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AROUND THE FURUTA INEQUALITY
INEFTERORLDFES

B IAAY MHRZHR (EizABURO KAMEI)
MAEBASHI INSTITUTE OF TECHNOLOGY

1. Chaotic order & Furuta inequality A & B i Hilbert space 1 positive operator &
5. A » positive (resp. positive invertible) operator W& & A > 0 (resp. A>0) &¢RT. AR
LM (18] ILK > THMAZINT A & B O a-power mean iZRD L S iICEZXHNS.

Ala B=A¥(A3BA 1?4} for 0<a<l
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Furuta inequality [6] I3 Z @ a-power mean # FV 5 Z & TRO K 5 IR T T L3 TE 5 ([2],[3],[12],[13},[14]).

Furuta inequality: If A > B > 0, then

(F) A*$;. BP<A and B<B"f1-. AP
P-u

P=u

holds foru <0 and 1 < p.

=@ Furuta inequality 1% Lowner-Heinz inequality O£ AL L ER S TV 3.
(LH) If A>B>0, then A*> B® for 0<a<1.

R2 1% [12] (c£[7]) IKIBWT (F) 2—fTICE L HTRED T L &R L. Th¥ satellite theorem
of the Furuta inequality & FE5:

IfA>= B 20, then

(SF) A®Bi-y B> SBSASB" i A

P—u

holds for allu <0 andp > 1.

A B>01CxL,logA>logB O A> B L% L chaotic order ([3],[16],[17]) & FEA T3S,
iZ chaotic order D& -S1F Tdh 54, 4% chaotic order DERICHVWTOHRRERZHDOTH
52 & &0, Zh¥ chaotic Furuta inequality [3] &4 L TH<.

If A>» B, then

(CF) A} o BP<T< By AP

4l ] P—u

foranyp>0andu<0.

satellite theorem (SF) I&:i@% DM 4 > B 21} 5 Furuta inequality (F) & chaotic order
A>» B DBRVERSE D LRLTVD. REK, RO L S REEREBDZ LA TE S ([16],(17).

If A> B, then

(SCF) A iy BP<B and A< B*fioy A7



holds for anyp>1 and u < 0.
(CF) & (SCF) RERRD LS IC—BET D LR TE 3 [16].

Theorem A. For A, B >0, if A> B, then the following (1) and (2) hold.

(1) A* fs—s B? < B’ and A‘sB“u:_:_:_AP for u<0 and 0<6<p

Pp—u

(2) A"ﬁmB?SA"andB"sB"ﬁﬁA’ for uSq'SO and 0<p.

P—u

2. Furuta inequality ®—M{t, Grand Furuta inequality. i HiX Furuta inequality ®—
BILERD X 52 TRLE [8). Zhik Bl-88445 2% log majorization IZOWTHOERRER
722 A%X [1] & Furuta inequality #M< b D ER-TEY, R4 1L T % grand Furuta inequality
EBEA TS [4],[5],[15]-

The grand Furuta inequality: If A > B > 0 and A is invertible, then for each 1 < p and
0<t<l,

(GF) AT At (A*h, BP)< A and B< B} aht (B b, AP)

holds fort <r and 1< s.

“honiEi d—_‘—:jﬁ; A% best possible THD LV 5 Z IOV TIHBIC K- TRENTWVD

[19]. (GF) it&3i1 53K s & 5:—: for1<p< B tM&MX, a-power mean 2ANDZ & T (F) @

B/E L FRIZKRD X 5 72 satellite form #5225 Z LB TE 5 [15].

If A> B > 0, then the following (SGF) holds for 0 <t<1<p<fandu<0.
A% fyzs (A* ooy BP) S (A" hozy B} SB<AS(B by A7)} < Bty (B sy A7)

LC#EDNES | iZ o-power mean # a E RICECHELAELDOTHY a€ [0, 1] ITRWVWTIZ
§ L—BTANENUNTIERARTES L X252,

(SGF) B} 3 P B ORERIL [4], [5] KBV TRLTVS X 312 (SF) OBRAN L THL (GF)
DOEROBZERTHS ). T T RABZIOBERERDOL S ITHEATHL.

Theorem 1. Let A>2B>0and0<t<1<p. Then
H(B) = (A° hg=y B?)A
is a decreasing function with 8 > p and in particular H(8) < B? for 8 > p.
Proof. First of all, suppose that 1 < =% <2. Then
Athge BP _Br hg=g A® = BP(B® §azp A~")BP < B*(B™® Jgy B~)BP = B’

By (LH), we have (A° = Br)% < pr,



Next we assume that H(3) < BP for a given § > p. Since p > 1, we have By = (A* b Bp)é <
8=
B < A. If we take By with 1 < %fti < 2, then the preceding argument ensures that

A hoyoe B? = A'hgy=e (A' gy B®) = A' gy BY < BP,
that is, A% a,— BP < (A° hozs B?)#. So it follows from (LH) that
(4° hazs BP)F < (4" gy BP)F < PP,

which shows the monotonicity of H(S3).
3. A= & $ Furuta innequality D—R{EDKH.
Bk, RILFX (GF) o—REDFmE LTRDO & 5 2BE 5 2t [20].

IfFA>B>C>0, then foreach0<t<1<p
) AT 2 AT e (BTECPBTEY

holds forr >t and 8 > 1.

