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Abstract

The size distribution of firms in each industry will usually be highly skew, and empirical evidence
shows that it is approximated closely by the Pareto distribution. In this paper we make an'attempt to
explain why the Pareto law applies to the size distribution of firms based on their innovation and
investment behavior, and then develop a model of economic growth that takes into account this
empirical law. First, we show that the Pareto distribution of firms is generated under the assumption
that firms acquire the technology of operating efficiently on a larger scale through learning by doing,
and expand their scale of operation through the accumulation of capital induced by profitability. Then,
we set up a model of economic growth that is based on the Pareto distribution of firms and economies
of scale. In our model the growth rate is determined endogenously, and it exhibits scale effects with
respect to savings and population. Our model is different from the neoclassical growth model or the
recently developed endogenous growth models in that it takes into account the s.ize structure of firms,
and it yields quite realistic predictions.

1. Introduction

Empirical laws are rare in economics, and one of such laws is the regular pattern of
some statistical distributions, such as the distribution of persons according to the level
of income or of business firms according to some measurement of size such as sales or
the number of workers. Many of t;hese distributions conform to the so-called the law of
Pareto. Many economists attempted to explain the mechanisms that generate the-
Pareto distributions by constructing models with stochastic processes. Simon (1955),
Champernowne (1953), Wold and Whittle (1957), Steindl (1965), etc. may be mentioned
as pioneers of such models. The most ingenious model among them is the one developed
by Simon (1955), which explains the Pareto distributions based on two simple and
meaningful assumptions: one is ‘the law of proportionate effect, and the other is the
constancy of new entry. When his model is applied to the size distribution of firms,
however, it is not cledar how those assumptions are related to firms' behavior, Besides,
there is no work, as far as I know, that make use of this interesting empirical evidence
on the size distribution of firms to analyze macroeconomic problem such as economic

growth or income distribution.



The purpose of this paper is first to explain why the size distribution of firms is
approximated by the Pareto distribution based on the innovation and investment
behavior of firms, and secondly to develop a model of economic growth that takes into
account this empirical law. In our model we assume that new firms start their operation
from the minimum size, because they lack not only the necessary know-how to operate
efficiently at larger size but also sufficient finance to start on a large scale. They
gradually acquire the technology of operating efficiently on a larger scale through
learning by doing, and expand their scale of operation through accumulation of capital
induced by profitability. We show the Pareto distribution of firms is generated under
such assumptions.

Using this size distribution function and the learning function, we set up a model of
economic growth embodying economies of scale. In this model the growth rate is
determined endogenously, and it exhibits scale effect with respect to savings and
population growth. Our model is different from the Solow growth model or the recently
developed endogenous growth models in that it takes into account the size structure of
firms.

The paper is organized as follows. Section 2 reviews the Simon’s model and the
generalizaﬁon of it by Sato. Section 3 introduces learning by doing model to explain
growth of firms. Section 4 discusses the determination of investment of firms, and
shows that the Pareto distribution is generated through the process of learning by doing
and capital accumulation. In Section 5, we construct a macroeconomic model based on
the Pareto law and the learning by doing hypothesis, and analyze income distribution in
this model. In Section 6, we extend it to a growth model. Section 7 analyzes the
steady-state properties of this model. It is shown that the steédy growth equilibrium
exhibits scale effect, but it is unstable'. In Section 8, we consider the substitutability
between capital and labor, show that the steady growth equilibrium becomes stable in

that case.

2. The Size Distribution of Firms
The size distributions of firms in U.S. and Germany are illustrated in the Appendix of
Steindl's book (1965). ! They approximate the Pareto distribution, especially in the
upper tail, which is given by
N(k)= Ak~ | 2.1)
Here, k represents the size of firms, N(k) the number of firms with the size in

excess of k, and pis called the Pareto coefficient. The size of firms is measured by sales,

capital or employment depending on the availability of data. The above equation implies
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that the number of firms with the size in excess of %, plotted against k¥ on logarithmic
paper, is a straight line. The size distribution of firms in the Japanese manufacturing
industry, as shown by Fig.1, is also a beautiful illustration of the Pareto law. It is almost
entirely a straight line on the logarithmic paper. 2

The Pareto distribution is observed not only in the size distribution of firms but in
many other fields, such as distributions of income by size, distributions of scientists by
number of papers published, distributions of cities by population. 3 Why such a regular
pattern is observed in many fields is a big puzzle. Many economists have challenged to
reveal this puzzle. Among them, the solution given by Simon (1955) seems to me the
simplest and the most ingenious.

