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SPRINGER CORRESPONDENCE FOR DISCONNECTED REDUCTIVE
GROUPS

KARINE SORLIN

ABSTRACT. The Springer correspondence is a map from the set of unipotent conjugacy
classes of a reductive algebraic group to the set of irreducible complex characters of the
Weyl group. This paper gives a résumé of the construction of the Springer correspon-
dence for disconnected reductive groups of the form G.(o) when o is a quasi-semi-simple
unipotent automorphism of G and more precisely for the connected component Go. This
correspondence is then described for GL(n)o in characteristiq 2 when ¢ is an automor-

phism of order 2.

INTRODUCTION

Disconnected algebraic reductive groups naturally appear as extensions of connected
reductive groups by an automorphism. Such groups were used by G. Malle to solve the
Inverse Galois Problem in [10]. In this paper, we consider a disconnected reductive alge-
braic group of the form G.{o), where G is a connected reductive group over an algebraic
closed field of characteristic p > 0 and o is a unipotent quasi-semi-simple automorphism
of G. An automorphism o of G is said to be quasi-semi-simple if there is a o-stable pair
(T, B), where T is a maximal torus included in a Borel subgroup B of G. If G = GL(n),
the subgroup B of upper triangular matrices is a Borel subgroup of G and the subgroup
of diagonal matrices is a maximal torus of G included in B. We then consider the auto-
morphism ¢ of G defined by A — J!A~1J~1 where J is the matrix

1

1

Then o stabilises both T' and B, so it is quasi-semi-simple.

The subject of this paper is the Springer correspbndence for the disconnected group
G.{o) and more precisely for the connected component Go.

In the connected case, the Springer correspondence has been studied from many dif-
ferent points of view. It is easely described in the case of GL(n). The Weyl group of
GL(n) is isomorphic to the symmetric group S, and irreducible representations of S, are
parametrized by partitions of n. But unipotent conjugacy classes of GL(n) are also para-
metrized by partitions of n thanks to Jordan’s normal form of matrices. The Springer
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correspondence is then the induced bijection from the set of unipotent conjugacy classes
of GL(n) to the set of irreducible representations of Sy.

The Springer correspondence for a connected reductive group G is not a bijection in
general. It is an injection from the set of irreducible representations of the Weyl group of
G to the set of pairs (u, py), where u is a representative of a unipotent G-conjugacy class
in G and p is an irreducible representation of Ag(u) = Zg(u)/Zc(u)?, where Zg(u) is the
centralizer of v in G.

Let us now consider the case of Go when o is a unipotent quasi-semi-simple auto-
morphism of G. The Springer correspondence is then a map from the set of irreducible
representations of the subgroup W(G)? of o-fixed elements of the Weyl group W(G) of
G to the set of pairs (uo, py,), where uo is a representative of a unipotent G-conjugacy
class in Go and py, is an irreducible representation of Ag(uo) = Zg(uo)/Zg(uo)?, where
Zc(uo) is the centralizer of uo in G. This correspondence induces an injective map from
the set of unipotent conjugacy classes in Go to the set of irreducible representations of
W(G)?. We will call this injection the restricted Springer correspondence.

In the first section of this paper, we give some main results from {17] and (3] about
quasi-semi-simple automdrphisms of a connected reductive group. The second section is
a summary of the construction of the Springer correspondence for Go with ¢ unipotent
quasi-semi-simple, which was done in [14] and [15]. In the third section, we state two
properties of the correspondence which were proved in [15] and which were used in [12]
to calculate the restricted Springer correspondence for any reductive group G.(c) when o
is unipotent quasi-semi-simple and when the connected components of G are of classical
type. FoHowing [12], this restrictive Springer correspondence is described in section 4 for
GL(n)o in characteristic 2, when o is a quasi-semi-simple automorphism of order 2 of
GL(n). '

1. CONNECTED REDUCTIVE GROUPS WITH A QUASI-SEMI-SIMPLE AUTOMORPHISM

Theorem 1.1 ([17] 9.4, [3] Theorem 1.8, (i)). If G is a connected reductive group and
o a quasi-semi-simple automorphism of G, then the group G° of o-fized points of G is

reductive.

