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Abstract

We prove that if d-generic saturated pseudoplane is strictly stable,
then the algebraic closure of a finite set is finite.

1 Generic structures

Let L be a finite relational language and K a class of finite L-structures closed
under isomorphism and substructures. For any A,B € K with AC Blet A< B
be a reflexive and transitive relation which is invariant under 1somorph1sm In
what follows, K satisfies the following set of axioms.

Axiom 1.1 (A1) ACBCCEe€K and A< C implies A < B;
(A2) @ < A for any A € K;; :

(A3) A< BE€eK andXCBlmpl1esAﬂX<X

(A4) There are no infinite chains A; C Az C ... such that, for each i < w,
A; € K, A; £ Aiy1 and any proper non-empty subset X of A;j41 — A; satlsﬁes
Ai < A X

For an infinite L-structure M satisfying A € K for any finite ACM , define
A< M if A< B for all finite B with AC BC M.

Note 1.2 Let M satisfy A € K for all finite A C M. By (All)'v—(A4‘)l, for a
finite B C M there is a unique smallest superset B* of B with B* < M. Such
a B* is called the closure of B in M. (in symbol clp(B)).

Definition 1.3 Let (K, <) satisfy (A1)-(A4). A structure M is said to be
(K, <)-generic, if
(i) If A is a finite substructure of M then A € K.
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(i) If A< M and A < B € K then there is an A-embedding f : B & M with
f(B) < M. (An A-embedding is an embedding fixing A pointwise.)

Whenever we consider a (K, <)-generic structure, (K,<) is supposed to
satisfy the above conditions (A1)-(A4). However, even if (K, <) satisfies (A1)~
(A4), then a (K, <)-generic structure does not necessarily exist.

Definition 1.4 (K, <) is said to have the amalgamation property if for any
A< Be€K and AL C € K thereis D € K such that f(B) < D and g(C) < D
for some A-embeddings f: B— D and g: C — D.

Fact 1.5([1],[2],[5]) If (K,<) has the amalgamation property, then there
exists a unique (K, <)-generic structure.

2 Theorem and Proof

Let L be a language of bipartite graphs: L = {P,Q, R} where P,Q are unary
predicates and R C P x Q. Let o be a real number. Then

e For a finite L-structure A, d,(A) = |PA| + |Q4| — a|RA|.

e Ko ={A: Ais a finite L-structure, VB C A[é,(B) > 0]}.

e For AC B € K,, A < Bisdefined by §,(X A) > 8,(A) for any X C B-A.
Note 2.1 It is easily checked that (K,, <) satifies (A1)-(A3).

D_eﬁhition 2.2 We say that a bipartite graph M is d-generic, if M is (K, <)-
generic for some a and K C K,.

Our goal is to show the following theorem.

Theorem Let M be a §-generic saturated pseudoplane. If M is strictly stable,
then the algebraic closure of any finite set is finite.

To prove this theorem, we need some preparations.

In what follows, we assume that K C K, satisfies the amalgamation prop-
erty, and that M is a (K, <)-generic saturated pseudoplane.

Note 2.3([1],[5]) If a is a positive rational number, then Th(M) is w-stable.



Definition 2.4 Let AB be a finite bipartite graph. Then

(i) A pair (B, A) is said to be normal, if A< AB€ K and ANB = 0.

(ii) A normal pair (B, A) is said to be small, if there are no normal pairs (D, C)
such that A C C,B C D and §(D/C) < §(B/C).

(iii) A normal pair (B, A) is said to be minimal, if there are no non-empty
proper subsets C' of B with AC < AB.

To simplify our notation, we denote R(z,y) V R(y,z) by S(z,y). For any
elements e, a,b of a bipartite graph we say a pair (e,ab) is special, if S(e,a) A
S(e,d) holds.

Note 2.5 Suppose that a (K, <)-generic bipartite graph is a psuedoplane.
Let A be a finite bipartite graph with no loops, i.e., for each n > 2 there do
not exist dintinct ay, as, ..., a, € A with S(ay,az), ((12, as),..., S(an-1,a,) and
S(an,a1). Then we can see that A € K. (The proof is by mductlon )

Lemma 2.6 o <1.

Proof Suppose by way of contradiction that a > 1. By genericity there is
a € M with a < M. Then there are no element b € M with S(b,a). (If not,
then d(b/a) = 1 — a < 0. This contradicts a < M.) But this contradicts the
definition of pseudoplanes. ’ ’

Lemma 2.7 %— < .

Proof Suppose by way of contradiction that o < 313- Let abcd be an L-structure
with the relations S(d, a), S(d,b), S(d,c). By 2.5, we have abed € K. By a < %
we have d(d/abc) > 0, and so abc < abed. By amalgamation property, we can
inductively construct a sequence {e; };<, such that (i) S(e;, a), S(e;, b),~S(e;, ¢)
for each ¢ < w, and (ii) abcde;...e; € K for each i < w. In particular we have
S(ei,a) A S(e;,b) for each i < w. This contradicts the definition of psuedoplane.

Lemma
n>2. Then a special pair is not small.

2n+1 , where

Proof Let aybiasbs...anbncd be a finite L-structure with the relations S(ay, ),
(an:d) {S(aub )}:— 1,...n and {S(ana:+l)}r—1 ,n=-1- Let A= {at}1= 1,...,n and

B = {b;}i=1,...n. By 2. 5 we have ABcd € K.

Claim 1: Bed < ABcd.