Let us first review the Simon’s model. His model was designed for a noﬁ-economic
“ problem, namely the distribution of words in a book. Suppose that we read a book,
classifying words that appear successively. Some words appear moré often than others.
Let the total number of words in a book already run through reached K . We designate
by f(k,K) the number of different words that have appeared k times. Then, we

must have
Y
ZU(k,K):K. 2.2
=

Now, Simon makes the following two assumptions:

Assumption 1° The probability that the (K +1)-s¢ word is a word that has already
appeared exactly k times is proportional to Af(k, K)——that is, to the total number
of occurrence of all the words that have appeared exactly £ times.

Assumption 2:There is a constant probability, a, that the (K +1)-stword be a new
word——a word that has not occurred in the first X words.

The first assumption is called the law of proportional effect, which was proposed by
Gibrat (1930) to derive the log-normal distribution. With this assumption, the expected
number of words that would have appeared % times after the (K +1) -st word has
been drawn is determined by )

E[f(k,K+1)]= f(k,K)+L(K){(k- Df(k-LK)-k(k,K)}, k=2, K+1
_ 2.3)
where L(k) is the proportionality factor of the probabilities. The second assumption
implies that the probability of a new entry of a word is constant. This assumption
together with the first one gives the following equation:
E[fL,LK+D]=fL,K)-LK)fL,K)+a. (2.9

Simon is concerned with “steady-state” distributions, so he replaces the expected

values in the above two equations by the actual frequencies. In other words, the
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expectation operator E is dropped from (2.3) and (2.4) in order to have the steady state
distribution. The definition of the steady-state distribution is given by
f,K+1) K+1
fkK) K
This means that all the frequencies grow proportionately with K, and maintain the
same relative size. The relative fréquencies denoted by f7(k) may be defined as -

forall £ and K. 2.5)

rw=L48, | 2o

where oK is the total number of different words.

With the above assumptions and the definition of the steady-state distribution, Simon
shows that the relative frequency of different words in the steady state, which is denote
by f'(k),isindependentof K, and becomes as

e (k=D(E=2)--201 . TERI(v+2) . ~

f(k)'(k+v)(k+v—1)---(2+y)f(1)" F(k+v+1)f(l) @7
Here,

v=1—:1-;, f‘(l)=ﬁ | | @9

The expression (2.7) is a steady-state solution to equations (2.3) and (2.4), since it

satisfies the latter two equations without the expectation operator E . Simon called the

expression (2.7) the Yule distribution. |
From the well-known asymptotic property of the Gamma function, we have

T(k)/ T +v+1) >k as k—w. (2.9)
Hence, from (2.7), we have
FE)->TE+2)f O =4k as k> . 2.10
We can confirm that f"(k) is a proper distribution function. For we have '
AGESNEFVAO) WA . e
k=1 k=1

and this expression is convergentif v >1.

Thus, as (2.9) shows, the steady state distribution f"(k) obtained under the above
two assumptions is identical with the Pareto distribution for large values of 4. The
value of the Pareto coefficient v is determined by the probability of a new entry «
according to (2.8).

It is easy to interpret Simon’s model explained above in terms of the size distribution
of firms. In this context, we may interpret K as the total assets accumulated in the
economy, and f(k,K) as the number of firms with assets k.The parameter a is the

ratio of the assets of newly entering firms to the increment of assets of all firms above a
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certain minimum. The newly entering firms are those that pass beyond this minimum
in the period in question. The greater the contribution of new firms to the total growth
of assets is, the greater will be the Pareto coefficient. The greater Pareto coefficient
implies less inequality of the distribution of firms.

K. Sato (1970) generalized Simon’s model to include the case where the law of
proportionate effect does not apply. Instead of Assumption 1 above, he assumes the
following:

Assumption 1* The probability that the (K +1)-st word is a word that has already
appeared exactly k times is proportional to (ak +b)f(k,K) under the condition that
it also satisfies

Z(ak+b) Fk,K) = Z/g'(k K)=K. ' 212)

k=1
With this assumption together with Assumption 2 above, he shows that the
steady-state distribution becomes as

iGHingp -
Ok ) . @19

Here, a+b5>0 is required for this value to be finite. This distribution becomes
asymptotically as follows:

f‘(k)—-)(k+§)7 as k— oo, : S (2.14)

This is called Pareto distribution of the second kind. This distribution function when

plotted on logarithmic paper, is not exactly a straight line. |
However, since 1+(b/ak)—>1 as k — o for any given value of b/a, the steady

-state distribution (2.14) is asymptotic to Pareto distribution of the first kind, that is,

f)>ke as k—>w. . (2.15)

The smaller the value of b/a, the more closely the steady-state distribution (2.14) is
approximated by (2.15).
Itis shown that a and b must satisfy the followmg relation with «:
p=129 (2.16)
a ,

From this relation, it is obvious that
a21 accordingas b5<O. 2.17)
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The expected growth rate of k is proportional to (ak +b)/k, thatis,

' Ak ak+b l-a
E(-k—J—L(K) T —L(K)(a+ ak) ke[l,K] (2.18)

where L(K) is the proportionality factor. The proportionality factor depends on the
total number of words K . Equation (2.18) implies that the expected growth rate of k

increases or decreases with k, depending on whether a>1 or a<1. When a= 1,

the expected growth rate of firms is independent of size. Thus, Sato obtains the
following proposition: '

Proposition 1° Under the assumptions 1’ and 2 above, the size distribution is

asymptotic to Pareto distribution, and following three cases occur.