We consider a connected reductive group G endowed with a quasi-semi-simple auto-
morphism o. We fix a pair T C B, where T is a o-stable maximal torus of G included
in a o-stable Borel subgroup B. We denote by U the unipotent radical of B, by ® the
set of roots of G relative to T and by II the basis of simple roots relative to (T, B). For
any o € ® we fix an automorphism z, : K* — U, where U, is the unipotent subgroup
corresponding to a.

The automorphism ¢ induces an automorphism of ® which stabilizes II.
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Definition 1.2. Let a be in ®. If i is the order of the o-orbit of a, then, ¢* induces an
automorphism of U,. We define C, o € k™ by:

0 (za(N) = 2a(Cra))
Example 1.3. Let us consider the case of G = GL(4), when o is defined by

0001
0010
o:A€GL4) - JLA-1J! with J =
0100
1000

We denote by T the set of diagonal matrices, and by B the set of upper triangular
matrices. Then the simple roots of G relative to (T, B) are the a; : t = t;41/t; for i €
{1,2,3}, where t = diag(t1,t2,13,14). An easy matrices computation gives: o(Zq,())) =
Tas (=), 0(Tay (A)) = Tay(—A) and 0(Tay (X)) = Ta, (—A). Hence, we have two o-orbits of
simple roots: {a;, a3} and {a2}.

Let us calculate the coefficients C; o for both orbits.

The coefficient C, o, is defined by 02(zq, () = Za,(Co,a;A), 50 We get Coay = 1.

The coefficient Cj 4, is defined by 0(Ta, () = Zay(Co,a,A), 50 We get Cp o, = —1.

Theorem 1.4 ([17] 8.2, [3] Theorem 1.8, (v)). There is a natural surjection between the

set of o-orbits such that:

(%) Cya = £1 where — 1 is allowed only if there are (, B € ® in the o-orbit of a
such that B+ (' € @,

onto the set of roots of (G%)° relative to (T7)°.
This is a bijection and any Cy o is equal to 1 except in the case when the Dynkin diagram
of G has k components of type Az, which are permuted by o.

Theorem 1.5 ([3] Theorem 1.15, [4] Proposition 2.1). A quasi-semi-simple automorphism
o of G is said to be quasi-central if one of the following equivalent properties is ber‘iﬁed:

1) If o' is a quasi-semi-simple automorphism of G such that o' = ooad(g), where g € G,
then dim(G°)° > dim(G*')°.

2) The map B — BN (G°)° defines an isomorphism from the variety B(G°)° of Borel
subgroups of (G°)° to the variety BS of o-stable Borel subgroups of G.

3) Let W(G) be the Weyl group of G. Then, the group W(G)° of o-fized points of W(G)
is isomorphic to the Weyl group of (G°)°. '

4) There is a o-stable pair T C B where T is a mazimal torus and B a Borel subgroup
of G such that the condition (x) of Theorem 1.4 is true for any simple root a of G relative
to (T, B).

4’) Property 4) is true for any o-stable pair (T, B).

Example 1.6. With the same hypotheses as in Example 1.3 and in characteristic different

from 2, o is not quasi-central.
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We still consider G = GL(4) but now o is defined by o : A € GL(4) — J'A™1J~1 with

0 0 01

0 0 10
J =

0 -100

-10 00

In this case, we still have two o-orbits of simple roots {a1,a3} and {az}, but now we

have Cyq, = Cpa, = 1. So, by Theorem 1.5, we can conclude that o is quasi-central.

Proposition 1.7 ([3] Corollary 1.33). If o is unipotent and quasi-semi-simple then G° is
connected and o is quasi-central.

2. SPRINGER CORRESPONDENCE FOR G.0

In this section, o is supposed to be unipotent and quasi-semi-simple.

The Springer correspondence for Go is then a map from the set of irreducible represen-
tations of the subgroup W (G)® of o-fixed elements of the Weyl group W(G) of G to the
set of pairs (u0, pyo ), where uo is a representative of a unipotent G-conjugacy. class in Go
‘and py, is an irreducible representation of Ag(uo) = Zg(uo)/ Zc(uo)?, where we denote
by Zg(uo) the centralizer of uo in G. The construction of this Springer correspondence is
described in this section. The method used here was inspired by that used by G. Lusztig
for the connected case in [7] and is based on the theory of perverse sheaves.

