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Introduction

The aim of this paper is to review results in [I2] without giving their proof.

Provided that $2g+n-2>0$, let $\mathcal{M}_{g,n}$ denote the moduli stack over $\mathrm{Z}$

classifying proper and smooth $n$-pointed curves of genus $g$ . Then by aresult of
Oda [02], the algebraic (orbispace) fundamental group of $\mathcal{M}_{g,n}\otimes_{\mathrm{Z}}\overline{\mathrm{Q}}(\overline{\mathrm{Q}}$ : the
algebraic closure of $\mathrm{Q}$ in C) is isomorphic to the profinite completion $\hat{\Pi}_{g,n}$ of the
Teichmier modular group $\Pi_{g,n}$ , the fundamental group of $\mathcal{M}_{g,n}(\mathrm{C})$ . Hence one
can consider the Galois action of $\mathrm{G}\mathrm{d}(\overline{\mathrm{Q}}/\mathrm{Q})$ on $\hat{\Pi}_{g},||$ taking $\mathrm{m}$ appropriate base
point in $\mathcal{M}_{g,n}$ . As an extension of the Tei&m\"uller modular group, the topologi-
cal Teichm\"uller groupoid for $\mathcal{M}_{g,n}(\mathrm{C})$ is defined to be its fimdamental groupoid
whose base points are the points at “infinity” corresponding to maximally $\mathrm{d}\triangleright$

generate pointed complex curves. In [G], Grothendieck considered this groupoid
in the category of arithmetic geometry, which we call the Teichmiiller groupoid
for $\mathcal{M}_{g,n}$ , and he proposed aconjecture on a“game of $\mathrm{k}\mathrm{g}\mathrm{o}$-Teichm\"uller’’ which
states, roughly speaking, that the Teichm\"uUer groupoid for $\mathcal{M}_{g,n}$ will have gen-
erators attached to $\mathcal{M}_{0,4}$ , $\mathcal{M}_{1,1}$ with relations induced from $\mathcal{M}_{0,5}$ , $\mathcal{M}_{1,2}$ . This
conjecture implies the prediction that each profinite Teichmuller groupoid with
the Galois action can be described by these “basic” groupoids.

We note that important work has been done in this subject. In connection
with conformal field theory, Moore and Seiberg [MS] stated the “completeness
theorem” (see [HLS], [BK] for its accurate formulation and proof) which can be
regarded as arealization of the game of LegO-Teichmiiller in topological category.
Drinfeld [Dr] studied the case that $\mathcal{M}_{g,n}=\mathcal{M}_{0,5}$ , and obtained adistinguished
relation on the basic Galois action corresponding to the pentagon relation in
conformal field theory, which was rewritten as the “5-cycle relation” by Ihara
[Ihl], [Ih2]. Using this relation and other supplementary relations, Drinfeld in-
troduced the “profinite” Grothendiedc-Teichmiiller goup $G-\overline{T}$ concerned with the
free profinite group of rank 2, which contains Gal(Q/Q) by aresult of Belyi [Be]
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The case that $\mathcal{M}_{g,n}=\mathcal{M}_{0,n}$ for any $n$ was also studied by Drinfeld [Dr], and
by Ihara and Matsumoto $[\mathrm{I}\mathrm{h}\mathrm{M}]$ . To give an affirmative answer to Oda’s predic-
tion stated in [O1] on the fields of definition of the Teichm\"uller modular towers
with various genus, Ihara and Nakamura [IhN] constructed Schottky-Mumford
uniformized universal deformations of maximally degenerate pointed curves con-
sisting of smooth pointed projective lines, and they studied the Galois action on
these algebraic fundamental groups. Using this result, Nakamura [N2], [N3] de-
scribed the Galois action on $\hat{\Pi}_{g,n}$ by the basic Galois action, and obtained some
relations between the Galois action on $\hat{\Pi}_{0,4},\hat{\Pi}_{0,5},\hat{\Pi}_{1,1}$ and $\hat{\Pi}_{1,2}$ . Furthermore, in
the (partially joint) work of Lochak, Nakamura and Schneps (cf. [LNS], [NS]),
using arelation presented in [N2] and anew relation for the basic Galois action,
they introduced aremarkable subgroup $\mathrm{F}$ of $\overline{GT}$ which contains Gal(Q/Q), and
they constructed systematic representations from $\mathrm{F}$ into the automorphism group
of $\hat{\Pi}_{g,n}$ which is an extension of the Galois representation.

In this paper, we will apply atheory given in [I1] on Schottky-Mumford uni-
formized universal deformations of degenerate curves to studying Grothendieck’s
conjecture. First, using these deformations we construct a $(3g+n-3)$-dimensi0nal
real orbifold $C$ contained in $\mathcal{M}_{g,n}(\mathrm{R})$ as union of fusing moves and simple moves,
which can be considered as an appropriate base set of the Teichm\"uller groupoid
for $\mathcal{M}_{g,n}$ . Second, we describe the Galois action of Gal(Q/Q) on the profinite
Teichm\"uller groupoid for $\mathcal{M}_{g,n}$ in terms of the Galois action on the profinite Te-
ichm\"uller groupoid for $\mathcal{M}_{0,4}$ and for the moduli stack $\mathcal{M}_{1,1}’$ which classifies proper
and smooth 1-pointed curves of genus 1with first-0rder infinitesimal structure.
From the topological viewpoint, fusing moves, which are also called associativity
moves or A-moves, represent different sewing procedures from two 3-holed spheres
to one 4-holed sphere, and simple moves, which are also called $\mathrm{S}$-moves, represent
different sewing procedures ffom one 3-holed sphere to one 1-holed real surface of
genus 1. By the results in [MS], [HLS] and [BK], the Teichmiiller groupoid for the
base set $\mathcal{L}$ has the fundamental generators associated with $\mathcal{M}_{0,4}$ and $\mathcal{M}_{1,1}’$ ; fusing
moves, simple moves and Dehn (half-)twists which satisfy the relations (including

the pentagon relation) induced ffom $\mathcal{M}_{0,5}$ and $\mathcal{M}_{1,2}$ . Our construction of $\mathcal{L}$ en-
ables us to approximate fusing moves and simple moves in $\mathcal{L}$ by those in $\mathcal{M}_{0,4}(\mathrm{R})$

