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INITIAL IDEALS AND NORMALIZED VOLUMES OF CERTAIN
CONVEX POLYTOPES RELATED WITH ROOT SYSTEMS

Kiz3est (Hidefumi Ohsugi)
N CONIN R 2l
(Graduate School of Science, Osaka University )

ABSTRACT. The present paper is a brief draft of the paper [9]. Let ® C Z™ denote
one of the classical irreducible root systems A, 1, Bn, C,, and Dy, and write o)
for the configuration consisting of all positive roots of ® together with the origin
of R*. In [4], by constructing an explicit unimodular triangulation, Gelfand,
Graev and Postnikov showed that the normalized volume of the convex hull of
Asf_)l is equal to the Catalan number. On the other hand, Fong [3] computed the
normalized volume of the convex hull of each of the configurations B£,+), C£,+) and
D£.+). Moreover, the normalized volume of the convex hull of the subconfiguration
of Aﬁf_)l arising from a complete bipartite graph was computed by [7] and [3]. The
purpose of the present paper is, via the theory of Grobner bases of toric ideals

~ and triangulations, to compute the normalized volume of the convex hull of each

of the subconfigurations of Bgf), ‘_C%+) and Dﬁ{") arising from a complete bipartite .-

graph.

INTRODUCTION.

A configuration in R™ is a finite set A C Z". Let K|[t,t7, s] denote the Laurent
polynomial ring K{[ti, 7l ety 1 s] over a field K. We associate a configuration
A 7" with the homogeneous semigroup ring R[A] = K [{t®s; a € A}], the
subalgebra of K[t,t™1,s] generated by all monomials t2s with a € A, where t* =
$1...¢on if a = (a1,... ,0n)- Let K[A] = K[{za; a € A}] denote the polynomial
ring over K in the variables 2, with a € A, where each degza = 1. The toric ideal
I4 of A is the kernel of the surjective homomorphism 7 : K[A] — Rk|[A] defined
by setting 7(xa) = t*s for all a € A.

Let conv(.A) denote the convex hull of of A. An abstract simplez of A is a subset
A’ C A such that conv(A’) C R™ is a simplex of dimension |A'| — 1, where |A| is
the cardinality of the finite set A’. In other words, A’ C A is an abstract simplex of
Aif {t2s; a € A’} is algebraically independent over K. Let § denote the dimension
of the convex polytope conv(A). Thus § + 1 is the maximal cardinality of abstract
‘simplices of A. If, in general, B is a subset of A, then we write ZB for the additive
group Y.epZa (C Z™) with B of its system of generators. The normalized volume
vol4(A") of an abstract simplex A’ of A with |A'| =9 +1is the index [ZA : ZA')
of ZA' in ZA. A triangulation of A is a collection A of abstract simplices of A
satisfying the following conditions:

(i) if A’ € A, then all subsets of A’ belong to A;

(i) if A’ and A” belong to A, then conv(A’ N A") = conv(A’) N conv(A");

(iii) conv(A) = Urea conv(A'). :
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A triangulation A of A is called unimodular if the normalized volume vol 4(.A’)
of each A" € A with |A'| = § 4+ 1 is equal to 1. The normalized volume of the
configuration A itself may be defined to be the positive integer . :
30 volu(A), -
AEA; | A|=6+1
which is independent of a choice of triangulations A of A. See (10, p. 36].

We consider the configurations arising from the classical irreducible root systems
As1, By, C, and D, ([5, pp. 64 — 65]). Let ® C Z™ denote one of these root
systems and write ®(*) for the configuration consisting of all positive roots of &
together with the origin of R*. More explicitly, L

AP = {0}U{ei—e;;1<i<j<n),

BS{") = (t)lu{el,..;,e,,}u{e,-+ej;15i<an},'
CH = (t)lu{_zel,...,2«_3,,}U{e,~+ej;15i<1'$n},
DV = Al ufei+e;;1<i<j<n)

Here e; is the ith unit coordinate vector of R” and 0 is the origin of R™.