(a) The case of proportionate growth (@ =1 and 5=0): In this case, the relative

growth rate is independent of size. The Pareto coefficient is v = 1/(1-a) as
Simon demonstrated.

(b) The case of size-impeded growth (@ <1 and 5> 0): In this case, the growth rate
is stochastically i)roportional to a+b at k=1, and proportionately declines
towards a as k — o.The Pareto coefficient v/a exceeds V.

(©) The case of size-induced growth (a>1 and b <0): In this case, the growth rate
is stochastically proportional to a+b at k=1, and proportionately increases
towards @ as k — o.The Pareto coefficient v/a islessthan v. '

3. Learning by Doing and Economies of Scale

In the neoclassical theory of the firm, it is assumed that the U-shaped curve, LAC
illustrated in Figure 2 is the long-run average cost curve of all firms in a particular
industry, freely available to all including to potential new entrants. It is not by
empirical observation but by the assumption of perfect competition that the theory
requires the long-run a%;erage cost curve to be U-shaped. If it is U-shaped, the size
distribution of firms is expected to be a normal distribution around the optimum size at
which the long-run average cost is minimum. But, as is shown by many data, the size
distributions of firms in Japan as well as in U.S. and Germany are highly skewed, being
approximated closely by the Pareto distribution. This implies that the neoclassical
theory of the firm is inconsistent with empirical observations. 4

In this section, we develop a different model of firms, which explains consistently the

observed size distribution of firms—the Pareto distribution. Considering that the
Pareto distribution is derived from Assumptions 1 (or 1) and 2Zabove, our model should
be consistent with those assumptions. In the context of size distributions of firms,

Assumption 1’and Assumption 2may be restated as follows.
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Assumption 1~ When the aggregate stock of capital in the economy, K, is increased
by one, the probability of a firm with size ¥ being expanded by one is proportional to
(ak +b) f(k,K) under the condition that it also satisfy

K K
Z(ak+b)f(k,K)=Zkf(k,K)=K. - @D

| ] k=]
- Assumption 2: When the aggrégate stock of capital in the economy, K, is increased
by one, the probability of this increment to be apportioned to newly entering firms is
a. ,

Assumption 1’'implies that the expected growth of firms with size k is proportional
to a+(b/k), while Assumption 2implies that the ratio of the capital stock of newly
entering firms to the increment of total capital is @. These parameters a, b, @ must
satisfy (2.16). Depending on whether @a>1(b<0) or a<1(b>0), the expected
growth of firms increases or decreases with size k. When a =1(b=0), the expected
rate of growth of firms is independent of their size.

Following Assumption 2, we assume that new firms start their operations from the
minimum size. There are two reasons to justify this assumption. The first is that new
entrants do not have the necessary know-how to operate efficiently at larger sizes. The
second is that new entrants usually cannot have sufficient finance to start on a lm-gé
scale. But once they have acquired the necessary technology and finance, they will
expect to grow in size. Firms with same size do not necessarily grow at the same rate.
Profitable firms tend to grow faster than unprofitable firms. Their eventual growth will
depend on successful experience—learning by doing—and the accumulation of profits,
both of which take time. '

Most firms believe that there are economies of scale to be gained, if they acquire
necessary technology and necessary finance. In order to expand successfully in size,
however, a firm has to master technology of operating efficiently on a large scale, and it
is through a process of learning by doing that a firm can master such technology. Arrow
(1962) formulated a model of economic growth based on the hypothesis of learning by
doing. We follow him to explain productivity growth of firms. We assume that learning
by doing worked through each firm’s investment. Specifically, an increase in a firm’s
capital stock leads to an increase in its stock of knowledge, and therefore to its giowth of
productivity. But the rate of growth in productivity may be different among firms even
with the same size. Some firms improve their efficiency better than others. Thus,
though each firm follows a different path in learning by doing, we assume that the
learning function of a typical firm with capital stock k is expressed as follows: 5
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ey, r®)<0,  kelLK] (3.2)
"_(k"l=5(k), 520,  ke[LK]. 3.9)

The notations are as follows: /(k) = amount of labor used in production by a typical
firm with size k, x(k)=output capacity of a typical firm with size k. It is assumed
that y(k) is a decreasing function, while J(¥) is a non-decreasing function. In this
case, an expansion of the typical firm with size ¥ definitely leads to a reduction in
costs of production at any given wages and rental value of capital goods, since they save
labor input per unit of output without increasing capital input per unit of output by
expanding the size.