and $\mathcal{M}_{1,1}’(\mathrm{R})$ respectively in the category of arithmetic geometry unifying com-
plex and formal geometry. The intersection of $\mathcal{L}$ with an etale neighborhood $U$

of each point at infinity becomes that of $\mathcal{M}_{g,n}(\mathrm{R})$ with $U$, and it gives $2^{2g+n-3}$

tangential base points (this notion is due to Deligne [D]). Using the approxima
tion, we describe the Galois action on fusing and simple moves in $\mathcal{L}$ with respect
to these tangential base points (the Galois action on Dehn (half-)twists are easil
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seen to be described in terms of the cyclotomic character).
We state our result in each section. In \S 1, generalizing the result in [IhN] for

maximally degenerate pointed curves of restricted types, we construct Schottky-
Mumford uniformized universal deformations of all degenerate pointed curves. In
fi2, we consider auniformized deformation as astable $n$-pointed curve $C$ of genus
$g$ over

$\mathcal{O}_{\mathcal{M}_{0.4}}[[y_{1}, \ldots, y_{3g+n-4}]]=\mathrm{Z}[x,\frac{1}{x},$ $\frac{1}{1-x}][[y_{1}, \ldots, y_{3g+n-4}]]$ ,

and compare these moduli and deformation parameters $x$ and $y_{\dot{1}}$ with the defor-
mation parameters of the maximally degenerate pointed curves obtained as the
degeneration of the closed fiber of $C$. The results in \S 1 and \S 2 are essential to con-
struct the base set $\mathcal{L}$ globally and to describe the Galois actions on fusing moves
in $\mathcal{L}$ . In fi3, using these deformations we construct $\mathcal{L}$ and tangential base points
around any points at infinity which are connected by C. In the genus 0case, $\mathcal{L}$

becomes the base set in $\mathcal{M}_{0,n}(\mathrm{R})$ given in $[\mathrm{I}\mathrm{h}\mathrm{M}]$ , and for any genus $g$, there is
another approach by Schneps’ school to the construction of such abase set in
any $\mathcal{M}_{g,n}$ using geodaaeic $\mathrm{l}\mathrm{i}\cdot \mathrm{a}\mathrm{e}$ . Our result in \S 4 describes the Galois action (not
only on profinite $\mathrm{T}\mathrm{e}\mathrm{i}\mathrm{d}_{1}\mathrm{m}\text{\"{u}} \mathrm{U}\mathrm{e}\mathrm{r}$ modular groups but also) on profinite Teichmiiller
groupoids of $\mathrm{g}$ types.

Acknowledgments. I wish to thank Profaesor H. Narura $\sin \mathrm{o}\mathrm{e}$ he kindly
informed me about results of [LNS], [NS].

1Uniformized deformations
1.1. We recffi the $\mathrm{w}\mathrm{e}\mathbb{I}$ known $\infty \mathrm{r}\mathrm{r}\mathrm{a}\mathrm{a}\mathrm{e}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{e}$ between certain graphs and

degenerate pointed curves, where acurve (resp. pointed curve) is called degen-
erate if it is astable curve (resp. stable pointed curve) and the normalization
of its irreducible components are all projective lines (resp. pointed projective
lines). Agraph $\Delta=(V, E,T)$ means acollection of 3finite sets $V$ of vertices,
$E$ of edges, $T$ of tails such that each tail has one boundary (terminal) vertex
and that each edge has one or two boundary vertices according to whether the
edge is aloop or not. We consider only connected graphs, and agraph $\Delta$ is
called stable if its each vertex has at least 3branches. Denote by $\# X$ the num-
ber of elements of afinite set $X$. Under firing abijection $\nu$ : $Tarrow\sim\{1, \ldots, \# T\}$ ,
which we $\mathrm{c}\mathrm{a}\mathrm{U}$ anumbering of $T$, astable gaph $\Delta=(V, E, T)$ becomes the dual
graph of adegenerate $\# T$-pointed curve $C$ of genus $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}\mathrm{H}_{1}(\Delta, \mathrm{Z})$ by the cor-
respondences $Vrightarrow$ {irreducible components of $C$}, $Erightarrow$ { $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{a}\mathrm{r}$ points on $C$},
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$Trightarrow$ {marked points on $C$} such that an edge (resp. atail) has avertex as
its boundary if the corresponding singular (resp. marked) point belongs to the
corresponding component, and that each tail $h\in T$ corresponds to the $\nu(h)$-th

marked point. If $\Delta$ is trivalent, i.e. all its vertices have just 3branches, then the
associated pointed curve is maximally degenerate.

An or ientation of $\Delta=(V, E, T)$ means giving an orientation of each $e\in E$ .
Under an orientation of $\Delta$ , denote by $\pm E=\{e, -e|e\in E\}$ the set of oriented
edges, by $v_{h}$ the terminal vertex of $h\in\pm E\cup T$, and by $|h|\in E$ the edge $h$ without
orientation for each $h\in\pm E$ . Let $\Delta=(V, E)$ be astable graph without tail. Fix
an orientation of $\Delta$ , and take asubset $\mathcal{E}$ of $\pm E$ whose complement $\mathcal{E}_{\infty}$ satisfies
the condition that $\mathcal{E}_{\infty}\cap\{-h|h\in \mathcal{E}_{\infty}\}=\emptyset$, and that $v_{h}\neq v_{h’}$ for any distinct
$h$ , $h’\in \mathcal{E}_{\infty}$ . We attach variables $x_{h}$ for $h\in \mathcal{E}$ and $y_{e}=y_{-e}$ for $e\in E$ . Let $A_{0}$ be
the $\mathrm{Z}$-algebra generated by $x_{h}(h\in \mathcal{E})$ , $1/(x_{e}-x_{-e})(e, -e\in \mathcal{E})$ and $1/(x_{h}-x_{h’})$