Let [n] = {1,... ,n} denote the vertex set and ¥ a finite connected graph on [n]
having no loop and no multiple edge. Let E(X) denote the set of edges of . For
each e = {4, j} € E(X) with i < j, let p(e) = e; + e; € Z" and i(e) = e; — e; € Z".
The research object in the present paper is the configurations

An1(Z) = {0}U{s(e); e € E(D)},
Bn(E) = {0}U{es,....ea} U{pl(e); e € E(£)} U{d(e); e € E(X)},
Ca(%) {0} U{2es,...,2en} U {p(e); e € E(T)} U {éd(e); e € E(X)},
Dn(2) = {0}U{p(e); e€ E(T)}U{b(e); e€ E()}.

When ¥ is the complete graph on [n], these configurations coincide with A B
C{H and DV, respectively. (The complete graph on [n] is the finite graph on [n]
such that the set of its edges is equal to {{i,5};1<i< j < n}.) '

In [4], by constructing an explicit unimodular triangulation, Gelfand, Graev and

Postnikov showed that the normalized volume of the convex hull of Af,t)l is equal to

the Catalan number %(2:_"12) - On the other hand, Fong [3] computed the normalized
volume of the convex hull of the configurations B(P, C() and D{"). Moreover, if
Y. is the complete bipartite graph on [n] = [n; + ng) with E(X) = {{i,j};1<i <
n,m+1 < j < ny+ o}, it is known [3, p. 74] and [7, Corollary 2.7] that the

normalized volume of the configuration An1(Z) c ZMmtm2 jg ("‘,:"_21_2). .
The main purpose of the present paper is ,via the theory of initial ideals and trian-
gulations, to compute the normalized volume of the convex hull of the configuration
Bn(X), Cu(X) and D,(Z) when X is a complete bipartite graph on [n].
We here review basic facts on the theory of initial ideals and triangulations. Work
with the same notation A C Z", K|t,t!, sl, Rk[A], K[A], 7 : K[A] — Rk[A]
and I4 as before. Let M(K[A]) denote the set of monomials of K[A]. In particular,



1 € M(K[A)). A monomial order < on K[A] s a total order on M(K[A]) such that
(i) 1 < u for all 1 # u € M(K[A]) and (ii) for v,v,w € M(K[A)), if u < v then
uw < vw. A lexicographic order (resp. reverse lezicographic order) on K[A] induced
by the ordering of the variables Za, < Za, < --- of K[A] is the monomial order
<iez (T€SP. <rey) on K[A] such that, for u,v € M(K[A]) with 4 = Za, Ta,, * ** Ta;,
and v = Za;, Tay, " " Taj,» where iy < ig < -+ <ijpand j; < Jp < -0- < Jq» One has
U <jeg U (T€SP. U <rep V) if Bk < Jhy bkl = 1y -+ Ip = jp (resp. either (i) p < g or
(ii)p:qa,ndz'l=j1,i2=j2,...,ik>jk)forsome1§k_<_p. ' :

Fix a monomial order < on K[A]. The initial monomial in<(f) of 0 # f € I4
with respect to < is the biggest monomial appearing in f with respect to <. The
initial ideal of 14 with respect to < is the ideal in<(la) of K [A] generated by all
initial monomials in(f) with 0 # f € Ia.

One of the most fundamental facts on the initial ideal in<(l4) is that

(r(w); u € M(KIAD,u & inc(I)}

is a K-basis of Rx[A].

If, in general, G is a finite subset of 14, then we write in.(G) for the ideal
(in<(9); g € G) of K[A]. A finite subset G of /4 is said to be a Grobner basis
of I 4 with respect to < if in<(G) = in<(la)- : .

Dickson’s Lemma [2, p. 69], which says that any nonempty subset of M(K[A])
(in particular, in<(l4) N M(K[A])) has only finitely many minimal elements in the
partial order by divisibility, guarantees that a Grobner basis of 14 with respect to
< always exists. Moreover, if G is a Grobner basis of I4, then I4 is generated by g.

A Grébner basis G of 14 with respect to < is called quadratic if each in< (g9) with
g € G is a quadratic monomial. ' B

Even though the following fundamental facts on Grobner bases are well-known
(e.g., [1, Lemma 1.1] and [6, Proposition 1.1]) and, in fact, can be easily proved,
these techniques play important roles throughout the present paper.