To simplify the analysis without losing reality, we will specify these functions as

follows:

y(k)=ck*', where 0<A<I1, ke[,K] (8.9

S(k)=dk"", where w21, ke[LK]. (8.5)
Then, we have ' ‘

I(k) = ck*, 36)

(k) = dk* @7

These relations fit quite well to the data of J apanese manufacturing. 6

4. Profitability and Expansion of Firms

The incentive of firms to expand arises from the prospect of improving their
profitability by increasing their scale of operation. The accumulated profits can be used
for further expansion, either directly or as security for raising external finance.
Therefore, the rate of profit is a key variable as the determinants of the expected growth
rate of firms in each size. Assuming that the learning function of a typical firm with size
k is given by (3.4) and (3.5), we can express its profit rate as follows:
x(k)-wi(k) _dk” —wek?

k ok

Here, w denote the wage rate, which is assumed here to be the same for any size of

e(k) = —dk* —wek™',  ke[l<K]. (38

firms.

In reality, the average wage per worker tends to be an increasing function of size of
firm, although not to the same degree as decreases of labor input. One reason for this is
that larger firms will usually have a more detailed division of labor, with a larger
proportion of higher-paid skilled or managerial workers. Anpther reason is that trade

unions are usually more powerful in larger firms, and may succeed in extracting part of
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extra profits created by economies of scale. Because of these reasons, we assume that
the average wage per worker increases with size of firms as follow: 7
w(k) =w(1)k®, where w>0, ke[lK]. (3.9
To simplify the following analysis we assume that H= 1 in equation (3.7). This
assumption is roughly supported by actual data.® With this assumption and (3.8), the
rate of profit of a typical firm with size & becomes as follows:
e(k) =d —w(l)ck*, ke[l,X]. : (3.10
It is obvious from this function that, if A+ ® =1, the rate of profit is constant
irrespective of firm size k.If A+ @ #1, on the other hand, the rate of profit increases
or decreases with firm size k, depending on whether A+@w <1 or A+@w>1.°9
As is mentioned above, the incentive of firms to expand arises from the prospect of
improving their profitability by increasing their scale of operation. So, we assume that
the expected rate of growth of a typical firm with size ¥ depends on the rate of profit
earned by that firm, e(k). For simplicity, we assume it to be expressed by the following
linear equation:

E(Akk-) =ME){r+&(k)}, (>0,£>0), ke[l,K], (3.1)

where M(K) is the proportionality factor that depends on total capital stock, K.
Substituting (3.10) into (3.11), we can express equation (3.11) as follows:

‘ E(Akk')=M(K)[r+:{d_w(1)ck‘"*'}]=M(K)(p-qk‘**‘>» kelLK].

(3.12)
Here, p=7+&d and q=&éw(l)c, which are positive constants.
First, consider the case where A+ @ =1. In this case, the expected rate of growth

becomes as

E(i‘k-'iJ =MEK)p-9q), ke[LK], (319

where p-—q is constant. In other words, the relative growth rate of firms is
independent of size k. This case corresponds to (a) in Proposition 1, and we have
Pareto distribution. .

Next, let us consider the case where A +® #1. In this case, as is obvious from (3.12),
the expected growth of firms increases or decreases with size ¥ depending on whether
A+@<1-or A+ >1.Inorder to relate (3.12) to Proposition 1by Sato, let us rewrite
equation (3.12) as :

E(Ak) = M(k)(pk - gk***), ke[1,K] (3.19)

and linearize it around " . Then, we get



E(Ak) =M (k) p(k - k") - (A+ @)q(k — k7)]

=M(K)(p—q)£:—(-l—-|_—m(k—k'), ke[lL,K]. (3.15)
pP—9q
This equation can be rewritten as 4
E(Ak)=M(K)(p - q)(ak +D), (3.16)
where ' ' ‘
aE_p_—MI_’ bs_ﬂif_w_mk‘. (3.17
pP—q pP—q

Equation (3.16) implies that the expected increase in assets of a firm with size k is
proportional to ak + b, which is exactly the same as the condition stated in Assumption
1’above. In addition, we assume that @ and b defined by (3.17) satisfy (2.16). Then,

the value of k"is determined as
Py | (3.18)
oa A
So, a and b are determined by the parameters given in our model.

Comparing the above results with Proposition 1 by Sato, we get the following
proposition.