( $h$ , $h’\in \mathcal{E}$ with $h\neq h’$ and $v_{h}=v_{h’}$ ), and let $A=A_{0}[[y_{e}(e\in E)]]$ . According to
[II], \S 2, we construct the universal Schottky group $\Gamma$ associated with oriented $\Delta$

and $\mathcal{E}$ as follows. Put
$B=A[ \prod_{e\in E}\frac{1}{y_{e}}]$ ,

and for $h\in\pm E$ , let $\phi_{h}$ be the element of $PGL_{2}(B)$ given by

$\phi_{h}=\frac{1}{x_{h}-x_{-h}}$ $(\begin{array}{ll}x_{h}-x_{-h}y_{h} -x_{h}x_{-h}(1-y_{h})1-y_{h} -x_{-h}+x_{h}y_{h}\end{array})$ $\mathrm{m}\mathrm{o}\mathrm{d}(B^{\mathrm{x}})$ ,

where $x_{h}$ (resp. $x_{-h}$) means $\infty$ if $h$ (resp. $-h$) belongs to $\mathcal{E}_{\infty}$ . Denote by $\Omega$ the
quotient field of $A$ , and let $PGL_{2}(B)$ act on $\mathrm{P}^{1}(\Omega)$ by linear fractional transfor-
mation. Then $\phi_{h}$ satisfies that $\phi_{-h}=\phi_{h}^{-1}$ and that

$\frac{\phi_{h}(z)-x_{h}}{z-x_{h}}=y_{h^{\frac{\phi_{h}(z)-x_{-h}}{z-x_{-h}}}}(z\in \mathrm{P}^{1}(\Omega))$ .

For any reduced path $\rho=h(1)\cdot h(2)\cdots h(l)$ which is the product of oriented edges
$h(1)$ , $\ldots$ , $\mathrm{h}(1)$ , we associate an element $\rho^{*}$ of $PGL_{2}(B)$ having reduced expression
$\phi_{h(1)}\phi_{h(l-1)}\cdots\phi_{h(1)}$ . Fix abase point $v_{b}$ on $V$, and consider the fundamental group
$\pi_{1}(\Delta,v_{b})$ which is afree group of rank $g=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}H_{1}(\Delta, \mathrm{Z})$ . Then the correspon-
denote $\rho\mapsto\rho^{*}$ gives an injective anti-homomorphism $\pi_{1}(\Delta, v_{b})arrow PGL_{2}(B)$ whose
image is denoted by $\Gamma$ .

It is shown in [II], fi3 (and had been shown in [IhN], \S 2 when $\Delta$ is trivalent
and has no loop) that for any stable graph $\Delta=(V, E)$ without tail, there exists
astable curve $C_{\Delta}$ of genus $g$ over $A$ which satisfies the following
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\bullet The closed fiber $C_{\Delta}\otimes_{A}A_{0}$ of $C_{\Delta}$ obtained by substituting $y_{e}=0$ (e $\in E)$

becomes the degenerate curve over $A_{0}$ with dual graph $\Delta$ which is obtained
ffom the colection of $P_{v}:=\mathrm{P}_{A_{\mathrm{O}}}^{1}(v\in V)$ by identifying the points $x_{e}\in P_{v_{*}}$

and $x_{-e}\in P_{v-\mathrm{e}}(e\in E)$, where $x_{h}$ denotes $\infty$ if h $\in \mathcal{E}_{\infty}$ .
$\bullet$ $C_{\Delta}$ gives auniversal deformation of degenerate curves with dual graph $\Delta$ ,

i.e. if $R$ is anoetherian and normal complete local ring with residue field
$k$ , and $C$ is astable curve over $R$ with nonsingular generic fiber such that
the closed fiber $C\otimes_{R}k$ is adegenerate curve with dual graph $\Delta$ , in which
all double points are $k$-rational, then there exists aring homomorphism
$Aarrow R$ giving rise to $C_{\Delta}\otimes_{A}R\cong C$.

$\bullet$ $C_{\Delta}\otimes_{A}B$ is smooth over $B$ and is Mumford uniformized (cf. [Mu]) by $\Gamma$ .
$\bullet$ Let $\alpha_{h}(h\in \mathcal{E})$ be $\omega \mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{x}$ numbers such that $\alpha_{e}\neq\alpha_{-e}$ and that $\alpha_{h}\neq\alpha_{h’}$

if $h\neq h’$ and $v_{h}=v_{h’}$ . Then for nonzero complex numbers $\beta_{e}(e\in E)$ with
sufficiently small absolute value, by substituting $x_{h}=\alpha_{h}$ and $y_{e}=\beta_{e}$ , $C_{\Delta}$

becomes aRiemann surface, i.e. aproper smooth curve over $\mathrm{C}$ , which is
Schottky uniformized (cf. [S]) by the Schottky group $\Gamma|_{x_{h}=a_{h},y_{\mathrm{C}}=\beta_{\mathrm{e}}}$ over C.

1.2. We apply the above result to construct auniformized deformation of
adegenerate pointed curve which had been done by Ihara and Nakamura (cf.
[IhN], \S 2, Theorems 1 and 1’) when the degenerate pointed curve is maximally
degenerate and consists of smooth pointed projective lines. To obtain explicit
local coordinates on the moduli stack of stable pointed curves using the universal
deformation, we $\mathrm{w}\mathrm{i}\mathrm{U}$ rigidity acoordinate on each projective line appearing as an
irreducible component of the base degenerate curve. In the maximaly degenerate
case, this process is considered in [IhN] using the notion of “tangential structur\"e.