We fix a pair T C B where T is a o-stable maximal torus of G included in a o-stable
Borel subgroup B.

2.1. Springer representation of W(G)° from Go. Let j : (Go)reg — Go be the open
dense subset of quasi-semi-simple regular elements of Go. A element of Go is said to be
regular if the dimension of its centralizer in G is minimal in Go. We denote by (To)reg
the intersection of (Go)req With To.

Let us consider the following variety:

(G0)reg = {(9.0,2T) € Go x (G/T)|z7(9.0)x € (T0)req)-

Let Tyeq : (G0)reg = (G0)req be defined by (go, hT) — go. Then, the morphism myeg is
an unramified covering with Galois group W (G)? for the action of W(G)” on (Go)reg 0N
the right defined by w : (9.0, zT) — (g.0,zwT) and for the trivial action on (Go)req-

Hence we get an action of W(G)? on the local system 7¢g4Q; on (Go)req and, by func-
toriality of ji,[dim(G)], an action of W(G)? on the perverse sheaf K := GixTreqe@Qy[dim(G)]
on Go which is called Springer representation of W(G)° with reference to the con-
nected case (for the properties and definition of perverse sheaves and the intermediate
extension ji, B for a perverse sheaf B, see [1] or [6]).

Now there is a second definition of the perverse sheaf K. Let us consider the following
variety:'

Go = {(g.0,zB) € Go x (G/B)|z"'(g9.0)z € Bo},
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and let 7 : Go — Go be the projection on the first factor. We then get an isomorphism
K ~ 7.Q,[dim(G)]
in the category of perverse sheaves on Go.

2.2. How the Springer representation induces the regular representation of
W (G)°. The action of W(G)° on K ~ 7,Q,[dim(G)] constructed above induces an action
of W(G)° on H'(BS,,Q;) =~ Hj,(n.Q,) for any go € Go, where we denote by BS, the
variety of Borel subgroups of G which are stable by conjugation under go. In particular,
we get an action of W (G)? on H*(BE¢,Q;) which is the regular representation of W (G)°.

There is a similar result in the connected case but it is proved using the theory of Lie
algebras. So this proof cannot be generalized to disconnected groups. The method which
was used in [14] and [15] was to compare the connected component Go with the group G°
of o-fixed points of G which is, as o is unipotent quasi-semi-simple, a connected reductive
group (Proposition 1.7).

We can apply to G? the construction of the Springer representation for a connected
reductive group described in [13] (section 4). Then we get an action of the Weyl group
W(G?) of G° on H*(B¢°,Q;), where B¢’ is the variety of Borel subgroups of G°. We will
call this representation the Springer representation from G°. '

Now, as o is unipotent quasi-semi-simple, we have W (G?) ~ W(G)? and BS ~ BS°
(Theorem 1.5). Hence, we get two Springer representations of W(G)? on H*(BS,Q),), one
from Go and one from G?. We are then reduced to proving the following proposition:

Proposition 2.1. The Springer representation of W(G)° on H*(BS,Q,;) from Go and

that from G? coincide.

This proposition was proved in [14] and [15] thanks to some arguments from the theory
of perverse sheaves. ’

2.3. Restriction to the variety of unipotent elements. We consider the complex
of sheaves K' := K|y (gq)[d] where we denote by U(Go) the variety of unipotent ele-
ments of Go and we set d = dim(U(Go)) — dim(Go). Then, K’ is a semi-simple perverse
sheaf on U(Go) and its decomposition K’ = 3=, . + Kus,pu, Vuo,p., as a sum of simple

perverse sheaves K, is indexed by the set N of pairs (uo, py,) Where uo is a repre-

sPuo

sentative of a unipotent G-conjugacy class of Go and p,, an irreducible representation of
7.6 (uo)/Zc(uo)?, where Zg(uo) is the centralizer of uo in G. '

Moreover, the Springer action of W(G)? on K induces an action of W(G)? on the
Q;-vector spaces Vi, and we can show that if Vi, ,,. # 0 then it is an irreducible
W (G)?-module.