Lemma 0.1. A finite subset G of I4 is a Grb’bner’ basis of 14 with respect to < if
and only if {r(u); u € M(K[A]),u & in(G)} is linearly independent over K; in
other words, if and only if w(u) # m(v) for all u & inc(G) and v & in(G) with
u # . ’ ‘

Lemma 0.2. Let B be a subconfiguration of A, K[B] = K[{za; a € B}] (C K[A])
and I (= IANK|B]) the toric ideal of B. Let G be a Grébner basis of 14 with respect
to < and suppose that, for each g € G with in<(g) € K[B], one has g € K[B]. Then
GN1Ig is a Grébner basis of I (with respect to the monomial order on K|[B] obtained
by restricting < to M(K[B])). ‘ IR

Let y/in<(I4) denote the radical of the initial ideal inc<(Iq). Write A(in<(14))
for the set of those subsets A’ C A with - : , c

H Ta ¢ \/z’n<(IA). |

acA’
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It is known [10, Theorem 8.3] that A(in.(I4)) is a triangulation of A. Such a
triangulation is called regular. Moreover, [10, Corollary 8.9] says that A(in.(I4)) is

unimodular if and only if \/in(I4) = in.(I4). Hence

Lemma 0.3. If \/in(I14) = in.(I4), then the normalized volume of A coincides
with the number of squarefree monomials u of degree §+1 of K[A] withu & in(1,).

By using the above facts on Grobner bases and initial ideals together with explicit
computations on Grébner bases discussed in Section 1 and 2, we have the following.

Theorem 0.4. Let n > 1 and m > 1, and let Ynm denote the complete bipartite
graph on [n+m] with E(Zpm) ={{i,j};1<i<nn+1<j<n+ m}. Then,
(a) The normalized volume of Bpym(Enm) is a + B, where

—-1\[i+m—-k-1
_ m—L
= > 2 (k—l)( m—k )

1<i<n
1<k<t<m

#= 2 ()

<k<m

(b) The normalized volume of Dy (Enm) is

m—1\{i+k—-2\(n—i+m—-k
> B - i .
1eea \E—1 i—1 n—1
" 1<k<m

(c) The normalized volume of Crtm(Znm) is a+ B+, where

= S )OI

5
f= ¥ 2n_,,(m—1)(z‘+k—2)<p—z'+m—k)
1<i<p<n k-1 1—1 p—1t ’
1<k<m
_ ol g—1\(m—q\[(i+k-2\(n—i+m—-p—k
7= 1<p<q<m p—1 k-1 1—1 n—1 ’
1<i<n
1<k<m-—g+1

1. TORIC IDEALS IB£+), Ic$,+) AND ID#)

It is known [4] that the toric ideal I,(+) possesses both a reverse lexicographic
n—1

quadratic Grobner basis and a lexicographic quadratic Grébner basis. In (8] it
is proved that each of the toric ideals IB$.+), ICS,” and IDS.” possesses a reverse
lexicographic quadratic Grobner basis.

In the present section, we discuss a lexicographic quadratic Grébner basis of the
toric ideal of each of the configurations B{?), C{") and DV, in order to study
Grobner bases of the toric ideals of subconfigrations associated with complete bi-
partite graphs.



Let ®*) C Z" denote one of the configurations ALY B, CH) and DLP. Let
K[ASD)], KB, K[C$] and K[DS"] denote the polynomial rings '
KAL) = K[{z} U {fizhsici<nl;
KBY] = K[{z}U{yihsicn U {eihsicicn U {fishsicisnl,
K[C{Y] = K[{z}U{eishsicn U {eiihsicin U{fishsicizal,
KIDY] = K[{z} U {eijhsicicn U {fiihsicicn]
over K. Write 7 : K[®1)] — K][t,t~!, s] for the homomorphism defined by setting
| r(z) =s, w(y)=tis, m(e;)="tt;s, 7(fi;)= tit;'s.

Thus (K [®)]) = Rk[®H)] and the kernel of 7 is the toric ideal Ig+). To simplify
the notation, we understand e;; = e; ; in case of i < j.

