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Let $(X,g)$ be acomplete, conformally compact, $n$-dimensional Riemannian manifold, $n$ $\geq 2$ ,
with constant negative curvature (which may be supposed to $\mathrm{b}\mathrm{e}-1$ ) near infinity. The metric $g$

is of the form $g=\rho^{-2}h$, where $\rho\in C^{\infty}(\overline{X})$ , $\rho|\partial X=0$ , $d\rho|\partial X\neq 0$ , $\rho>0$ in $X$ , $h$ is aRiemannian
metric on $X$ of class $C^{\infty}(\overline{X})$ . Denote by $\Delta_{X}$ the Lapiace-Beltrami operator on $(X,g)$ and define
the resolvent

$R(s)=(\Delta_{X}-s(n-1-s))^{-1}$ : $L^{2}(X)arrow L^{2}(X)$ , ${\rm Re} s\gg 1$ ,

where $L^{2}(X)=L^{2}(X, d\mathrm{V}\mathrm{o}1_{g})$ . Then,

$R(s)$ : $L_{comp}^{2}(X)arrow L_{loe}^{2}(X)$

extends meromorphically to the whole complex plane C. This fact was proved by Mazzeo
Melrose [7] for alarger class of manifolds (see also [2]). The poles of this continuation are called
resonances and the multiplicity of aresonance $s_{0}\in \mathrm{C}$ is defined as the rank of the operator

$\int_{\gamma(s_{0})}(n-1-2s)R(s)ds$,

where $\gamma(s_{0})$ is acircle centered at $s_{0}$ containing no other poles. Denote by $Rx$ the set of $\mathrm{a}\mathbb{I}$

resonances repeated according to the multiplicity, and set

$N_{X}(r)$ $=\#\{s\in \mathcal{R}_{X} : |s|\leq r\}$, $r$ $>1$ .
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Guillop\’e and Zworski [2] proved that Nx $(r)=O(r^{n+1})$ . Moreover, in the case of n $=2$ they

obtained abetter bound $N_{X}(r)=O(r^{2})$ (see [3]) as well as a lower bound $Nx(r)\geq r^{2}/C$ , C $>0$ ,

under anatural assumption (see [4]). Our main result is the following

Theorem 1. For any conformally compact manifold $(X, g)$ as above, the following upper

bound holds:
$N_{X}(r)\leq Cr^{n}$ (1)

with a constant $C>0$ .

Note that such abound is proved by Patterson-Perry [10] for aclass of quotions $\Gamma\backslash \mathrm{H}^{n}$ with
$n$ even via the properties of the dynamical zeta function. Perry [11] has recently obtained sharp

lower bounds of the form $N_{X}(r)\geq r^{1l}/C$ for such quotions.
Sharp upper bounds on the number of resonances have been obtained in the case of Euclidean

scattering. Melrose [8] first obtained a bound of the form (1) for obstacle scattering in odd

dimensions. Later on he used this bound in an essential way to prove the Weyl asymptotic for

the scattering phase in this case (see [9]). Zworski [20] obtained such asharp upper bound for

potential scattering in odd dimensions, as well as an asymptotic of the number of resonance for

aclass of radial potentials (see [19]). Vodev [14] proved asharp upper bound like (1) for metric
perturbations of the Lapalcian and extended this result to more general compactly supported

perturbations not necessarily self-adjoint and eUiptic stiU in odd dimensions (see [15]). He

also obtained sharp upper bounds on the number of resonances in even dimensions (see [18]).

Sj\"ostrand and Zworski [13] proved sharp upper bounds on the number of resonances for alarge

class of self-adjoint compactly supported perturbations in odd dimensions using the complex

scaling method. In the case of semi-classical problems Sj\"ostrand [12] obtained a semi-classical
analogue of the bound (1).

The bound (1) follow from the following upper bounds.

Proposition 2. For $\forall 0<\epsilon$ $\ll 1\exists C_{\epsilon}>0$ so that

$\#\{s\in \mathcal{R}_{X} : r/2\leq|s| \leq r, s\in \mathrm{C}_{\epsilon}\}\leq C_{\epsilon}r^{n}$, . $r>1$ , (2)

where $\mathrm{C}_{\epsilon}:=\mathrm{C}\backslash \{s\in \mathrm{C}$ :$\pi-\epsilon \leq\arg s\leq\pi+\epsilon\}$ .

