52 B 7= (B)7H(m) € BO) <
f+BE L 7> standard monomial Td 5.

4 Twining Character Formulas.

Bit” v a v OERE %2> T, twining character formula EEBHL X 9.

4.1 Definition. A€ P,N(h*)°, we W D &, L(A) BLU L,()) D twining
character I FNFNLUTFTOXTE2ZOND: -

Ch“’(L()\))‘ = Z tr(w|L(>‘)x)e(X), (4.1.1)
x€(h*)°

ch®(Ly (X)) = Z tr(w|Lu, ) () (4.1.2)
x€(h*)°

4.2 Twining character formula.

Corollary 4.1 (see also [FRS], [KN], and [S]). 2= (PN, @ = ©~1(w) &
BL ZOLE ROBRNPBRILT 5 o

ch“(L(\) = PH(ch LX),  eh*(Lw(N) = Pi(ch La(N)). | (4.2.1)

o~

Z T, L(\) I, highest weight \ O integrable highest weight §-module T& Y,
La(V) L) i3, § 1<B¥ % Demazure module T#H 5.

(Y

Proof. L(A) T AAROARED (Ly(\) K2WTHEAKTHS). ¥, L)

@ twining character %

ch“(L(A)*) := z tr (w2, ) e(x)-

x€(h*)°
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TEDSD. §32 CTHREL/-EY, {pr € L(N)* | 7 € B()) with — m(1) = x} i,
(L(A)*)y DEIKICE > T3, 72, Theorem 3.3 DEFDERIZE Y, x € (h*)°
THNT, COREKIX () OATREZND 2 L5505, L7A%o T,

tr(Wleys) = #{pr | @ Pr = pr, 7 € B(A) with — (1) = x}

= #{r € B°A) | —n(1) = x} by Theorem 3.3,

Ehy o<t
ch“(LA) = Y e(~n(1)) (4.2.2)

weBO(Q)
&% %. [KN, Theorem 3.2.2] DB & 9, ch*(L(A\)*) = e xelx) ETBE,
ch*(L(N) = Feep xe(—x) L% BT EBHBD. LictionT,

(L) = Y e(n(1)) by (4.2.2)

neB0 ())
= P;;( > e(%(l))) by Theorem 3.1
7eB(Q)

= P3(chL(})) by (2.3.5).
ERY, ARFBEONG. O
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