(1.1) Toric ideal I,(+) .
n—1
Even though the theory of Grobner bases does not appear in [4], it is essentially
proved that the set of binomials _
firfie — fiefin, 1<J<k <4
fiifin —xfin, <7<k, .
is a Grobner basis of I, +) with respect to the lexicographic order <f,, on K [Aff_)l]
n—1
induced by the ordering of the variables ,
T < fia<fig<- < fin<foz<foa<: - <fon
< < fn—-?,n—l‘ < fh—2,n < fn—l,n-‘

See [4, Theorem 6.6]. However, for the sake of completeness, based on Lemma 0.1
in Introduction, a simple and quick proof of this fact will be given below.

First of all, each binomial f;xfje — fiefik (resp. fijfix — T fix) belongs to I, )

n—1

with fixf;e (resp. fi;fjx) of its initial monomial. Let G denote the set of binomials

firfie — fiafix and fi;fik — ofix listed above and inc; (G) = (ince (9); 9 € G)-

lex

Let M(K [Ag,t)l]) denote the set of monomials of K [Ag,t)l]. Lemma 0.1 guarantees
that the finite set G turns out to be a Grobner basis of I, (+) Wwith respect to <j., if
E n—1

{r(u); v e M(K[A]),u & incg_(9)}

lex
is linearly independent over K. Thus our work is to prove that if
u=z%fi 5" fiq,jq,
o =% fu g fu, g,
belong to M(K [Aﬁf_)l]) with u & incs (G) and v’ € in<g, (G), where
fil,jl S;lea: Tt S?ex fiq,jq’
fidt Stex *** Stex fi,31,0
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and if 7(u) = n(u'), then a = o, g = ¢/, Jirgn = fujis s figge = it g1
Since f; ;fix € ince (G) if i < j <k, it follows that, for each 1 < i < n, both t;
and t;! cannot appear in the product

() = m(@)*7(firin) - 7(firsi)- .

Thusa =ao'and g =¢'. Leta=0o'=0andg=¢ > 1. Sinces; <ip < --- <4 and
7 <h<--- < ig, it follows that i, = ig- If, say, jg < Jo» then there is 1 < h < ¢
with j, = ji. Since fy ; <, fi, 7, one has 4, < 4. Thus i} < bg < Jp < Jp
Since firfje € ince (G)ifi < j<k<{, it follows that i = 1y, e, Ji it = Figo-
Then working with induction on q yields f,-;,j; = fir-1.d,—1- However, this contradict
Jiomrga-1 (Stea Figiy = fiy 3y) <bew firgy- Thus jg = 7, ice., fiqgq = i3, as desired.

_ Q. E. D.
On the other hand, it is also easy to prove that the set of binomials ’

fiefikg — firfies  1<j<k <,
fijfix —xfie, 1<j<Kk,
is a Grobner basis of 1 AW, with respect to the lexicographic order <¢ on'K '[Af,t)l
induced by the ordering of the variables

Z < fin<fins1<:--< fie < fon < fop1<--- < fa3
< e <Z fn—z,n‘< fn—2,n—1 < fn—l,n-

The proof is as follows.

First, each binomial f;,fjx — fix fix (resp. f;;fix — xfix) belongs to I A+ With

n—1
fiefik (resp. fi;f;x) of its initial monomial. Let G denote the set of binomials
Jiefik — fixfie and fi;fix — xfix listed above and n o (G) = (in'<i‘e'¢ (9); 9 €G).
Then, our work is to prove that if . , .
u= zafil,jl e fi,,,jq7

W =x%f - i,
belong to M(K [AS;t)ﬂ) with u € in <s (G) and v/ & in <’ (G), where

fil,jl Sla'e:c e Sla'e:l': fiq’jq’
fi’lvji S?ez Tt Slaez fi;l’j;l’
and if w(u) = m(u'), then a = o/, g = ¢, fi,j, = fo s s figge = Fip g1
Since f;;fjx € in <’ (G) if i < j < k, by the same argument as in the proof
for <f,,, we have a = o’ and ¢ = ¢ Let o = o’ =0and ¢ = ¢ > 1. Since
W<t <---<idpandi < < < i;, it follows that,; iy = i;. If, say, j, < Jo»
then there is 1 < h < ¢ with j{l = Jn- Since f;, ;, <&. fiq.js» One has i, < iq-
Thus ¢, < 45 < j; < jn. Since fiefjx € in < (G)ifi < j <k < ¢, it follows that

i = g, i.e., fi, j, = fir ji- Then working with induction on q yields figia = fe_, Fhy
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’ ’ . . .
(S?ex fi;,jf, = fihyjh) <?e:c fiq,jq' Thus Jg = .71,1, 1.e.,
Q. E. D.

