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1. INTRODUCTION

In this note, we show the method of visualizing the set of all orbits of fractal
geometric dynamical systems. It is well known that afractal geometric dynamical
system defined on $\mathbb{R}^{2}$ can be exactly characterized by asystem of contractive affine
transformations on $\mathbb{R}^{2}$ and by aproduction rule which represents the sequential
evolution of orbits. It is quite natural that if we exchange another production
rule for the previously given rule without changing the previously given system
of contractive affine transformations, we can construct another fractal geometric
dynamical system.

In general, for agiven fractal geometric dynamical system, acertain fractal geo
metric dynamical system is called the enveloping dynamical system, if the set of all
orbits corresponding to this system, on condition that the contractive affine trans-
formation system is the same one as previously given, and the previously given
system can be topologically embedded into this system. Especially, if the envelop-
ing dynamical system is exactly equal to the previously given system, then this
system is said to be saturated. Moreover, if affactal geometric dynamical system
can be represented as adisjoint union of several saturated fractal geometric subdy-
namical systems, then this system is said to be decomposable and these saturated
subdynamical systems are called the components of this system. It is easy to prove
that decomposable fractal geometric dynamical systems are nonsaturated, but as
we see later, not all nonsaturated fractal geometric dynamical systems are decom-
posable. It is well known that the topological structure of saturated systems are
more simple than that of nonsaturated ones.

Let $k$ be apositive integer and let $\mathcal{M}_{k}$ be the set of all positive integers which
are less than $k+1$ . $f_{1}$ , $\ldots$ , $f_{k}$ denote contraction mappings whose contraction
coefficients are $r_{1}$ , $\ldots$ , $r_{k}$ , respectively. Then, it is known that there uniquely exists
acompact subset $K$ of $X$ satisfying

$K=f_{1}(K)\cup\cdots\cup f_{k}(K)$ .

Here, we assume that the intersection of $f_{i}(K)$ and $f_{j}(K)$ is empty if $i\neq j$ holds.
Let $\phi_{0}$ be the mapping on $K$ with values in $\mathcal{M}_{k}$ defined as

$x\in f_{\phi \mathrm{o}(x)}(K)$ , $x\in K$ .
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For any positive integer $n$ , let $\phi_{n}$ be the mapping on $K$ with values in $\mathcal{M}_{k}$ defined
as

$x\in f_{\phi_{n}(x)}(f_{\phi_{n-1}(x)}(\ldots f_{\phi \mathrm{o}(x)}(K)\ldots))$ , $x\in K$ ,

inductively. Then, the address mapping (I) on $K$ with values in $\mathcal{M}_{k}^{\mathrm{N}}$ is defined as
$\Phi(x)=\{\phi_{n}(x)\}_{n=0}^{\infty}$ , $x\in K$ .

Here, $\Phi(x)$ is called the address of $x$ and it is clear that 4is injective. Since $K$ is
asubset of $X$ , $K$ can be equipped with the relative topology induced by $(X,d)$ . It
is clear that the relative topology over $K$ is equal to Tychonoff’s product topology
over $\mathcal{M}_{k}^{\mathrm{N}}$ . Let $D$ be acompact subset of $K$ and let $T$ be amapping on $D$ with values
in $D$ . Then $(D, T)$ is called afractal geometric dynamical system if $T$ satisfies the
following condition:

$\phi_{n+1}(x)=\phi_{n}(Tx)$ , $x\in D$ , $n\in \mathrm{N}$ .

2. Examples

In this section, we present two types of examples showing graphical relations
between afractal geometric dynamical system and the corresponding enveloping
dynamical system. More exactly speaking, the first example shows anonsaturated
fractal geometric dynamical system which is not decomposable. The second exam-
ple shows adecomposable fractal geometric dynamical system satisfying that the
total number of all corresponding components is equal to two.

Example 1. Let $f_{1}$ , $f_{2}$ , $f_{3}$ , $f_{4}$ and $f_{5}$ be the five affine transformations on $\mathbb{R}^{2}$ with
values in $\mathbb{R}^{2}$ which are defined as

$f_{1}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.3 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.350.35\end{array}\}$ ,

$f_{2}$ : $\mathrm{E}1$ 0.3 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.350.35\end{array}\}$ ,

$f_{3}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.3 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.35-0.35\end{array}\}$ ,

$f_{4}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.3 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.35-0.35\end{array}\}$ ,

$f_{5}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.3 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}00\end{array}\}$ ,

respectively, and let $D_{125}$ , D235 D345 and $D_{415}$ be the compact subsets which are
defined as

$D_{125}$ $=$ $f_{1}(D_{125})\cup f_{2}(D_{125})\cup f_{5}(D_{125})$ ,
D235 $=$ $\mathrm{f}2(\mathrm{D}125)\cup f_{3}(D_{235})\cup f_{5}(D_{235})$ ,