Proposition 2: Suppose that new firms are being born in the smallest-size class, and
that they account for a constant rate « of the growth in total assets. Suppose also that
a typical firm of each size class masters technology of operating more efficiently on a
larger scale through learning by doing as represented by (3.6) and (3.7), and that its
rate of expansion depends on the rate of profit as expressed by (3.11). Then, the size
distribution of firms converges to the Pareto distribution of the form (2.14). Depending
on the value of A+ @, we can distinguish the following three cases:

(@ If A+w=1,then a=1 and b=0. In this case, the growth rate is independent

of size, and the Pareto coefficientisequalto v=1/(1-a) .-

M If A+w<1,then a>1 and b<O0. In this case, the growth rate increases with

size, and the Pareto coefficient is less than V. '

(© If A+@w>1,then a<1 and 5> 0. In this case, the growth rate decreases with

size, and the Pareto coefficient exceeds V.

5. Determinants of Income Distribution

In the previous sections we were concerned with the behavior of firms operating
under potential economies of scale in an industry, and showed that the size distribution
of firms is approximated by the Pareto distribution under quite realistic assumptions

about the technology and investment behavior of firms. In this section we will turn to
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the analysis of the whole economy. It is assumed that, when industries are aggregated,
there are persistent economies of scale over the whole range of firm sizes. While
economies of scale in one industry may be limited, in another they are more extensive,
and they extend right up to the largest observed size of firms in some industry. Thus, we
may assumé that the Pareto function applies to size distribution of firms in the whole
economy. We also assume that the learning function of the form described by (3.6) and
(3.7) is still applicable when we consider the behavior of the whole economy.
. If we assume that the size distribution of firms is of the Pareto form over its entire
range, we can express it by the frequency function as ‘
nk)=pdk™ ",  (p>1, A>0), 5.1

where & represents the size of firm measured by its capital stock, and p=v/a.

Suppose that the minimum size firm has capital stock k,, and the maximum size
firm k;.Then, the total number of firms is given by

Nk, k) = J': n(k)dk = Ak, k™). (5.2)
If we denote the ratio of %, to k, by m, we have

k, =mk,. (5.3
We call m ‘size ratio’ in the following. Using this notation, we can rewrite (5.2) as
follows:

N(ky,k.)=AQ-m™?)k,” . (5.9

Similarly, the total stock of capital is given by
Kk, k)= r’ kn(k)dk = A(l -m"* )kol"’ . (5.5)
ky p — l

Taking into account (3.6) and (3.7), we can also calculate the total employment and total
output as follows:

Llky, k) = [ 10InCe )k - Pf‘ (A -m* P .6
X(ky k) = j: " x(kn(k)dk = p"d £ =k, e .7

We assume here that the total output is defined by value added. In the following, we .

deal with the case where u =1.In this case, (5.7) becomes as.
X(k k) =270 2 (1", = dR (ky k). 5.9

Suppose that the minimum size firms (or we may call them “marginal firms”) set
product price with mark-up factor B on wage costs. We assume that marginal firms
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are under perfect competition, so that £ is determined at the level that just covers
capital costs. Then, the real wage rate of a typical marginal firm is given by
wiky) =~ X) _ 4 4 et
Blk) f ,
We also assume that the average wage per worker rises with size of firms, as is shown
by (3.9). When the minimum size of firms is k,, (3.9) is rewritten as

(5.9

w(k) = w(ko)(;k—) . (5.10)

All the original entrants into the industry are small enterprise of minimum size. They
will grow by improving their technology through experience. As successful firms expand
their scale, they will, on the average, be able to reduce their costs by exploiting

economies of scale. As long as A+w<1 and w21, the larger firms attain more
favorable profit margins than smaller firms.
From (5.6), (6.7, (5,9) and (5.10) the aggregate share of wages in value added becomes
as - '
p-1  1-m**”

S =
* B(p-A-w) 1-m'"*
Thus, the aggregate wage share in this model is determined by the Pareto coefficient p,

(5.11)

scale parameters A, o, p, the size ratio m, and mark-up factor, S. This theory\of
income distribution is quite different from the orthodox marginal productivity theory. It
can be shown straightforwardly that the aggregate wage share depends on those

parameters or variables in the following way.

a3, a5, %, o, <0 oS, <0. (5.12)

op ~ oA ow om ~° Op

6. A Model of Economic Growth with Economies of Scale

In this section, we construct a growth model to examine the dynamics of aggtegate
variables obtained above. Taking the time derivatives of equations (5.4), (5.5), (6.6) and
(5.8), we can rewrite them in terms of the growth rates as follows:

N=2+n'1f_1ﬁ:-p120, ®.1)
R=A+ m'g_:ilrﬁ - (p-Dk,, 6.2)

L=21+6+—Piﬁz—(p-,1)120, 6.3)
m —
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X=A+d+-L1 i —(p—1k,, ‘ (674)

mf! —1

where y = y/y for any given variable y.Thus, the growth rate of the number of firms,
N, and the growth rate of capital, K , are explained by the shifting rate of the Pareto

A

curve, A, the rate of increase in the size ratio, 7, and the growth rate of the minimum

size firms, I;o. The growth rate of labor employment, L , depends not only on .;i, m

and I:o but also on &, which represents the rate of change in labor input per unit of

capital caused by exogenous technological change. As is obvious from (3.6), a decrease in
¢ leads to a reduction in labor input per unit of capital for every size class of firms.
Therefore, ¢ represents technological change affecting every size class of firms, and
normally takes negative value.