However, this contradict fif; o]
figje = firg» 88 desired.

-1

(1.2) Toric ideal Ige.

Let <?_ denote the lexicographic order on K [B{"] induced by the ordering of the
variables

Y1 < Y2 < - < Yn
€in < fin<eiyn-1< finc1 < <ep2< fi,2
ean < fon < e€gpn-1< fon-1<---<eg3< fa3

AN AN NN A

€n—2n < fn—2,n < ep-2n-1< fn—2,n—1
< €n—1,n < fn——l,n-

Theorem 1.1. The set of the binomials

eijere — €ixeie, 1<J<k < l,
€€k — €ik€ie, < i< k<@, |
fiefix — finfie» 1< <k<{,
fiifik —fie, <3<k,
eijfee—einfie, 1<J<k< l,
fie€ik —eixfie i<j<k<lg,
eiefir — fineie, 1<ji<k<{,
fij€ie — %Yk, <4, J#Kk,
viejk — €Y, 1<J< k,
€ijYk — €i,kYj> 1< j <k,
vifie — fixys, 1<J <k,
fig¥i — %, 1<,
zei; — Y, L <J

is a Grébner basis of Igw with respect to the lexicographic order <,,.

(1.3) Toric ideal I+).
Let <§,, denote the lexicographic order on K [CH)] induced by the ordering of the

variables

T

<
<
<
<
<

e11 < ein < fin < e€rn-1 < finc1 < <ee< fi2
€22 < €3 < fon <egp-1 < fon—1 < <eg3< f2;3

€n—-2,n—2 < €n—2,n < fn—2,n < €n-2,n—-1 < fn—2,n—1

€n—1,n-1 < ép-1n < fn—-l,n < €nn-



Theorem 1.2. The set of the binomials

is a Grébner basis of I+ with respect to the lexicographic order <foz-

(1.4) Toric ideal I

Let <g, denote the lexico

the variables

T < fin<hp1<--<fiz< fan < fon-1 <+ < fo3

€i,jCk,t — €;k€jy,
€it€jk — €i k€ e,
€ij€jk — €i k€ g,
Jiefix — finfier

Jiifik — Tfik,
€ijfre — €ixfie,
fieeix — eixfie,
eijfik — fi,kej,ja
eiefix — fixeje,

f i.j€j.k — T€ik,

1<j<k<Y,
1<j<k<ld,
1< j<k,
1<j<k<l{,
1< <k,
1<J<k<l{,
1<j<k<l{,
1< j<k,
1<j<k<l{,
1<,

< < fn—2,n < fn—2,n—1 < fn—l,n

< én< €ln-1 << €12 < €n < €2n-1<---< €23

< - < €n—2n < €n—2n-1 < €n—1,n-

Theorem 1.3. The set of the binomials

s a Grébner basis of ID’(:,) with respect to the lexicographic order <g..

€i,j€k,t — €ik€jy,
€it€jr — €ix€jye,
Jiefix — firfie
fiifik — fix,
€ijfre — €ixfie,
fie€ix — €ixfie
fi,kej,t - ei,tf J.k>
eikfik — €infin,
fix€ix — €infin,
fiker; — €infin,
zei; — €infin,
fi,jej,n — T€jn,

1<j<k<l{,
i<j<k<&
1<ji<k<l,
1< jJ<k,

1<j<k<l{,
1<j<k<l{,
1<j<k<l{,
1<j<k<n,
1<j<k<n,
i<k<j<n,
1< j<n,

1<) <n,
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graphic order on K[D{")] induced by the ordering of