Let $\Delta=(V, E,T)$ be a stable graph with numbering $\nu$ of $T$. We define the
extension $\tilde{\Delta}=(\tilde{V},\tilde{E})$ of $\Delta$ as astable graph without tail by adding avertex
with aloop to the end different from $v_{h}$ for each tail $h\in T$. Arigidification of an
oriented stable graph $\Delta=(V, E,T)$ with numbering $\nu$ of $T$ means acollection
$\tau=(\tau_{v})_{v\in V}$ of injective maps $\tau_{v}$ : $\{0, 1, \infty\}arrow\{h\in\pm E\cup T|v_{h}=v\}$ such
that $\tau_{v}(a)\neq-\mathcal{T}\sqrt(a)$ for any $a\in\{0,1, \infty\}$ and distinct elements $\mathrm{v},\mathrm{v}’\in V$ with
$\tau_{v}(a),\tau_{v’}(a)\in\pm E$ . One cm $\mathrm{s}\mathrm{a}\mathrm{e}$ that my stable graph has arigidification by the
induction on the number of edges and tails, and that arigidification $\tau$ of $\Delta$ can
be extended to arigidification $\tilde{\tau}$ of $\tilde{\Delta}$ for which one of $h,$ $-h(h\in T)$ belongs to
$\tilde{\mathcal{E}}_{\infty}=\{\tilde{\tau}_{v}(\infty)|v\in\tilde{V}\}$ . Assume that a rigidification $\tau$ of $\Delta$ md its extension
$\tilde{\tau}$ to $\tilde{\Delta}$ as above are given. Then the subset $\tilde{\mathcal{E}}_{\infty}\mathrm{o}\mathrm{f}\pm\overline{E}$ satisfies the condition
in 1.1, and hence by the substitution $x_{h}=a$ for $h=\tau_{v}(a)(a\in\{0,1\})$ , $C_{\tilde{\Delta}}$
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gives rise to astable curve $C_{(\overline{\Delta},\overline{\tau})}$ . It is clear that the substitution $y_{e}=0$ for

all $e\in\overline{E}-E$ makes $C_{(\overline{\Delta},\overline{\tau})}$ adeformation by the parameters $y_{e}(e\in E)$ of the

degenerate curve with dual graph $\overline{\Delta}$ . Therefore, by replacing the self-intersecting

projective lines which correspond to $v_{-h}(h\in T)$ with the $\nu(h)$-th marked points

on the closed fiber of $C_{(\tilde{\Delta},\overline{\tau})}$ obtained by $y_{e}=0(e\in\tilde{E}-E)$ , we have astable
$\# T$-pointed curve, which we denote by $C_{(\Delta,\tau)}$ , as adeformation by $y_{e}(e\in E)$ of
the degenerate $\# T$-pointed curve with dual graph $\Delta$ . It is seen that $\mathrm{C}(\mathrm{a},\mathrm{t})$ can
be characterized as adeformation of its closed fiber as is done in [IhN], 2.3.9,

and that the deformation can be regarded as the quotient by $\pi_{1}(\Delta)$ of the glued
scheme of pointed projective lines which is associated with the universal cover of
$\Delta$ . By the property of $\overline{\tau}$, the base ring $A_{(\Delta,\tau)}$ of $C_{(\Delta,\tau)}$ becomes the formal power
series ring of $y_{e}(e\in E)$ over the $\mathrm{Z}$-algebra which is generated by $x_{h}(h\in \mathcal{E})$ ,
$1/(x_{e}-x_{-e})(e, -e\in \mathcal{E}-T)$ and $1/(x_{h}-x_{h’})$ ( $h$ , $h’\in \mathcal{E}$ with $h\neq h’$ and $v_{h}=v_{h’}$ ),

where $\mathcal{E}=\pm E\cup T-\{\tau_{v}(\infty)|v\in V\}$ , $x_{h}=a$ for $h=\tau_{v}(a)(a\in\{0,1\})$ and $x_{h}$

are variables for the other $h\in \mathcal{E}$ .
Let $\tau$ be arigidification of an oriented stable graph $\Delta=(V, E, T)$ with num-

bering of $T$, and put
$\mathcal{E}_{\tau}=\pm E\cup T-\bigcup_{v\in V}{\rm Im}(\tau_{v})$

.

Then $x_{h}(h\in \mathcal{E}_{\tau})$ and $y_{e}(e\in E)$ give effective parameters of the moduli and
the deformation of degenerate $\# T$-pointed curves with dual graph $\Delta$ respectively.
Therefore, $(x_{h}(h\in \mathcal{E}_{\tau}), y_{e}(e\in E))$ gives asystem of formal coordinates on an
etale neighborhood of $Z_{\Delta}$ , where $Z_{\Delta}$ denotes the moduli stack of $\overline{\mathcal{M}}_{g,n}$ classifying
degenerate $\# T$-pointed curves with dual graph $\Delta$ . Furthermore, by the result
mentioned in 1.1, this system gives local coordinates on an etale neighborhood
of the complex orbifold $Z_{\Delta}(\mathrm{C})$ . In particular, if $\Delta$ is trivalent, then for any
rigidification $\tau$ of $\Delta$ , $\pm E\cup T=\bigcup_{v\in V}{\rm Im}(\tau_{v})$ , and hence $A_{(\Delta,\tau)}$ is the formal
power series ring over $\mathrm{Z}$ of variables $y_{e}(e\in E)$ .

2Comparison of deformations

Let $\Delta=(V, E, T)$ be astable graph with numbering of $T$ such that only
one vertex, which we denote by Vo, has 4branches and that the other vertices
have 3branches. Fix an orientation of $\Delta$ , and denote by $h_{1}$ , $h_{2}$ , $h_{3}$ and $h_{4}$ the
mutually different elements of $\pm E\cup T$ with terminal vertex $v_{0}$ . Then one can take
arigidification $\tau=(\tau_{v})_{v\in V}$ of $\Delta$ such that $\tau_{v_{0}}(0)=h_{2}$ , $\tau_{v0}(1)=h_{3}$ , $\tau_{v0}(\infty)=h_{4}$ ,
and hence $x=x_{h_{1}}$ gives the coordinate on $\mathrm{P}_{\mathrm{Z}}^{1}-\{0, 1, \infty\}$ . Denote by $C_{(\Delta,\tau)}$ the
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uniformized deformation given in 1.2 which is astable $\# T$-pointed curve over

$A_{(\Delta,\tau)}=\mathrm{Z}[x,$ $\frac{1}{x},$ $\frac{1}{1-x}][[y_{e}(e\in E)]]$ .