As mentioned above, we assume that new entrants start their operation at the
minimum size k,, and that the proportion « of the increment in total capital, AKX, is

apportioned to the new firms. In other words, we have

a= k, AN , 6.5)
which is rewritten as .
‘N=alXp | 6.6)
k, N ' )

(]

Substituting from (5.4) and (5.5), and taking into account the relation p=1la(l-a),

we obtain the following relationship between the growth rate of capital and the growth

rate of the number of firms: '

M= p—-({1/a) m* —me
p-1 mf-1

We must bave p>1/a,aslongas a ispositive. Substituting this equation into (6.1),

6.7

we can express the shifting rate of the Pareto curve as follows:
- P —m -
p—(1/a)m me__P #+ ph, ©.8)

A=
p-1 m’f-1 mf -1

We assume that labor grows at a constant rate, n, and we consider the case of full
employment in the following analysis. Thus, we have

A

L=n. 6.9
To complete the model, we have to specify the equation for the capital accumulation.

We assume here that a fraction s, of profits and a fraction s, of wages are saved and



devoted to investment, and that s, is larger than s, .1 We also assume that there is

no depreciation of capital. Then, the growth rate of capital is expressed by the following
equation:

K——[s (1-S,)+s,S,1, - - (610
where S is the wage share defined by (5.10). It is a decreasing functlon of m asis
shown by (5.11), so we denote it as S, (m). In view of (5.8), we have X /K =d.In the
following analysis, we assume d to be constant. Then, equation (6.10) is rewritten as

R =d[(s, -s,){1=S,(m)}+s,], where s,>5,20 and S, (m)<0. 6.1D)
Thus, the growth rate of capital K is an increasing function of m . Denoting it as

). 4 (m) for notational convenience, we have R (m)>0.

Now, our model consists of 7 equations [i.e., (6.2) through (6.4), (6.7), (6.8), (6.9), and
(6.11)], which includes 7 variables [i.e., N, X, L, K, A, m, k,]. This complete model can
be reduced to the system consisting of two equations as follows. Substituting (6.8) into
(6.2) yields - |

(p_l -—P ]ﬁz+1€o=( p-Q/aym” - JK(m) 6.12)

mfl -1 m? -1 p-1 mf-1

This equation represents the equilibrium condition for the capital goods market.
Similarly, substituting (6.8) and (6.9) into (6.3) yields
p—A P Yo .7 ~ p-laym’ -m 5
- +Ak,=(n-¢)- K(m). 6.13)
(m"“—l m"-—l)m 0= (=) p-1 m -1 (m) _
This equation represents the equilibrium condition for the labor market. The system
consisting of equations (6.12) and (6.13) includes two variables, m and %, so that itis

a complete system.

Eliminating kAO from (6.12) and (6.13), we obtain the dynamic equation for 7 :
~ 1 Cy A
m=——[®(m)K(m)-(n-7)], 6.14
D(m)[()()( )] (6.14)

where,

D(m) = l( p-l __ P )-( p-4 £ ) 6.15)

PL_1 m? -1 mft -1 m? -1
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p=Q1/aym’ -m
O(m)=A+(1-A4 . 6.16)
(my=a+a-HEZEEIT (
It can be proved that there exists m such that
D(m)>0 for m>m. . (617D

The magnitude of m is sufficiently small compared to the relevant range of m, so that
we may assume that D(m) >0 always holds in our model. ! The function ®(m), on

the other hand, has the following properties.
d(m)>0, P'(m)>0. 6.19

Substituting (6.14) into ((6.12) and solving it with respect to £,, we have

—_ 1 —_ Y — 2 |
o = Doy LYY~ )~ QR (m)), 620
where | .
W(m)=—LL___P 6.21)

m -1 m* -1’
- - p_ - -
O e T s s (S S P
It can be shown that 12
¥(m)>0,and Q(m)>0. 6.23)
Thus, equation (6.14) determines the dynamic path of m starting from its initial
value. Corresponding to the path of m, the growth rate of capital ([2 ) and the

minimum size of firms (k,) are determined. The growth rate of output (X') is equal to

the growth rate of capital (K) under the assumption of fixed coefficient. This
assumption will be relaxed later.