Remark 1.4. For configurations B{P, CP) and DS, the Grobner bases in [8] are
also lexicographic with respect to a certain ordering of variables. However, since the
elimination technique (Lemma 0.2) required in Section 2 cannot be applied for the
Grébner bases in [8], the lexicographic Grébner bases in [8] are not quite useful to
find suitable quadratic Grobner bases of subconfigurations of B, C) and D§
related with complete bipartite graphs. :

2. SUBCONFIGURATIONS ARISING FROM FINITE GRAPHS

Let [n] = {1, ... ,n} denote the vertex set and ¥ a finite connected graph on [n]
having no loop and no multiple edge. Let E(X) denote the set of edges of . For
each e = {i,j} € E(Z) with i < j, let p(e) = e; + €; € Z" and 5(e) =e;—e; €L
It is reasonable to ask if the toric ideals of the configurations

Ava(D) = {0}UL5(0); e€ BD},
B.(%) {0}U{es,...,en} U{ple); e € E(X)}U {5(6) ; e € E(Z)}, |
Ca(Z) = {0}U{2ey,...,2e.} U{p(e); e € E(T)}U{d(e); e € E(E)},
Do(T) = {0}u{p(e); e € E(D)}U{4(e); e € E(D)}

possess quadratic Grobner bases. When ¥ is the complete graph on [n], these

configurations coincide with ALY B, C{P) and DS, respectively.
~ In the present section, first. of all, we show that the toric ideals I, .,(x) possesses
a lexicographic quadratic initial ideal as well as a reverse lexicographic quadratic

initial ideal if ¥ is a connected graph on [n] satisfying the condition
(2.0) If1<i<j<k<f<nandif{jk}e€ E(X), then {i,£} € E(Z).

Tt seems of difficult to find a combinatorial characterization of connected graphs X
on [n] such that the toric ideal I, ,(x) possesses a quadratic initial ideal. Second,
it will be proved that if ¥ is a connected graph on [n] satisfying the condition (2.0),
then the toric ideals Ip,(x) possesses a lexicographic quadratic initial ideal. Third,
it will be proved that if X is a complete bipartite graph on [n], then the toric ideals
Ip, (s) possesses a lexicographic quadratic initial ideal. We also give an example of
a complete bipartite graph ¥ for which the toric ideal I, (z) cannot be generated
by quadratic binomials, and construct a cubic Grobner basis of I¢, (x)- '
Let ¥ be a connected graph on [n] and K[A,_1(E)] the polynomial ring

K[An1(2)] = K[{z} U {fis} pperm)

over K. Let m : K[An_1(Z)] — K][t,t7?,s] denote the homombrph_ism defined by
setting ' ’ o

Il

n(z) =5, w(fiz)="tit;"s.
Thus 7(K[An-1(E)]) = Ri[An-1(Z)] and the kernel of 7 is the toric ideal I4, ,(x)-
Write <2 (resp. <%,) for the lexicographic (resp. reverse lexicographic) order on
K[An_1(X)] induced by the ordering of the variables satisfying
(i) = < fi; for all {i,j} € E(X);
(i) fij < fojo if either (a) i <7, or (b)i=4and j > j'.
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Theorem 2.1. Let ¥ be a finite connected graph on [n] and suppose that X satisfies
the condition (2.0). Then the set of binomials
| fiefik = Finfie,  1<j<k<{,
fijfik—xfig, 1<j<k |
belonging to K[A,_1(X)] is a Grobner basis of I, (s with respect to <{& as well

as with respect to <22,.

Let X be a connected graph on [r] and K[B,(X)] the polynomial ring
K[Ba(2)] = K[{z} U {v:hsi<n U{eis}pgterm U fissmerm]
over K. Let m : K[Bn(XZ)] — K][t,t ', s] denote the homomorphism defined by
setting
7I'(III) =8, W(yi) = tiS, 7['(6,',]') = titjs, W(f,,]) = t,-tj"ls.