Let $\Delta’=(V’, E’,T’)$ (raaep. $\Delta’=(V’$ , $E’,T’$)) be the trivalent graph obtained
by replacing $v_{0}$ with an edge $e_{0}’$ (resp. $e_{0}’$) having two boundary vertices one
of which is aboundary of $h_{1}$ , $h_{2}$ (resp. $h_{1}$ , $h_{3}$) and another is aboundary of
$h_{3}$ , $h_{4}$ (raep. $h_{2}$ , $h_{4}$ ). Then one can identify $T’$ , $T’$ with $T$ naturally, and it is
easy to see that according as $xarrow \mathrm{O}$ (resp. $xarrow 1$), the degenerate (JT-pointed
curve corresponding to $x$ becomes the maximaly degenerate $\# T$-pointed curve
with dual graph $\Delta’$ (resp. $\Delta’$). Let $\Delta’$ (resp. $\Delta’$) without $e_{0}’$ (resp. $e_{0}’$ ) have the
orientation naturally induced ffom that of $\Delta$ , and let $h_{0}’$ (resp. $h_{0}’$) be the edge
$e_{0}’$ (resp. $e_{0}’$ ) with orientation. For $1\leq i\leq 4$ , we denote by $h_{\dot{1}}’$ (resp. $h_{\dot{1}}’$) the
oriented edge in $\Delta’$ (resp. $\Delta’$ ) corresponding to $h_{:}$ , and identify the invariant
part $E^{\mathrm{i}\mathrm{n}\mathrm{v}}=E-\{|k.| ; 1\leq i\leq 4\}$ of $E$ as that of $E’$ and of $E$ . Then as seen
in 1.2, for arigidification $\tau’$ (resp. $d’$) of $\Delta’$ (resp. $\Delta’$), we have the uniformized
deformation $C_{(\Delta’,\tau’)}$ (resp. $C_{(\Delta’,\tau’)}$) which is astable $\# T$-pointed curve over

$A_{(\Delta’,\tau’)}=\mathrm{Z}[[s_{e’}(e’\in E’)]]$ (resp. $A_{(\Delta’,\tau’)}=\mathrm{Z}[[t_{e’}(e’\in E’)]]$ ).

Then we will consider two isomorphisms of $C_{(\Delta,\tau)}$ to $C_{(\Delta’,\tau’)}$ and to $C_{(\Delta’,\tau’)}$ . By
comparing deformation parameters depending only on the conjugate classes of
the associated Schottky groups, we have the following:

Theorem 1. Put $I=\{1\leq i\leq 4|k. \in\pm E\}$ , denote by $y.\cdot$ the defor-
mation parameters associated with $k$. for $i\in I$ , and denote by $s_{j}$ (resp. $t_{j}$) the
deformation pavameters associated cnith $h_{j}’$ (resp. $h_{j}’$) for $j\in\{0\}\cup I$ . Then

(1) Over $\mathrm{Z}((x))[[y_{e}(e\in E)]]$ , $C_{(\Delta,\tau)}$ is isomorphic to $C_{(\Delta’,\tau’)}$ , where under
the isomorphism, the $var\cdot ables$ of the base rings $A_{(\Delta,\tau)}$ and $A_{(\Delta’,\tau’)}$ are related as

$\frac{x}{s_{0}},$ $\frac{y}{s_{0}s_{i}}.\cdot$ $(i\in\{1, 2\}\cap I)$ , $\frac{y_{*}}{s}.\cdot$

.
$(i\in\{3,4\}\cap I)$ , $\frac{y_{e}}{s_{e}}(e\in E^{\mathrm{i}\mathrm{n}\mathrm{v}})$

belong to $(A_{(\Delta’,\tau’)})^{\mathrm{x}}if|f4.|$ $(1\leq i\leq 4)$ $ane$ mutually different, and

$\frac{x}{s_{0}},$ $\frac{y_{1}}{S_{\dot{1}}}\cdot(i\in I)$, $\frac{y_{e}}{s_{e}}(e\in E^{\dot{\mathrm{m}}\mathrm{v}})$

belong to $(A_{(\Delta’,\tau’)})^{\mathrm{x}}if|h_{1}|=|h_{2}|$.
(2) Over $\mathrm{Z}((1-x))[[y_{e}(e\in E)]]$ , $C_{(\Delta,\tau)}$ is isomorphic to $C_{(\Delta’,\tau’)}$ , where under

the isomorphism, the variables of the base rings $A_{(\Delta,\tau)}$ and $A_{(\Delta’,\tau’)}$ are related as

$\frac{1-x}{t_{0}}$ , $\frac{y}{t_{0\dot{l}}}i$

.
$(i\in\{1,3\} \cap I)$ , $iyt_{\dot{1}}$ $(i\in\{2,4\}\cap I)$ , $\frac{y_{e}}{t_{e}}(e\in E^{\dot{\mathrm{m}}\mathrm{v}})$
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belong to $(A_{(\Delta’,\tau’)})^{\mathrm{x}}if|h_{i}|(1\leq i\leq 4)$ are mutually different,

$\frac{1-x}{t_{0}}$ , $\frac{y_{i}}{t_{0}t_{i}}(i\in\{1,2,3\}\cap I)$ , $\frac{y_{i}}{t_{\dot{l}}}(i\in\{4\}\cap I)$ , $\frac{y_{e}}{t_{e}}(e\in E^{\mathrm{i}\mathrm{n}\mathrm{v}})$

belong to $(A(\Delta^{JJ},\tau’))^{\mathrm{x}}if|h_{1}|=|h_{2}|$ , $|h_{3}|\neq|h_{4}|$ , and

$\frac{1-x}{t_{0}}$ , $\frac{y_{i}}{t_{0}t_{\dot{l}}}(i\in I)$ , $\frac{y_{e}}{t_{e}}(e\in E^{\mathrm{i}\mathrm{n}\mathrm{v}})$

belong to $(A(\Delta’,\tau’))^{\mathrm{x}}if|h_{1}|=|h_{2}|$ , $|h_{3}|=|h_{4}|$ .

Remark 1. The constant terms of the above ratios in $(A(\Delta’,\tau’))^{\mathrm{x}}$ , $(A(\Delta’,\tau’))^{\mathrm{x}}$

are clearly 11, and these signs can be easily determined ffom the data of rigidi-
fications. If $|h_{1}|=|h_{2}|$ in (2), then $y_{1}/(t_{0}t_{1})$ belongs to $\{(A(\Delta’,\tau’))^{\mathrm{x}}\}^{2}$ and hence
this constant term is 1because by Proposition 1.3 in [II], the reduced element
$\phi_{h(l)}\phi_{h(l-1)}\cdots\phi_{h(1)}$ has the multiplier in $\Pi_{i=1}^{l}yh(:)$ . $(A^{\mathrm{x}})^{2}$ if $h(1)\neq-h(l)$ .