Proposition 3. For $\forall 0<\epsilon\ll 1\exists\tilde{C}_{\epsilon}>0$ so that

$\#\{s\in \mathcal{R}_{X} : |s|\leq r,s\in\tilde{\mathrm{C}}_{\epsilon}\}\leq\tilde{C}_{\epsilon}r^{\hslash}$ , $r$ $>1$ , (3)

where $\tilde{\mathrm{C}}_{e}:=\{s\in \mathrm{C}:\pi/2+\epsilon \leq\arg s\leq 3\pi/2-\epsilon\}$ .

Note that the bound (3) has been announced in [5] where ashort sketch of the proof is

presented.

Idea of proof of Proposition 2. To prove (2) we modify the parmetrix for the resolvent

constructed by Guillope- Zworski [2] (who followed the more general construction of $\mathrm{M}\mathrm{a}\mathrm{z}\mathrm{z}\mathrm{e}\triangleright$

Melrose [7] $)$ . Denote
($\mathrm{H}^{n}$ , go) $:=(\mathrm{R}_{x}^{n-1}\mathrm{x}\mathrm{R}_{y}^{+}, y^{-2}(dx^{2}+dy^{2}))$
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with Laplace-Beltrami operator given by

$\Delta_{\mathrm{H}^{n}}=-y^{2}\partial_{y}^{2}+(n-2)y\partial_{y}+y^{2}\Delta_{x}$, $\Delta_{x}=-\sum_{j=1}^{n-1}\partial_{x_{\mathrm{j}}}^{2}$ .

Denote $L^{2}(\mathrm{H}^{\mathrm{n}}):=L^{2}(\mathrm{H}^{n};d\mathrm{V}\mathrm{o}1_{g0})$. Following [2], given any integer $N\gg 1$ , we construct
operators

$F_{N}(s)$ : $y^{N}L^{2}(\mathrm{H}^{n})arrow y^{-N}H^{2}(\mathrm{H}^{n})$ , $P_{N}(s)$ : $y^{N}L^{2}(\mathrm{H}^{n})arrow y^{N}L^{2}(\mathrm{H}^{n})$ ,

defined for ${\rm Re} s>-N+(n-1)/2$ and depending meromorphically on $s$ with poles $\mathrm{a}\mathrm{t}-k$ , $k\in \mathrm{N}$ ,
so that

$(\Delta_{\mathrm{H}^{\hslash}}-s(n-1-s))\mathcal{F}_{N}(s)=\chi_{0}+P_{N}(s)$ , (4)

where $\chi_{0}=\varphi(x)\psi(y)$ , $\varphi$
$\in C_{0}^{\infty}(\mathrm{R}^{n-1})$ , $\psi$ $\in C^{\infty}(\mathrm{R})$ , $\psi(y)=1$ for $y\leq 2\mathrm{J}0$ , $\psi(y)=0$ for

$y\geq 2\mathrm{J}0,0<\delta_{0}\ll 1$ . Moreover, the operator $y^{-N}P_{N}(s)y^{N}$ is $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ class on $L^{2}(\mathrm{H}^{n})$ . Given
compact operator $A$, denote by $\mu k(A)$ its characteristic values, i.e. the eigenvalues of $(A^{*}A)^{1/2}$ .

Lemma 4. There exists $0<\gamma 0<1$ (independent of $s$ and $N$) so that if $\delta_{0}$ is taken small
enough (independent of $s$ and $N$), for $s\in \mathrm{C}_{\epsilon}$ , $|s|\leq\gamma_{0}N$ , we have

$||y^{-N}P_{N}(s),y^{N}||_{L(L^{2}(\mathrm{H}^{n}))}\leq e^{C_{1}N}$ , (5)

$\mu_{k}(y^{-N}P_{N}(s)y^{N})\leq e^{-C_{2}N}k^{-2}$ for $k\geq C_{3}N^{n-1}$ (6)

with constants $C_{1}$ , $C_{2}$ , $C_{3}>0$ independent of $s$ , $N$ and $k$ . Moreover, for $s\in \mathrm{C}_{\epsilon}$ , $|s|\leq\gamma_{0}N$,
${\rm Re} s\geq\gamma 0N/2$ , we have

$||y^{-N}P_{N}(s)y^{N}||_{\mathcal{L}(L^{2}(\mathrm{H}^{n}))}\leq e^{-C_{4}N}$ , (7)

with a constant $C_{4}>0$ independent of $N$ and $s$ .