Thus m(K[Bn(X)]) = Rk[Bn(Z)] and the kernel of 7 is the toric ideal I Bn(Z)-
Write <f, for the lexicographic order on K [Br(X)] which is obtained by restricting
the lexicographic order <}, introduced in (1.2) to M(K[B,(X)]), i.e., for u,v €
M(K[Bn(Z)]) (C M(K[B{])) one has u <{, v if and only if u <?_ v. It then
follows from Theorem 1.1 together with Lemma 0.2 that

Theorem 2.2. Let G denote the set of binomials in Theorem 1.1. Let ¥ be a finite
connected graph on [n] and suppose that ¥ satisfies the condition (2.0). Then the
set of binomials G N K[Bn(X)] is a Grébner basis of I, () with respect to <2_.

Now, let n > 1 and m > 1, and let Yy,m denote the complete bipartite graph on
[n + m] with -
EXnm)={{i,j};1<i<nn+1<j <n+m}
and, to simplify the notation, '
Bn,m = Bn+m(2n,m) C Zn+m)
Cn,m = Cﬂ+m(2n,m) C Zn+m,
Dpm = Dnym(Tam) C Z™™,

Let W, C 2™ denote one of Bnm, Crym and Dpm. Let K[Bam), K[Cam] and
K|D,, ;»] denote the polynomial rings ~

K[Bn,m] = K[{a:} U {yi, Zjy €45,y fi,j}lgisn; ISjSm]a
K [Cn,m] = K [{x} U {a,-, bj, €ij, fi,j}lgign; 1gsm],
K[Dnm] = K[{z}U{eij, fij}i<icn; 1<j<m)

over K. Let
T K[Unm] = K[t1, - s taytagty - tngm bpigs -+ > bty 8]
denote the homomorphism defined by setting '

w(z) =s, w(a;)=tls, w(b;) = t?.+j3, T(y:) = tis, w(z;) = tnyys,
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m(eis) = titntis, T(fij) = titﬁijs-
Thus T(K[¥pm]) = Rx[¥nm] and the kernel of 7 is the toric ideal Iy, ,,-
Write <% for the lexicographic order on K[By ] induced by the ordering of the
variables ,
T < YP< - <Yp<2<:<Zm
< erm < fim < €rmo1< fim-1 <o < e < fia
< eym < fam < e€zm-1< fom-1 <+ <ez1 < fa1
< .y 3 \ ; o : o
; . < €n,m < fam < eﬁ,fn—l < fn,m—) <--e _<)A,en,1 < fn,li
Corollary 2.3. The set of the binomials -
€i0€jk — €ik€j,ts i<j, k<¥,
fiefir — fixfier  1<J, b<¥
eiefix — fireier <3, k<§, SR
fieeix — 6%,lcfj,£‘, i<y, k<,
Vi€jk — €ikYi, ¢ <J,
eijzk — €ikZj, J <k
vifix — fikyyy 0 <Js
eixfik — yiy)',
fijzi — ¥i%y
Z€ij — YiZj, ,
is a Grébner basis of Ip, . with respect to the lezicographic order <f.

Write <4 for the lexicographic order on K [Dr.m) which is obtained by restricting
the lexicographic order <&, introduced in (1.4) to M(K [Dn,m))-

Theorem 2.4. The set of the binomials _
€i €k — ik, 1 <ij k<,
fiefix — finfien  1<J, k<4
fisejp — €infie, <7, k<,
fireie — eiefim,  1<d, k<&
eifif — €imfim, 150, k<m,
fixeik — €imfim, 1<J, k<m,
is a Grébner basis of Ip, ,, with respect to the lezicographic order <.

However, if n > 2, then the toric ideal I¢, ,, cannot be generated by quadratic
binomials. Thus, in particular, I¢, ,, possesses no quadratic Grobner basis if n > 2.

Proposition 2.5. Let n > 2 and m > 1. Then, the toric ideal Ic,,, cannot be
generated by quadratic binomials. ‘ » : y .



Proof. The binomial a, f3, — fZ,a, belongs to I, .. However, none of the quadratic
monomials a, f5, f22, 1 f2, and fi,1a2 can appear in a binomial belonging to I¢, ...