Remark 2. Prom the result in 1.1, one can see that the assertion in (1) (resp.

(2) $)$ holds in the category of complex geometry when $x$ , $y_{e}$ and $s_{e’}$ (resp. $1-x$,
$y_{e}$ and $t_{e}\prime\prime$ ) are sufficiently small.

3Teichmiiller groupoids

Provided that $2g+n-2>0$ , denote by $\overline{\mathcal{M}}_{g,n}$ the moduli stack over $\mathrm{Z}$ clas-
sifying stable $n$-pointed curves of genus $g$ , and denote by $\mathcal{M}_{g,n}$ its open substack
classifying smooth $n$-pointed curves (cf. [DM], [K]). In this section, using the
result in \S 2 we construct an appropriate base set of the Teichm\"uller groupoid for
$\mathcal{M}_{g,n}$ as aunion of fusing moves and simple moves.

3.1. First, we construct fusing moves as tubular neighborhoods in $\mathcal{M}_{g,n}(\mathrm{R})$

of real 1-dimensional paths on the 1-dimensional locus in $\overline{\mathcal{M}}_{g,n}-\mathcal{M}_{g,n}$ which
corresponds to degenerate pointed curves with dual graphs considered in fi2. Let
$\Delta=(V, E, T)$ be astable graph considered in \S 2 such that rankz $H_{1}(\Delta, \mathrm{Z})=g$ ,
$\# T$ $=n$, and take anumbering of $T$ and arigidification $\tau$ of the graph $\Delta$ with
orientation. In particular, $V$ has only one vertex $v_{0}$ with 4branches and the
other vertices have 3branches. Then as is described in 1.2, one can construct
auniformized deformation $\mathrm{C}(\mathrm{a},\mathrm{t})$ which is astable $n$-pointed curve of genus $g$

over $A_{(\Delta,\tau)}=\mathrm{Z}[x, 1/x, 1/(1-x)][[y_{e}(e\in E)]]$ , where $x$ is the coordinate corre-
sponding to only one element of $(\pm E\cup T)-{\rm Im}(\tau_{v0})$ with terminal vertex $v_{0}$ .

Here we treat the case that all branches starting ffom $v_{0}$ are non-loop edges,
and let $\mathrm{h}\mathrm{i}$ , $h_{2}=\tau_{v\mathrm{o}}(0)$ , $h_{3}=\tau_{v\mathrm{o}}(1)$ and $h_{4}=\tau_{v\mathrm{o}}(\infty)$ denote the oriented edge
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with terminal vertex $v_{0}$ . We put $u_{0}=x$ and attach variables u.. $(1\leq i\leq G:=$

$3g+n$ -4) to edges of $\Delta$ such that

$u_{\dot{1}}$ $=\{$

$y_{h_{1}}/x(1-x)$ or $-y_{h_{1}}/x(1-x)$ $(i=1)$
$y_{h_{2}}/x$ or $-y_{h_{2}}/x$ $(i=2)$
$y_{h_{3}}/(1-x)$ or $-y_{h_{3}}/(1-x)$ $(i=3)$
$y_{h_{4}}$ or $-y_{h_{4}}$ $(i=4)$

and that $u_{\dot{1}}$ $(i\geq 5)$ are obtained by specifying one of $y_{e}$ and $-y_{e}$ for each $e\in ffl^{\mathrm{v}}$ .
Moreover, we assume that for any closed path $\rho=h(1)\cdot$ $h(2)\cdots$ $h(l)$ in $\Delta$ , the
product of the signs of these variables attached to $h(j)(1\leq j\leq l)\mathrm{i}\mathrm{s}+1$ under
regarding the sign of $y_{h_{1}}/x(1-x)$ , $y_{h_{2}}/x$, $y_{h_{3}}/(1-x)$ , $y_{h_{4}}$ , $y_{e}(e\in E^{\mathrm{i}\mathrm{n}\mathrm{v}})\mathrm{a}\mathrm{e}$ $+1$

(there are $2^{2g+n-4}$ ways of choosing such variables). Then by Theorem 1, under
$u\mathit{0}arrow \mathrm{O}$ (resp. 1), the variables $u\mathit{0}$ (resp. $1-u_{0}$) and $(\mathrm{h}.)_{1\leq:\leq G}$ are deformation
parameters over $\mathrm{Z}$ of the maximally degenerate -pointed curve $C_{0}’$ (resp. $C_{0}’$)
with dual graph $\Delta’$ (resp. $\Delta’$) given in fi2, and hence these variables give abasis
of the tangent space over $\mathrm{Z}$ at the point $P’$ (resp. $P’$) of $\overline{\mathcal{M}}_{g,n}$ corresponding to
$C_{0}’$ (resp. $C_{0}’$). In the case that there are tails or loops with boundary vertex $v_{0}$ ,
one can take appropriate variables satisfying this property by Theorem 1, and it
is easy to see that the following argument can be applicable similarly.

Denote by $(a, b)$ the open interval between two real numbers $a$ , $b$ with $a<b$.
Then for each choice of these variables $u_{\dot{1}}$ , by the result in 1.1, there exists a
(sufficiently small) positive real number $\epsilon$ such that $C_{(\Delta,\tau)}$ becomes aproper and
smooth -pointed curve over $\mathrm{R}$ for any $u_{0}\in(0,1)$ and $u:\in(0,\epsilon)(1\leq i\leq G)$ .
Hence one can define afusing move $f(\epsilon)$ as the sublocus of $\mathcal{M}_{g,n}(\mathrm{R})$ induced
from $C_{(\Delta,\tau)}$ with $u_{0}\in(0,1)$ and $u_{i}\in(0,\epsilon)(i\geq 1)$ .

