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Numerical semigroups of toric type of higher dimension
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Let k be an algebraically closed field of characteristic 0 and n an integer at
least 2. We set T = G" where G,, = Spec k[X, X~'] is the multiplicative group.
Moreover, we denote by M (resp. N) the group Hom 41g.Groups(T's G,,) of characters
of T (resp. the group Hom iy Groups(Gm,T') of 1-parameter subgroups of T'). Then
we have a non-singular canonical pairing < , >: M x N — Z where Z is the
ring of intergers. We set Np = N@®zR and Mr = M@z R where R is the set
of real numbers. Let ¢ be a strongly convex rational polyhedral cone in Ng, i.e.,
there exist a finite number of vectors z; € Ng defined over the ring Q of rational
numbers such that

N’ N’
o= {Z Xizi|A; > 0,all i} = Z R, z;
i=1 i=1

and it contains no line through the origin where R, is the set of non-negative real
numbers. We set

F={r€ Mgr|<r,a>>0, allaco}

Then & N M becomes a subsemigroup of M. An n-dimensional affine toric variety
is expressed as Spec k[g N M]. Let M(6 N M) be the minimal set of generators
for the semigroup & N M. Then we can embed the affine toric variety X, =
Spec k[&N M] into the affine m-space A™ = Spec k[Y1, ..., Y] using the k-algebra
homomorphism k[Y;....,Y,] — k[& N M] which sends Y; to T where we set
M(s N M) = {by,...,by}.

Let H be a numerical semigroup, i.e., a subsemigroup of the additive semigroup
N of non-negative integers such that its complement in N is finite. We denote by
g(H) the cardinality of N\ H, which is called the genus of H. We set

¢(H) =Min{c € N | ¢+ N C H},

which is called the conductor of H. Then we get ¢(H) < 2g(H). Let M(H) be the
minimal set of generators for H. If M(H) = {a1,az,...,a}, then we set

o; = Min{a l 0a; €< Ay, .. yQi-1,0i41,--.,0] >}
fori = 1,...,l, where for any positive integers by, . .., b; we denote by < by,..., b >
the subsemigroup of N generated by by, ..., 5. Moreover, H is called a Weierstrass

semigroup if there exist a complete non-singular irreducible algebraic curve C over
k and its point P such that

H = {v € Nlthere is a rational function f on C such that (f). = vP}.
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Let A € o N N such that < r,A > > 0 for any non-zero r € 6 N M. Take a
numerical semigroup H containing the semigroup < & N M, \ >. We can define
the morpshim A’ — A™ by the k-algebera homomorphism

kYi, .-, Y] — k[Xy, ..., X]

which sends Y; to X<%*> = X} ... X" where M(H) = {a;....,a;} and < b;, A >
= 1a; + -+ + ya; for some non-negative integers v;’s. The above morphism
Al — A™ is said to be induced by A\. A numerical semigroup H is constructed
from X, and X if fIM(H) = §M(6 N M) — n + 1 and Spec k[H] is isomorphic to
the fiber product
Al X al+n—1 Spec k[é’ n M]

where | = fM(H), Spec k[5.N M] — A"~ is the embedding using M (&N M),
and A' —s A"*"-1is the morphism induced by A. In this case we also call H a
numerical semigroup of (n-dimensional ) toric type. Then we can show that H is
Weierstrass (see Komeda [2]). Here we pose the following problem :

Problem 1. Let X, be an affine toric variety. Give a numerical semigroup H
which is constructed from X, and some A € s N N.

In the case where X, is 2-dimensional we get the following :

Fact 2. Let X, be a 2-dimensional affine toric variety. Then o is expreesed as
o = R4(1,0) + Ry (a,b) where a and b are integers with b > 0 and (a, b) = 1.
If b = 1, then we may assume that a = 0. If b > 1, then we may assume that
0 < a <b. The above cone o is denoted by 7, ;. If a < 9, we can give a numerical
semigroup H,; which is constructed from X, , and A = (a?, (a—1)b) (see Komeda

3])-

We would like to consider Problem 1 in a higher dimensional case. This paper
is aimed at the following :

Aim 3. For any n > 3 we give a numerical semigroup H of n-dimensional toric
type. Namely, we find an n-dimensional affine toric variety X, such that there
exists a numerical semigroup H which is constructed from X, and some X € oNN.

Example 4. Consider the 4-dimensional cone
o =R4(1,0,0,0) + R,(0,0,0,1) + R, (1,0,1,0) + R,(0,1,1,0) + R4(0,1,0,1).

Let X, = Spec k[& N M] be the 4-dimensional affine toric variety associated to o.
We note that

&N M =< (1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1), (1,1,-1,0), (0, -1,1,1) > .

Let H be a numerical semigroup with M(H) = {a1,a3,a3}. Assume that
c(H) < 29(H), i.e., H is non-symmetric. Then we have

Q181 = Q202 + 1303, 0203 = Q2101 + Q3a3, 0303 = a310) + Q3209
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where 0 < o;; < aj, oy = ag; +az;, a2 = a;pz+ax and a3 = a3+ ay; (see Herzog
[1]). Take A = (asia1, a2101, 0120z, a32a3) € 0 N N. Then we can show that the
numerical semigroup H is of 4-dimensional toric type which is constructed from

X, and .

We can generalize the above cone to an n-dimensional cone o such that there
exists a numerical semigroup which is constructed from X, and some A € s N N.

Proposition 5. Let n > 4. For anyi with1 <1 < nlet e be the vector in R™
whose j-th component is §;; where &;; is Kronecker symbol. We set

o =Riei+Y Ryei+Ry(1,0,1,0,...,0)+R4(0,1,1,0,...,00+R4(0,1,0,1,...,1).

i=4
Consider the n-dimensional affine toric variety X, = Spec k[sNM]. We note that
sNM=<e (1<i<n), (1,1,-1,0,...,0), e_23; (4 <j<n)>

where e_z3; is the vector in R™ whose second component is —1, third and j-

th components are 1, and the other components are 0. Let H, be a numerical
semigroup with

M(H,) ={ai=n,aa=n+1l,a3=2n+3,a4=2n+4,...,an1 =2n+n—1}.
Then we have relations |
a1a; = 4a; = az + a,-1, Qa3 = 3a; = a; + a3, azaz = 2a3 = 2a; + ay,
aja; =2a; = a;_1 + aiy1 (4 <1 <N —2), ap_18n1 = 2ap-1 =301 + Gn_2.

Take A = (3ay,a1,a2,2a3,a3,04, .. .,0n_3,0n-2). Then A € N N. We can show
that the numerical semigroup H, is of n-dimensional toric type which is constructed

from X, and A.
A desired 3-dimensional affine toric variety is given by the following :

Example 6. Let 0y, = Ry4(1,0,0) + Ry(0,1,0) + R;(1,1,2). Consider the
3-dimensional affine toric variety X, = Spec k[& N M]. We note that

FNM =<(1,0,0),(0,1,0),(0,0,1),(2,0,-1),(1,1,-1),(0,2, 1) >.
For any m € N with m > 1, let H be a numerical semigroup with
M(H) ={a; =4,a2 =4m+ 1,a3 =4m + 3, a4 = 4m + 2}.
Then we have relations '
a1a; = (2m + 1)a; = a3 + a3, aza; = 2a; = ma; + a4

Q3d3z — 2(13 = (m + 1)(11 + a4, 0404 = 20,4 = aj + as.
Take A = (4m + 1,4m + 3,4m + 2). Then A € 0 N N. We can show that the

numerical semigroup H is of 3-dimensional toric type which is constructed from

Xo1,, and A
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