7. The Steady Growth and its Instability

In this section, we examine the properties of the steady state of the above model. In
view of the dynamic equation (6.14), the steady growth equilibrium is attained at m"
that satisfies the following equation: '
n-¢

o) 7.1

K(m*)=d[(s, -5,){1-S,(m")} +s,]=

Since both K(m) and ®(m) are increasing functions, it is straightforward that a rise

in the saving rate (either s, or s,) will increase m", and also the steady growth rate
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of capital, )4 (m"). In this respect, our model is different from the Solow growth model

in which the steady growth rate does not depend on the saving rate. This result comes
from the fact that, in our model, firms with different size grow over time by taking
advantage of potential economies of scale through learning by doing. This feature of our
model may seem sbmewhat similar to the endogenous growth model of the Arrow type.
However, our model differs from the existing endogenous growth models in that it takes
into account of the size distribution of firms.

We can also examine how the steady growth is affected by the structural parameters,
such as the Pareto coefficient, o, the scale effect, 4, the wage structure, @, or
mark-up factor, f5.Let us first examine the effects of a change in the Pareto coefficient,
P . As is shown by (5.11), an increase in p leads to an increase in S, . It means that
the wage share function S, (m) in equation (7.1) shifts upward. Then, the steady state

value of the size ratio, m", must increase, since ®(m) in equation (7.1) is an increase

function. Therefore, the steady growth rate of capital, K (m'), will decrease. Note that

the Pareto coefficient is determined by p=1/a(l-a), where a is the share of new

firms' investment in the total increment of capital, and a=1,a>1, or a<l
depending on whether A+@w=1, A+@w<1 or A+®>1. An increase in @ or a
decrease in @ brings about an increase in p, which implies higher equality in the

distribution of firms. Thus, more equal size distribution leads to the lower wage share
and to the lower growth rate. But it should be noted here that changes in p take a

long period of time, since Pareto distribution is the steady-state distribution. Therefore,
changesin p have effects on various variables only after a long period of time.

The effects of a change in A may similarly be examined. As is shown by (5.11), an
increase in A affects S, to the same direction as an increase in p. Therefore, it

leads to the lower wage share and to the lower growth rate. An increase in @ also has

the same effects both on the wage share and the growth rate.
Conversely, an increase in the mark-up factor, £, will increase the steady growth

rate of capital, since it shifts the wage share function downwards and leads to a
decrease in m as the result.

Next, we examine the stability of this steady growth equilibrium. For this purpose, let
us focus on equation (6.14). It is a one-variable differential equation, which determines

the time path of m . Since D(m), ®(m) and K(m) are all increasing functions,

is an increasing function with respect to m in the neighborhood of the steady state
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equilibrium, m =m". Hence, the steady state is unstable. Fig. 3 provides a graphical
representation of this instability property. Suppose that m >m" holds initially. Then,

m and m will increase over time, and so will K(m). In this case, the equilibrium
condition for the labor market (6.13) will be violated sooner or later, since we must have

Eo 20 when £, reached its minimum value. Conversely, suppose that m <m" holds

initially. Then, m and m will decrease over time, and so will K (m) . In this case, the
equilibrium condition for the capital goods market (6.12) will be violated sooner or later,
since we must have m +I:° = l'c\, 20 unless the largest firms shrink their size. Thus,

the steady growth equilibrium will not be maintained, unless m =m* is satisfied
initially. '

VII. Factor Substitution and the Stability of the Steady State Equilibrium

So far we have assumed that the production process of firms with each size of capital
is characterized by fixed coefficients, so that a fixed amount of labor is used and a fixed
amount of output is obtained. In this section, we take into account the substitutability
between labor and capital, and show that it stabilizes the system.

When there is substitutability between labor and capital, the production function of a
typical firm with size ¥ may be expressed as

_H{5®
x=F ( ) I, 5(k)k), 8.1

where y(k) and &(k) are the learning functions defined by (3.2) and (3.3). Assuming
that this production function exhibits constant returns to scale and other usual
properties, we can rewrite (8.1) as follows:

x= 5(k)k¢(y—-i), where #(0)=0, ¢'>0, ¢°<O0 . (8.2)

A typical firm with size k£ is assumed to make a choice of technique to minimize the
total cost, given output capacity and technological knowledge. Thus, the problem of the
typical firm is formulated as follows:

min wl +rk, st x= 5k¢(éé) 8.3)
. Y

The first order condition for this minimization problem is
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LA AUSL) 8.9

ro gUlyk)-(1 ) (1] )
Solving this equation in with respect to l/k, we have

L }71//(1} where  y'<0. - (8.5

k r
Let us consider the case where the learning function y(k) is specified as (3.4).
Substituting (3.4) into (8.5), we have