Proof: Take any X C A. It is easﬂy seen that if X # A then §(X /Bcd) >

|X| = 2|X|a. So, by a < 325 <1we have §(X/Bed) > 0. If X = A then

(X/Bced) = n-— (2n + l)a >n— (Zn + 1)5:%7 = 0. Hence Bed < ABcd.
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Claim 2: §(ay/Bcd) > §(A/Bcd). .
Proof: §(A/Bcd)—4(a1/Bed) = (n—1)—(2n—1)a < (n—1)—(2n—1)2=% = 0.

By claim 1,2, special pair (a1,b;¢) is not smali. This completes the proof of
this lemma.

Note 2.9 Let X ={a—ba:a,b <w,a—ba>0}. Then inf X = 0.

Lemma 2.10 Let a be an irrational number with o > % Then any minimal
pair is not small.

Proof Let (B, A) be a minimal pair with (B/A) = m — na. By 2.9, there are
P,q < w such that m < p,n < ¢ and 0 < p— ga < m — na. To show that (B, A)
is not small, it is enough to see that there is a normal pair (D, C) such that
ACC,BCDand é§(D/C)=p—gqa. Pick aelement b € B. Let k =p—m
and take by,bs, ..., b with the relations S(bg,b;),S(b1,d2),...,S(bk—1,0x). Let
l = ¢—n and take a,, ay, ..., aj— with the relations S(a;, b;) for 1 < i < I[—k. Let
C = Aajay...ai_x and D = Bb;b,...b;. By 2.5, CD € K. On the other hand,
§(D/C)=46(B/A)+k—(k+l—k)a=(m+k)—(n+l)a = p—ga. Also we can
see that C < CD. (It can be shown as follows: Take any X C D — C and let
Xc = XNC and Xp = XN(D-C). Then §(X/C) = 6(Xp/C)+6(Xp/CXp) =
6(Xp/A)+8(Xp/CXp). Note that B > A and a > ;. Hence §(X/C) > 0.) It
follows that (D, C) is normal.

Lemma 2.11 If « is irrational, then any minimal pair is not small.

Proof By 2.6 and 2.7, we have a € (3,1]. If @ > 1, then any minimal pair

is not small by 2.10. If @ < 3, then there is n < w with a € (%‘:ll-, Z:T]’ and

therefore any minimal pair is not small, by 2.8.

Lemma 2.12 Let A < AB < M. Let (B, A) be a minimal pair. If tp(B/A)
is algebraic, then (B, A) is small.

Proof Suppose by way of contradiction that (B, A) is not small. Then there
is a normal pair (D, C) such that A C C,B C D and §(D/C) < §(B/C). By
minimality of (B, A) we can assume that (D, C) is minimal.

Claim 1: There is a sequence (B;)i<, with the following conditions:

(i) B; =cB,...B;-, B for any i < w;

(ii)) CBy...B;,CBy...B;_1 D < CBy...B;D € K for any i < w;

(iii) D, By, By, B3, ... are pairwise disjoint.

Proof of Claim: We prove by induction. Suppose (B;)i<n has constructed.
By (ii), we have CBy...B, < CBy...B,D € K, and therefore CB,...B, <
CBy...B,B € K. So, by amalgamation property, we can take B,;; so that
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Bn+1 =¢B,...B, B and CBy...B, D, CB()...Ban+1 < CBO...Ban+1D € K.
Thus B4 satisfies (i) and (ii). For (iii) it is enough to show that B,4; N
D = 0. Suppose that D' = B,41 N D # 0. We have had CBy...ByBpy1 <
CBy...BpBn41D,s0 CD' < CD. Note that D’ # D. This contradicts minimal-
ity of (D,C). Hence B,41; N D =§. (End of Proof of Claim 1)

Claim 2: AB,AB; < ABy...B;B for j <i<w

Proof: We prove by induction on i. By (ii) of claim 1, ABy...B;B < ABy...B;4+1B.

By induction hypothesis, we have AB,AB; < ABy...B;B for j < i. Hence
AB,AB; < ABy...Bj41B for j < i. So, it is enough to show that AB;4; <
ABy...B;;1B. By induction hypothesis, we have AB < ABy...B;B. By (i)
of claim 1, we have AB;,; < ABy...Bi41. By (ii) of claim 1, ABy...B;j4; <
ABy...B;+1B. Hence we have AB;;1 < ABy...Bi+1B. (End of Proof of Claim
2)

We show that tp(B/A) is non-algebraic. Fix any n < w. By claim 2,
there are B}’s such that Bj...B;, =ap Bo...B, and AB < ABB;...B;, < M.
Again, by claim 2, AB! < ABBj...B;, < M for all i < n. Therefore we have
tp(B! /A) = tp(B/A). By (iii) of claim 1, B}’s are pairwise disjoint. Hence
tp(B/A) is not algebraic.

Lemma 2.13 If « is irrational, then acl(X) = cl(X) for any finite subset X
of M.

Proof Take any finite subset X of M. Then cl(X) C acl(X) is clear. We
show acl(X) C cl(X). If not, there is a € acl(X) — cl(X). Let A = cl(X) and
B = cl(aX). Take a maximal chain {B;}i<w Wwith A= By < B; <..< B, =B.
Then, for each i < w, (Bi4+1 — Bi, B;) is minimal and A < AB; < M. By 2.11,
they are not small, and so tp(B;+1/B;) is not algebraic. In particular we have
B ¢ acl(A) = acl(X). A contradiction.

Proof of Theorem Let M be a (K, <)-generic saturated pseudoplane for
some K C K,. Suppose that M is strictly stable. By 2.3, a is irrational. By
2.13, acl(X) = cl(X) for any finite X C M. Note that cl(X) is finite by (A4) of
Axiom 1.1. Hence acl(X) is finite.

Question Are 4-generic pseudoplanes w-categorical?
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