ZHICBL TR X (SGF) OWMANLTHIZ 1EA] BHBLIITKRL, RO I RBERRL
7= [5].
IfA, B, C >0 satisfy A>» B and B > C, then foreach0 <t <1
t b —r+t - t
B>C2>(B"t4, CP) 2 A ”r;‘-%w%(B bs CF)

holds forallp>1, s>1andr >1t.

ZORBRIRVT A> B=C 256 (F) 8, A=B>C L+ (GF) LR LRHALN
ThHAHD.

b = BAEE (9] (cE[10]) KBWT [11] BB LT (U) Ok ) —BERERABEND
LERLE. ZOZLIZOWTIE Theorem 4 T3 Z LIZL T, ZZ CiREEOKER% chaotic
order DHANHLREL THAS.

Theorem 2. For fized A, B, C >0 and0<t<1<p, if A> D= (B-$C?B-4)7* is
satisfied, then (1) holds for 3> p and r > t.

1) BYAT'BY iy (B' gy CF) 2 BIATBY fu (B gz C)
Additionally, if A > B, then (2) holds.

(2 Bia-"BY § 1= OF 2 BiA—"BY § g (B higzy CF)

Proof. Since A » D, (CF) implies that
M (AfDP-tAh)h < A
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and so (A¥ DA-tA%)} « A. Therefore it follows from (SCF) that
AT fuon {(ABDP04E)R)P < (A8DPAT)D,
namely
A™T nl:tiv; DP-t< A~ ﬂ* DBt
Since B§DAP-*B% = Bt i gt C?, we have (1) by multiplying B¥ on both sides.
(2) is also shown as follows: Since A’ 3» (A3DP-*A%)? as in above, Theorem A (1) implies

that
(AY)"5F fp, oo (AIDPAR)HE < (AR DP-1AE)HE,

that is,
AT s ATDPtA% < (ATDP-tA%)E,
Multiplying A—#% from the both sides of the above, we have
—-r . g—t -t B8—t -t 8-t _ -§(pt . CP 5 —§ S Ted -4
A uﬁ,-'D <A™t D <B ﬂ;D B (Bhg._.tC)B < B"i(C?B71,

where the final inequality follows from Theorem 1. Again multiplying B¥ to each sides of this
formula, we have
% A-TBi —t4r the CP P
BABﬂs___&:(Bhg___{C)SC’.
Hence it follows that
t A-rB% —etr the . CP
B2A""B dx_L (B th)
$A"B% 41 ei, {BY¥ATBY H, 1 (B fo-e
B3iA™"B% {, £z {B*A™"B HE—‘L (B h;:___{ Cc?)}

p—t

BiA"BY § 1 OP.

pt+r

IA

Kz Theorem A DAL LTLEFRRRESR 2 E2THL,

Theorem 3. If A, B, C > 0 satisfy A> D = (B~%CPB~%)5= for some 0 <t <1< p, the
the following (1) and (2) hold for 3> p and T > 1.

@ B' i C7 2 BYAT'BY f; (B' hg=y C7) 2 BEA"BH fyonse (B b=t OF)

(2) B* 1z CP2 BIAT'BE O 2 BYATBY 1oy CF 2 BYATBE fyoppr (B ey C7)
Proof. (1) follows from Theorem A (2) and (1). Actually we have

AT fimee DP-t = pP-t ¢ Lo A7

DA™t ooy (D7t s AT}

DP~* facs {A™" f zeer D'}

DP-t foss A" =A"ty DAt

A

A~ Yy (B-ECPBH)55 < (B-iCPB )
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So the conclusion is obtained by multiplying B¥ both sides of each term.
In addition, (2) except the final part is obtained by taking 8 = p in (1). Moreover we have
AT n1:§+: DBt — AT ﬂ;:: . {A~"§ —tte Dﬂ-—t} < AT u::: . prt
by Theorem A (2). Multiplying B¥ to each term from both sides, we attain the conclusion.

Rt HE [9) IC X SRR ED Theorem 2 3 X Ut Theorem 3 2 HMMIZNIND Z & &RE
5.22Tbsg Elforf2p LMERITHL.

Theorm 4 (Furuta). [fA>B>C>0and0<t<1<p, then

(1) B2C2 (B hey cr)# > BiA~BY §, (B! hesy C7) > BEABY f1-us- (B by CP)

and
@) B>C>BiA"B} Hizgge C7 2 Bia-TB% Bizetr (B* hozy C7)

hold for B> pandr 2> t.

Proof. First of all, the assumption B > C > 0 ensures (B? hg_T C’)F < B by (SGF). As in
the proof of Theorem 2, (1) is the essential point, which is shown as follows:
Let D = (B~%C?B- 5)»  be as in Theorem 2. Then

A™* Yy DPt < B, DAt =B %(B’ P ch¥B-i< B iB'B- i =1
Since (1) is shown, (1) connects with Theorem 2 (1). Namely we have
BiA-TBi Hyzear (B hozy CF) < BiA—tBY iy (B hax O7)
< BIBT'Bif (B' gz OF) = (B' ey CP)P <CO<B.

Next we show (2). For this, we have only to check B¥ A~" B3 Bizszr CP < C < B by (1) and
Theorem 2 (2). Fortunately, it is obtained by taking 3 = p in the former (1).
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