’

Hence the toric ideal I, ..m Cannot be generated by quadratic binomials. O

Remark 2.6. Let n > 2 and m > 1. Since the monomial

(tit,115)(t3s) |
——————= ¢ Rk[Crm
(t2t;-}-1 s) ¢ x| ' ]

belongs to the quotient field of Rk [Cym] and since (t,t,5)2 = (t2s)(t2s) belongs to
Rk[Cam], Rk|[Cnm] is not normal. It is known that, in general, if a configuration
A possesses a unimodular triangulation, then Rx[A] is normal. Hence, it turns out
that C, m possesses no unimodular triangulation. Thus, in particular, Ic, . has no
squarefree initial ideal.

t1t28 =

Write <§2, for the lexicographic order on K [Cam] induced by the ordering of the

variables
T < fim<--<fio <fir< fom<--- < f22 < faa

< "’<fn,m<"‘<fn,2<fn,1
< éggm<:-- <eé32 <€1’1\< €am < --- < €z <ez
< "'<en,m<"'<en’2<en,l

< bp<- <bhh<b<a, < ---<ap<a.
Theorem 2.7. The set of the binomials

€ieCik — €ikeje, 1<j, k<,
Jiefie — firfie»  1<j, k<§,
fieeik —€irfie, 1<j, k<§,
fikeje—einfin, i<j, k<,
ikfik — €imfim, 1<j, k<m,
fik€ik — €imfim, 1<j, k<m,
ab; — €,
T — €;m fim,
bjfi; — wei;,
ai€jkeie — Gj€ikeig, 1<j, k<Y,
aifixfie —aifixfie, 1<j, k<,
breiceje — bpeixeir, 1<j, k<,
ai€jmfim — @j€imfim, i<j,
aiejxfie — ajeirfie, 1<j, k#¢,
brimfim — zeireik, 1<j, k<m,

s a Grobner basis of Ic,,,, with respect to the lezicographic order <f..



3. COMPUTATION OF NORMALIZED VOLUMES

We now turn to the problem of computing the normalized volume of each of the
configurations By, C Z™™, Cpm C Z™™ and Dy C Zrt™. Then, the following
lemma. plays an important role. * »

A noncrossing spanning subgraph of the complete bipartite graph ¥, ,, is a con-
nected subgraph T of pm such that (i) the vertex set of T is [n + m]; (ii) if {i, k}
and {7, £} with i < j are edges of T', then k < £.

Lemma 3.1. The number of noncrossing spanning subgraphs of the complete bipar-

tite graph Xy m 18
n+m-—2
n—-1 J

By virtue of Corollary 2.3, Theorem 2.4 and Theorem 2.7 together with Lemma,
0.3 and Lemma 3.1, we have the following theorems. (We use the convention on
binomial coefficients with (8) =1foralla€Z.)

Theorem 3.2. Let n > 1 and m > 1, and let 3, ,, denote the complete bipartite
graph on [n + m] with the edges {4,j}, wherel < i <n <j =< n+m. Let Bpm
(resp. Dpm) denote the configuration Bnim(Zam) (resp. Dnim(Znm) ).

(a) The normalized volume of By m is o + [, where

(e—1\[(i+m—-—k—-1
_ m—~£
= 3 ()T

1<k<t<m

- B

1<k<m

(b) The normalized volume of Dy m 1S

Z m—-WN\[(i+k—-2\(n—i+m—k
S \k—1 i—1 n—1 )
1<k<m )
Theorem 3.3. Letn > 1 and m > 1, and let £, , denote the complete bipartite
graph on [n+m)] with the edges {i,7}, where 1 <i <n < j <n+m. Let Cpm denote
the configuration Cpim(Znm). Then, the normalized volume of Cnm s @ + B+,

where

o = Z m-1\(i+k-2\n—i4+m—k
&2 \k=1)\ i1 n—i ’
1<k<m

_ np(m—1\(i+k—2\(p—i+m—k
g 1Sz‘2:<n2 (k"1>( i—1 p—1 ’

= p—1 g—1\[m—gq\(i+k—2 n—i+m-—-p—~k
k lslgq:sm ? (p—l)(k—l)( i—1 n—1 '
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Remark 3.4. The initial ideal ince (Ig, ) is not quadratic. However, [ince (Ic,,,
is generated by quadratic monomials; in other words, the triangulation A(z’n<lcec: cpm
is a flag complex.
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