3.2. Second, we construct simple moves as tubular neighborhoods in $\mathcal{M}_{g,n}(\mathrm{R})$

of real 1-dimensional paths on the 1-dimensional locus in $\overline{\mathcal{M}}_{g,n}-\mathcal{M}_{g,n}$ which
corresponds to stable pointed curves obtained by attaching elliptic curves to one
of the marked points on maximaly degenerate pointed curves. We consider a
trivalent graph $\Delta=(V, E,T)$ such that $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}H_{1}(\Delta, \mathrm{Z})=g$, $\# T$ $=n$, and take a
numbering of $T$ and arigidification $\tau$ of the graph $\Delta$ with orientation. Assume
that there is aloop in $E$, and denote this by $e_{0}$ . Then as is described in 1.2,
one can construct auniformized deformation $\mathrm{C}(\mathrm{a},\mathrm{t})$ of the maximally degenerate
n-pointed curve $C_{0}$ with dual graph $\Delta$ , which is astable $n$-pointed curve of
genus $g$ over $A_{(\Delta,\tau)}=\mathrm{Z}[[y_{e}(e\in E)]]$ . We put $u_{0}=y_{e_{\mathrm{O}}}$ and attach variables $\mathrm{h}$

.

$(1\leq i\leq G)$ to elements of $E-\{e_{0}\}$ which are obtained by specifying one of $y_{e}$

and $-y_{e}$ such that for any closed path $\rho=h(1)\cdot$ $h(2)\cdots$ $h(l)$ in $\Delta$ , the product
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of the signs of these variables attached to $h(j)(1\leq j\leq l)\mathrm{i}\mathrm{s}+1$ under regarding
the sign of each $y_{h(j)}$ as +1 (there are $2^{2g+n-3}$ ways of choosing such variables).

Fix apositive real number $r$ such that $\exp(4\pi^{2}/\log(r))<r<1$ . For each
choice of these variables $u_{i}$ , by the result in 1.1, there exists $\epsilon>0$ such that
$\mathrm{C}(\mathrm{A},\mathrm{r})$ becomes aproper and smooth $n$-pointed curves over $\mathrm{R}$ for any $u0\in(0,r)$

and $u_{\}$
. $\in(0,\epsilon)(1\leq i\leq G)$ . Hence we have an etale morphism from

$\{(u_{0}, u_{1}, \ldots, u_{G})|0<u_{0}<r, 0<u_{\dot{\iota}}<\epsilon(i\geq 1)\}$

into $\mathcal{M}_{g,n}(\mathrm{R})$ , and denote this image by $s_{1}(\epsilon)$ . Similarly, we define $s_{2}(\epsilon)$ as the
image of

$\{(u_{0}, u_{1}, \ldots, u_{G})|\exp(4\pi^{2}/\log(r))<u_{0}<1,0<u:<\epsilon$ $(i\geq 1)\}$

by the composite of the morphism obtained by replacing $u_{0}$ with $u_{0}’$ , and the trans-
formation $u_{0}\mapsto u_{0}’=\exp(4\pi^{2}/\log(u_{0}))$ which corresponds to the transformation
$\tau\mapsto-1/\mathrm{r}$ ($\tau\in \mathrm{t}\mathrm{h}\mathrm{e}$ Poincare upper half-plane) of periods of elliptic curves over
$\mathrm{C}$ because $u_{0}$ can be regarded as multiplicative periods given by $\exp(2\pi\sqrt{-1}\tau)$ .
Then we define asimple move $s(\epsilon)$ as the union $s_{1}(\epsilon)\cup s_{2}(\epsilon)$ .

3.3. From 3. 1 and 3.2, we have the subloci $f(\epsilon)$ and $s(\epsilon)$ of $\mathcal{M}_{g,n}(\mathrm{R})$ associ-
ated with each fusing move and simple move respectively. Then by Remarks 1, 2
of Theorem 1, moving graphs $\Delta$ , rigidifications $\tau$ and variables $u:$ , and taking the
union of all $f(\epsilon)$ and $s(\epsilon)$ for sufficiently small $\epsilon$ $>0$ , we obtain asublocus $\mathcal{L}$ of
$\mathcal{M}_{g,n}(\mathrm{R})$ which consists of fusing moves and simple moves. Since the above vari-
ables $u_{i}(0\leq i\leq G)$ give systems of formal coordinates over $\mathrm{Z}$ and local complex
coordinates on etale neighborhoods of points at infinity, $\mathcal{L}$ becomes $\mathcal{M}_{g,n}(\mathrm{R})$ on
the neighborhoods, and defines tangential base points. Furthermore, a4pointed
projective line degenerates maximally in three ways and these degenerations are
connected by fusing moves. From this and the consideration in 3.1 and 3.2, we
have the following:

Theorem 2. $C$ becomes a real orbifold of dimension $3g+n-3$, and for an
etale neighborhood $\pi$ : $Uarrow\overline{\mathcal{M}}_{g,n}(\mathrm{C})$ of each point at infinity comsponding to $a$

maximally degenerate pointed curve, $\pi^{-1}(\mathcal{L})\cap U=\pi^{-1}(\mathcal{M}_{g,n}(\mathrm{R}))\cap U$ decomposes
into $2^{2g+n-3}$ simply connected pieces, which are regarded as tangential base points

of the point at infinity.

As the completeness theorem in [MS] (see [HLS], [BK] for its accurate formu-
lation and proof), it is shown that the topological Teichm\"uller groupoid with base
set $\mathcal{L}$ has the following generators of four types associated with $\mathcal{M}_{0,4}$ and $\mathcal{M}_{1,1}’$ :
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fusing moves, simple moves and Dehn twists attached to loops, Dehn half-twists
attached to non-loop edges which are in the dual graphs of maximally degenerate
n-pointed curves of genus g. Furthermore, it is also shown that these generators
satisfy the relations induced ffom $\mathcal{M}_{0,5}$ and $\mathcal{M}_{1,2}$ .

4Galois action
4.1. We consider the Galois action on generators of the Teichmiiller groupoid

for $\mathcal{M}_{g,n}$ . In this subsection, we treat fusing moves, and hence let the notation
be as in fi2 and 3.1. Furthermore, assume that all branches starting from $v_{0}$ are
non-loop edges. Even in the case that there are tails or loops with boundary
vertex $v_{0}$ , using Theorem 1one can take appropriate variables $\mathrm{h}$

. to construct a
fusing move, and it is easy to see that the folowing argument can be applicable
similarly.