We call the Springer correspondence for Go the induced bijection from the set

{(UO’,. Puc) € N|Vuo # 0} to Irr(W(G)?) defined by (uo, pus) = Vus

Puc

sPuc sPuc*
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Then we have Vi, . # 0 if (uo, pys) is a pair of N such that p,, = Idy,. Hence
the Springer correspondence induces an injection from the set of conjugacy class of Go to
the set of irreducible representations of W (G)? which associates to the unipotent class C
the representation V,, 14 Ag(uo) where uoc € C. We will call this injection the restricted

Springer correspondence for Go.

2.4. Green functions for Go. In [3], Digne and Michel define Deligne-Lusztig charac-
ters for GF where G is a disconnected reductive groups endowed with a rational structure
defined by the Frobenius endomorphism F. They show that the study of Deligne-Lusztig
characters for disconnected reductive groups can be reduced to the study of these charac-
ters for GF (o) where G is a connected reductive group endowed with a rational structure
defined by F and o is a quasi-semi-simple rational automorphism of G.

If we suppose in addition that o is unipotent, we can define, as in the connected case,
a Green function of G¥.(0) as the restriction of a Deligne-Lusztig character to the set of
unipotent elements. Then, the character formula proved in [3], reduces the determination
of Deligne-Lusztig characters to the determination of Green functions.

It would be interestingl to show that, similarly to which was proved in [8] for connected
reductive groups, Green functions defined by Deligne-Lusztig characters as above coincide
with the restriction to the set of unipotent elements of the characteristic function of some
perverse sheaves as K = 7,Q,[dim(G)] which is defined in section 2. It will certainly lead
to the calculation of Green functions by an algorithm similar to Shoji’s algorithm which

is used in the connected case.

3. PROPERTIES OF THE SPRINGER CORRESPONDENCE

In [12], the restricted Springer correspondence is calculated for any group G .{o) where
the simple connected components of G are of classical type. In fact, we are reduced to the
calculation of two cases:

-1) the case of the group GL(n).(o) in characteristic 2 and where o : GL(n) — GL(n)
is a quasi-semi-simple automorphism of order 2 (cf. section 4).

2) the case of the general orhogonal group GO(2n) which is the extension of SO(2n)
by a non-trivial automorphism of order 2, in characteristic 2.

As we have seen in section 2, the construction of the Springer correspondence is not
descriptive. In order to calculate it explicitely we need to use its properties.

For groups of small rank (in particular for G = GL(2) and G = GL(3)), the following

property is sufficient:

Proposition 3.1 ([15] Proposition 6.7). If the pair (v.0,Idsg(u.0)) € N is sent to x €
Irr(W (G)?) by the Springer correspondence for G.o, then, b(x) = dim(BE,), where b(x)
is the b-invariant of x (definition of b(x): see [5] 5.2.2).
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But the calculation of [12] is especially based on the induction property of proposition
3.2. We consider a o-stable Levi subgroup L included in a o-stable parabolic subgroup P.
This property links the Springer correspondence for Lo with the Springer correspondence
for Go.

First, there is a map from unipotent L-conjugacy classes of Lo to unipotent G-conjugacy
classes of Go which is called induction of unipotent classes and which we will denote by
Ind$? (definition and properties of induction of unipotent classes in disconnected reductive
groups: see [16] I1.3). v

Let us consider the other side of the correspondence. We denote by W (L) the Weyl
group of L and by W(L)? the subgroup of o-fixed elements of W(L)°. Then W(L)? is
a Coxeter subgroup of W(G)? and we can consider j-induction from W(L)? to W(G)°

which we will denote by jvv:,/((f)): (definition and properties of j-induction: see [5] 5.2).

Proposition 3.2 ([15] Proposition 7.13). Let uo be a unipotent element of Lo. We denote
by C the unipotent L-conjugacy class of uo. Let C be the ,dm'potent class of Go obtained
by inducing C from Lo to Go and let vo be in C.

Let x € Irr(W(L)?) be the image of the pair (u,1d,; (uo)) by the Springer correspondence
for Lo and let x € Irr(W(G)?) be the image of the pair (vo,1dp;we)) by the Springer
correspondence for Go.