D345 $=$ $f_{3}$ (D345) $\cup f_{4}(D_{345})\cup f_{5}$(D345),
$D_{415}$ $=$ $f_{4}(D_{415})\cup f_{1}(D_{415})\cup f_{5}(D_{415})$ ,

respectively. Then, the set of all orbits of the fractal geometric dynamical system
constructed from the above production rule, which is denoted by $D_{125}\cup D235$ $\cup$

$D_{345}\cup D_{415}$ , can be illustrated with FIGURE 1.
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FIGURE 1

Let $K_{12345}$ be the compact subsets which is defined as

$K_{12345}=f_{1}(K_{12345})\cup f_{2}(K_{12345})\cup f\mathrm{s}(K_{12345})\cup f_{4}(K_{12345})\cup f_{5}(K_{12345})$.

Then the set of all orbits of the fractal geometric dynamical system constructed
from the above production rule, which is equal to #12345, can be illustrated with
FIGURE 2.
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Here $K_{12345}$ is equal to the enveloping dynamical system of $D_{125}\cup D_{235}\cup D_{345}\cup$

D415. The total number of all components of $K_{12345}$ is equal to one.
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Example 2. Let $g_{1}$ , $g_{2}$ , $g_{3},g_{4},g_{5}$ and $g_{6}$ be the six affine transformations on $\mathbb{R}^{2}$

with values in $\mathbb{R}^{2}$ which are defined as

$g_{1}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.45 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}00\end{array}\}$ ,

$g_{2}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.45 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}00.55\end{array}\}$ ,

$g_{3}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.45 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.550\end{array}\}$ ,

$g_{4}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.45 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.50.5\end{array}\}$ ,

$g_{5}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.45 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.5-0.05\end{array}\}$ ,

$g_{6}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.45 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.050.5\end{array}\}$ ,

respectively, and let $E_{123}$ and $E_{456}$ be the compact subsets which are defined as

$E_{123}$ $=$ $g_{1}(E_{123})\cup g_{2}(E_{123})\cup g_{3}(E_{123})$ ,
$E_{456}$ $=$ $g_{4}(E_{456})\cup g_{5}(E_{456})\cup g_{6}(E_{456})$ ,

respectively. Then the sets of all orbits of the fractal geometric dynamical system
constructed from the above production rule, which is denoted by $E_{123}\cup E_{456}$ , can
be illustrated with FIGURE 3. Since $E_{123}$ and $E_{456}$ are saturated and $E_{123}\cap E_{456}$

is empty, $E_{123}\cup E_{456}$ is decomposable.
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Let $h_{1}$ , $h_{2}$ , $h_{3}$ , $h_{4}$ , $h_{5}$ and $h_{6}$ be the six affine transformations on $\mathbb{R}^{2}$ with values
in $\mathbb{R}^{2}$ which are defined as

$h_{1}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.2 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.30\end{array}\}$ ,

$h_{2}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.2 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.30.5\end{array}\}$ ,

$h_{3}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.2 $\{\begin{array}{ll}1 00 1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}0.80\end{array}\}$ ,

$h_{4}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.2 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.30\end{array}\}$ ,

$h_{5}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ – 0.2 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.3-0.5\end{array}\}$ ,

$h_{6}$ : $\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $\mapsto$ 0.2 $\{\begin{array}{ll}-1 00 -1\end{array}\}\{\begin{array}{l}x_{1}x_{2}\end{array}\}$ $+$ $\{\begin{array}{l}-0.80\end{array}\}$ ,

respectively, and let $F_{123}$ and $F_{456}$ be the compact subsets which are defined as
$F_{123}$ $=$ $h_{1}(F_{123})\cup h_{2}(F_{123})\cup h_{3}(F_{123})$ ,
$F_{456}$ $=$ $h_{4}(F_{456})\cup h_{5}(F_{456})\cup h_{6}(F_{456})$ ,

respectively. Then the sets of all orbits of the fractal geometric dynamical system
constructed from the above production rule, which is denoted by $F_{123}\cup F_{456}$ , can
be illustrated with FIGURE 4. Since $F_{123}\cup F_{456}$ is homeomorphic to $E_{123}\cup \mathrm{F}456$ ,
$F_{123}\cup F_{456}$ is also decomposable.
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Let $L_{123456}$ be the compact subsets which is defined as

$L_{123456}=\cup^{6}h_{i}(L_{123456})$ .
$i=1$

Then, the set of all orbits of the fractal geometric dynamical system constructed
from the above production rule, which is equal to $L_{123456}$ , can be illustrated with
FIGURE 5.

Here $L_{123456}$ is equal to the enveloping dynamical system of $F_{123}\cup F_{456}$ . The
total number of all components of $F_{123}\cup F_{456}$ is equal to two
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