Let $q$ be apath in $f(\epsilon)$ obtained by moving the variable $m$ $\in(0,1)$ . Then
for each element $\sigma$ of Gal(\overline Q/Q), $\sigma(q)\cdot$ $q^{-1}$ can be regarded as an element of
the algebraic fundamental group of $\mathcal{M}_{g,n}\otimes \mathrm{z}\overline{\mathrm{Q}}$ with respect to the tangential
base point ffom $u_{0}=0$ to $u_{0}=1$ in $q$ . Hence by aresult of Oda [02], we have
$\sigma(q)\cdot$ $q^{-1}\in\hat{\Pi}g,n$

’ where $\hat{\Pi}_{g,n}$ denotes the profinite completion of the fundamental
group $\Pi_{g,n}$ of $\mathcal{M}_{g,n}(\mathrm{C})$ with respect to this tangential base point. We prepare
some notations (cf. [Ihl], [Ih2]) to describe $\sigma(q)\cdot$ $q^{-1}$ . Let $\Pi$ be the fundamental
group of $\mathcal{M}_{0,4}(\mathrm{C})=\mathrm{P}^{1}(\mathrm{C})-\{0,1, \infty\}$ with tangential base point $0\urcorner$ which
becomes afree group with generators $\alpha,\beta$ defined by positive $\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e},\mathrm{l}\mathrm{o}\mathrm{o}\mathrm{p}\mathrm{s}$ going
counterclockwise around 0, 1respectively. Let $p$ be an element of the fundamental
groupoid of $\mathrm{A}40,4(\mathrm{C})$ with tangential base point set {70, 71} which is defined by
the open interval $(0, 1)$ with orientation from 0to 1. Then $f_{\sigma}=\sigma(p)\cdot p^{-1}$ belongs
to the algebraic fundamental group of $\mathcal{M}_{0,4}$ (Sz $\overline{\mathrm{Q}}$ with tangential base point 70,
and hence $f_{\sigma}$ becomes an element $f_{\sigma}(\alpha,\beta)$ of the free profinite group generated
by $\alpha,\beta$ . Then using the above description of fusing moves and the method of
Puiseux series expansions by Anderson and Ihara (cf. [Alh], [Ihl], [Ih2]), we
have:

Theorem 3. Let the notation be as above. Then we have

$\sigma(q)\cdot q^{-1}=f_{\sigma}(\delta_{1}, \delta_{2})$ ,

where $\delta_{1}$ and $\delta_{2}$ are the Dehn trryists in $\Pi_{g,n}$ represented by $\alpha$ and $\beta$ on the $u_{0^{-}}$

pmjective line respectively, and $f_{\sigma}(\delta_{1}, \delta_{2})$ denotes the element of $\hat{\Pi}_{g,n}$ obtained
from $f_{\sigma}(\alpha,\beta)$ by the substitution $\alpha=\delta_{1}$ , $\beta=\delta_{2}$ .
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4.2. In this subsection, we treat simple moves, and hence let the notation be
as in 3.2. In particular, the trivalent graph $\Delta$ has aloop which we denote by $e_{0}$ .
Let $s$ be apath in $s(\epsilon)$ obtained by moving the variable $u_{0}\in(0,1)$ . Then for each
a $\in \mathrm{G}\mathrm{a}1(\mathrm{Q}/\mathrm{Q})$ , $\sigma(s)$ belongs to the algebraic fundamental group of $\mathcal{M}_{g,n}$ Oz $\overline{\mathrm{Q}}$

with respect to the tangential base point 4in $s$ around $u_{0}=u_{1}=\cdots=u_{G}=$

$0$ , and hence $\mathrm{a}(\mathrm{s})\in\pi_{1}(\mathcal{M}_{g,n}\otimes_{\mathrm{Z}}\overline{\mathrm{Q}},$ $\xi)=\hat{\Pi}_{g,n}$ . Let $\mathcal{M}_{1,1}’$ denote the moduli
stack classifying proper and smooth 1-pointed curves of genus 1with first-0rder
infinitesimal structure, and let $\Pi_{1,1}’$ denote the topological fundamental group of
$\mathcal{M}_{1,1}’(\mathrm{C})$ . Then we have anatural exact sequence

1 $arrow \mathrm{Z}arrow\Pi_{1,1}’arrow\Pi_{1,1}\cong SL_{2}(\mathrm{Z})arrow 1$,

where the generator 1of $\mathrm{Z}$ is sent to the Dehn twist around the marked point
with first-0rder infinitesimal structure. Furthermore, regarding the loop $e_{0}$ with
1-tail as the dual graph of the degenerate 1-pointed curve of genus 1, we have a
group homomorphism $\Pi_{1,1}’arrow\Pi_{g,n}$ which gives ahomomorphism $\rho:\hat{\Pi}_{1,1}’arrow\hat{\Pi}_{g,n}$

of profinite groups. Let $r$ be apath in $\mathcal{M}_{1,1}’(\mathrm{R})$ defined by the same way as for $s$ ,
where $u_{0}$ denotes the Tate parameter and $u_{1}$ denotes the first-0rder infinitesimal
structure on the marked point. Then $\rho(r)=s$ and $\sigma(r)\in\pi_{1}(\mathcal{M}_{1,1}’$ (&z $\overline{\mathrm{Q}}$ , $\zeta$) $=$

$\hat{\Pi}_{1,1}’$ , where $\langle$ is the tangential base point on $\mathcal{M}_{1,1}’$ around $u_{0}=u_{1}=0$. Then
using the theory of tame fundamental groups (cf. [GM]), we have the following
result which seems to be substantially obtained in [N1-3], however cannot be
found in this form:

Theorem 4. Let the notation be as above. Then we have $\sigma(s)=\rho(\sigma(r))$ .

4.3. Finally, we mention the Galois action on the other generators of the
Teichm\"uller groupoid for $\mathcal{M}_{g,n}$ . Let $\delta$ be aDehn twist or aDehn half-twist.
Then from the argument in 4.1, it is easy to show that for any $\sigma\in \mathrm{G}\mathrm{a}1(\mathrm{Q}/\mathrm{Q})$ , we
have $\sigma(\delta)=\delta^{\chi(\sigma)}$ , where $\chi:\mathrm{G}\mathrm{a}1(\overline{\mathrm{Q}}/\mathrm{Q})arrow\hat{\mathrm{Z}}^{\mathrm{x}}$ denotes the cyclotomic character.
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