., W(G) . . - _W(G)
Then, zfj:,V((L)), (x) s irreducible, we have x = j:,’VV((L)), (x)
4. DESCRIPTION OF THE RESTRICTED SPRINGER CORRESPONDENCE FOR GL(n).(o)
AND p=2

We describe in this section the restricted Springer correspondence for GL(n)o in char-
acteristic 2 and where o : GL(n) — GL(n) is defined by ¢ : A — J!A71J~1 with
1
J =
1

The Springer correspondence for GL(n) is easely described via the parametrizations of
unipotent classes and irreducible representations of S,, by partitions of n. In the case of
GL(n)o, we need the more complex symbols which are defined in 4.1. These symbols were
first defined in [9].

The Weyl group involved in the Springer correspondence for GL(n)o is the subgroup
W(GL(n))? of o-fixed elements of the Weyl group W(GL(n)) of GL(n). This is a Weyl
group of type By, if n is even and of type Cy, if n if odd, where we have set m = |n/2]. We
will see respectively in 4.2 and in 4.3 how to parametrize, with the symbols defined in 4.1,
the irreducible representations of the Weyl group W (B,,) of type B,, and the unipotent
conjugacy classes of GL(n)o.

The restricted Springer correspondence for GL(n)o will be described in Theorem 4.3
via the parametrizations of 4.2 and 4.3.
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Theorem 4.3 was proved in {12] using proposition 3.2 applied to Lo, where L is a o-
stable Levi subgroup GL(r) x GL(k) x GL(r) of GL(n) and where o interchanges the two
factors GL(r) and acts on GL(k) as on GL(n).

4.1. Symbols. We denote by X;’s with 7, s € Z>¢ and d € Z, the set of pairs S = (S, S1)
of finite sequences S; = (A;j | 1 < j <'t;) of non-negative integers, such that:

Aij > Aijor+r+sforie{0,1}, 2<j<t,
/\1,123,

andt()—tlzd

0 6 10

- 0 6 10 ~
For instance, S = is in Xf"l and ' = is in Xg’l.
1 5 1 5 9

We define the rank of a symbol by the following formula:

—1)2 S
rank(S) := Z)\—(r+s) (sl=17 —s 151 ,
' 4 2
AES
where |S| denotes the number of entries in S and |z] :==max{n € Z | n < z} is the GauS
brackets. "
The rank is invariant under the shift operation on X7* which associates to a symbol
S = (80,51) of X7° the symbol 8" = ({0} U (So + 7+ s), {s} U (S1 + 7+ 5)).
0 6 10

15 € f(f”l by the shift operation is

For instance, the image of S = (

g = 0 4 10 14
\15 9

We denote by X7° the set of classes in X}* under the shift operation and by Xy, the
set of classes of symbols in X} of rank n.

A symbol S € X;:; with d € {0,1} is called distinguished if Ag ; < A1,; and Ay j < Ao j+1
for all relevant j. '
0 6 10

For instance, S =
1 5

0 5 10
) is not distinguished in Xf’,’; but §” = ( L 6 )

is distinguished in X f’; ‘

We denote by D} the subset of XZ:Z of distinguished symbols.
4.2. Parametrization of Irr(W(B,,)). The irreducible representations of the Weyl group
W(By,) of type B, are naturally parametrized by pairs of partitions (u1, u2) of m (cf. [5]
Theorem 5.5.6). )

By adding parts 0 to p; or uy where (u1, p2) Fm, we may assume that:

i) p1 and o have the same number of parts, so (u1, p2) € X(()),’gr This defines a bijection
from Irr(W(Bp,)) to the set of symbols Xg”gl.

ii) p; contains precisely one more part than pp. This defines then a bijection from
Irr (W (By,)) to the set of symbols Xf”gl.
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For example, Irr(W (B;)) may be parametrized by pairs of partitions of 2, by symbols
of ng’g thanks to 1) or by symbols of Xf”g thanks to 2).

Irr(W(BQ)) (2a") (_72) (11’_) (—711) (111)

w (5) () () (00) ()
= C)C) 66

Using the classes of symbols of X, 3;,'; or X f”,on to parametrize irreducible representations

of W(By,) is a very convenient way to describe j-induction (cf. [12] proposition 4.6).
4.3. Parametrization of unipotent classes.