I=cw(w/rk*. (8.6)
This function replaces (3.6). We also specify the function§(k) as (3.5), and assume u
to be unity and d to be constant. Under these assumptions, substitution of (8.6) into
(8.2) gives

x=dg(y(wlr)k 8.7

This function replaces (3.7). Thus, (8.6) and (8.7) represent the learning process that

takes into consideration the substitutability between labor and capital.
In our model, the wage rate is endogenously determined by (5.9) and (5.10), but the

rate of interest, is given exogenously. So, we assume 7 to be constant and put it equal
to unity for convenience. In addition, we specify y(w) as a function with constant
elasticity, thatis, w(w)=w™", where 7 is assumed to be less than unity. Then, (8.6)is
rewritten as
I=cwk*. _ (8.9
It should be noted here that the wage rate w is a function of k, asis shown by (5.10).
Substituting this (8.8) into (5.6) and taking (5.10) into consideration, we have

Lky, kr) =W(l—mh e, 8.9)
p p—

‘It is assumeéd here that 1 =1 — n@ > 0. Then, the growth rate of the total employment

is given by

L=A+¢é-nmik, )+---—'1'1 m-(p—-A)k,. (8.10)
Substituting (8.8) into (5.9), we have the following equation that shows determination of
the wage rate for marginal firms.

d -~
wky) = =2
B c{w(k,)}

Taking logarithmic differentiation of this equation and solving it with respect to w(k,),

(8.11)

we have the following equationf

139



140

W(k,) =1—1—[(1-,1)120 ¢ (8.12
/) .

Substituting this equation into (8.10), we have the following equation for the growth
rate of the total employment. '

. . p—';f .= o

L—A+xc+-——mp_z—lm (p—A +&)k,, (8.13)
where

rcs—l->0, 55M>0 | 8.19)

1-7 1-7 '

Thus, when we take into consideration the factor substitution in our model, the
equation for the growth rate of total employment (6.3) is replaced by (8.13). In this case
the dynamic equation for firm-size ratio, (6.14), is replaced by

1

m= Dw(m—)[Q('n)K (m)—(n-x2)], (8.15)
where

~ ~ -1 -1

D(m)= (A - a)(mf_, " m,,p — 1) —(mp_f_ 1" m f — J (8.16)

B(my= 1 +a-HL=Waym’ —m
, p-1 m’-1
It can be shown that if £ is sufficiently large, then 5(m)<0.13 In this case, the
dynamic equation for m has negative slope on m —m plane, as is shown in Figure 4.
So, the steady-state equilibrium of this system is stable.
The comparative analysis of the steady state equilibrium that we have carried out in
the last section becomes actually meaningful for the model in this ‘section, since its
stability has been proved.
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FOOTNOTES

See also Simon and Bonini (1958). A
. Taking logarithm of equation (2.1) and regressing it to the size distribution of firms
in Japanese manufacturing industry as shown by Figure 1, we obtain the following
results: .
logN =6.38-1.17logk (R?* =0.995)
(0.08) (0.027) :
where the numerical values below each coefficient represent. its standard error.
. See Simon (1955) for such examples of the Pareto distribution.
. Lydall (1998) criticizes the neoclassical theory of firms from this point of view, and
proposes an alternative theory. Though his ideas presented in his book are quite
interesting, he does not present any concrete model.
The form of the function assumed here is the same as Arrow’s. However, he assumes
that the learning enters at the production of new capital goods in aggregate, while
we assume that it enters in the process of capital accumulation of each firm.
. Taking logarithm of these equations and regressing them to the data of Japanese
manufacturing industry, we obtain the following results:
logl =—-0.41+0.83logk ' (R*=0.998)
(0.09) (0.012)
logx =0.13+0.991logk (R*=0.999),
(0.03)  (0.009) '
where the numerical value below each coefficient represents its standard error.
. Regression of this equation to the data of Japanese manufacturing industry gives
the following result. ,
logw=0.37+0.08logk  (R?=0.968).
(0.02) (0.005)
where the numerical value below each coefficient represent its standard error. This
result shows that the positive relation between the wage rate and the size of firms is

statistically significant.

8. See the second regression equation in footnote 5, which shows x4 =0.99.

9. Inthecaseof A+ @ > 1, the size of firms will be bounded above as followsil
1
.k S (W(l)c)l-l—w
d

For, the rate of profit, e(k), will become negative unless & satisfies this inequality.
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10. More orthodox approach to the determination of saving in recent macroeconomics is
to assume that the households maximize lifetime utility. But it is too complicated to
deal with our model by introducing this assumption.

11. We omit the proof to save space.

12. We omit the proof to save space.

13. We omit the proof to save space
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Figure 1. Perfectly Competitive Equilibrium of the Firm
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Figure 2. The Size Distribution of Firms inJ apanese Manufacturing Industry
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Figure 3. Instability of the Steady Growth Equilibrium
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Figure 4. Stability of the Steady Growth Equilibrium
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