4.3.1. Spaltenstein’s parametrization. The unipotent conjugacy classes of GL(n)o are para-
metrized in [16] by pairs (A, €), where A = (A\; < A\ < ...) I n is a partition of n into
non-zero parts such that any even part occurs an even number of times, and € is a map
which associates to the parts A; of A an element of {0,1,w} such that:

e(X;) = wif ) is even,
# wif ); is odd,
= 1if A is odd and if [{j € Zxg|\; = A;}| is odd

Hence the map e is completely determined except for the odd parts of A which occur an
even number of times, for which € can be equal to 0 or to 1.

Example 4.1. In GL(2)o, there are two unipotent conjugacy classes and they are para-
metrized by 12 and 12. The partition 2 does not parametrize any unipotent class of GL(2)o
as 2 is an even part which occurs an odd number of times. The partition 12 parametrized
two unipotent classes. The map € is denoted by the index 0 when it is equal to 0 and
when € is equal to 1, we omit the index.

4.3.2. From parametrization to symbols. Spaltenstein’s parametrization is not convenient
to describe induction of unipotent classes. That is the reason why we need to parametrize
them by the symbols of 4.1. We proceed in the following way:

We consider a unipotent class C of GL(n)o parametrized as above by a pair (), €) with
A=A < <00

First we subdivide the sequence A; < A3 < ... into blocks of length 1 or 2, such that );
lies in a block of length 1 if and only if A; is odd and €();) # 0.
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Then we apply the following-formulas :

a) If {\;} is a block, we set ¢; := (A — 1)/2 +2(i — 1)

G = MN/24206-1)

i1 = (M—2)/24+2i=c+1
= (M+1)/2+26-1)
(Mi—=3)/2+2i=¢

b) If {Ai, Ait1} is a block and €()\;) = w, we set {

c) If {A\i, Aiy1} is a block and €()\;) = 0, we set “
Ci+1

We set p(C) := ((c1,¢3,--.), (c2,¢4,--.)).

We set m := | 5| and define d € {0,1} by n = d (mod 2).

Then, the map C — p(C) is a bijection from the set of unipotent conjugacy classes of
GL(n)o to the set of distinguished symbols DZ::R.

Example 4.2. Let us consider GL(4)o. There are four unipotent conjugacy classes:

| 0

(31): we get 2 blocks with formula a), so p(C) = ( g )
" 1

(2?): we get 1 block with formula b), so p(C) = ( )

(1): we get 4 blocks with formula a), so p(C) =

(15): we get 2 blocks with formula c), so p(C) =

e =)
S NS I N

4.4. Restricted Springer correspondence for GL(n).c. We define Sy € XS’:& and
3,1 : -

50:=(0>:(0 4)2(0 4 8)
\1 19
51:=(0)=<0 4)=(0 4 8)2“.
1 1 5 1 59
Theorem 4.3. We set m = [n/2].
(a) The map

3,1 0,0
Dl,m — Xl,m’ S— S-5,

is the restricted Springer correspondence for GL(n)o when n is odd.
(b) The map

Dg;}n — X% S [S - S,

o,m?

is the restricted Springer correspondence for GL(n)o when n is even, where we denote by

tr the transposition of a symbol.
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The following tables give the restricted Springer correspondence for GL(n)o with n =
2,3,4,5. The unipotent conjugacy classes C' are parametrized with Spaltenstein’s method
in the first column and their images x by the restricted Springer correspondence are in the
fourth column. In the second column, we give for any conjugacy class C' the dimension
dc of the variety Bﬁ, of Borel subgroups which are stable by conjugation under uo, for
any uo € C. According to proposition 3.1, we have dc = b(x). The third column gives
the symbol of Dg:l ‘

., corresponding to C.

Restricted Springer correspondence for GL(2)o

C |dc p(C) X
0
1210 1,-
5 (1,-)
1
121 -1
0 i (= 1)

Restricted Springer correspondence for GL(3)o

131 (24) (-,1)

Restricted Springer correspondence for GL(4)o

C |dc p(C) X
0

31| 0 3 (2,-)
1

22 11 0 (1,1)
0 4

14 2 5 6 (12,-)

13| 4 1 : (—,12)




53

KARINE SORLIN

Restricted Springer correspondence for GL(5)o

C |dc p(C) X
5 |0 (2 (2,-)
05
312 | 1 1,1

0 (1,1)
31% 2 Lo (127—)
1
0 4
221 | 2 -,2
3 (-2)
v la (228%)
2 6
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