It is shown in [2], Lemma 3.1, that there exists aneighbourhood $\mathrm{Y}$ of $\partial X$ in $\overline{X}$ and an
open covering $\mathrm{Y}\subset\bigcup_{j=1}^{M}\mathrm{Y}j$ such that each $\mathrm{Y}_{j}$ is isometric to $U=\{(x,y)\in \mathrm{H}^{1l} : |x|^{2}+y^{2}<1\}$ .
Following [2] we denote by $\iota_{\mathrm{j}}$ the isometry from $\mathrm{Y}j$ to $U$ , and by $\iota_{j}^{*}$ the induced pull-back
operation transforming operators acting on functions in $U$ to operators acting on functions in
$\mathrm{Y}_{j}$ . We have $\rho\circ\iota_{\mathrm{j}}^{-1}=y+O(y^{2})$ . Furthermore, there exists apartition of the unity in $X$ , $\{\chi^{j}\}$ ,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi^{\mathrm{j}}\subset \mathrm{Y}_{j}$ , of the form $\chi^{j}=\varphi^{\mathrm{j}}\psi^{j}$ with $\varphi^{j}\in C^{\infty}(\partial X)$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi^{j}\subset\overline{\mathrm{Y}}j\cap\partial X$ , $\sum_{j=1}^{M}\varphi^{j}=1$

so that $\varphi^{j}\circ\iota_{j}^{-1}$ depends only on the variable $x$ and $\psi^{\mathrm{j}}\circ\iota_{j}^{-1}$ depends only on the variable $y$ .
Moreover, taking $\mathrm{Y}$ properly one can arrange that $\psi^{j}0\iota_{j}^{-1}=1$ for $y\leq\delta$ , $\psi^{\mathrm{j}}\circ\iota_{j}^{-1}=0$ for $y\geq 2\delta$

with some $0<\delta\ll 1$ independent of $j$ . Thus the function $\chi=\sum_{j=1}^{M}\chi^{j}$ is equal to 1in $\{\rho\leq\delta\}$

and to zero in $\{\rho\geq 2\delta\}$ . It is clear that to each function $\chi^{j}\circ\iota_{j}^{-1}\in C^{\infty}(\overline{U})$ we can associate
operators $F_{N}^{j}(s)$ and $P_{N}^{j}(s)$ satisfying (4) with $\chi_{0}$ replaced by $\chi^{j}\circ\iota_{\mathrm{j}}^{-1}$ . Setting

$F_{N}(s)= \sum_{j=1}^{M}\iota_{j}^{l}\mathcal{F}_{N}^{j}(s)\iota_{j}^{*-1}$ , $P_{N}(s)= \sum_{j=1}^{M}\iota_{j}^{*}P_{N}^{j}(s)\iota_{j}^{*-1}$ ,

we have
$(\Delta_{X}-s(n-1-s))F_{N}(s)=\chi+P_{N}(s)$ . (8)
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Moreover, for $s\in \mathrm{C}_{\xi}$ , ${\rm Re} s>-N+(n-1)/2$ , the operator $\rho^{N}F_{N}(s)\rho^{N}$ is bounded on $L^{2}(X)$ ,
while $\rho^{-N}P_{N}(s)\rho^{N}$ is a $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ class operator o$\mathrm{n}$ $L^{2}(X)$ and, in view of Lemma 4, satisfies an
analogue of the bounds (5)$-(7)$ with possibly new constants.

Let $\eta\in C_{0}^{\infty}(X)$ , $\eta=0$ in $\{\rho\leq\delta/2\}$ , $\chi=1$ on $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(1-\eta)$ , and let $sN=2\gamma 0N/3$ . Using (8)
one can easily get

$\rho^{N}R(s)\rho^{N}(I-K_{N}(s, s_{N}))=\overline{K}_{N}(s, s_{N})$ , (9)

where
$K_{N}(s, s_{N})=-\rho^{-N}P_{N}(s)\rho^{N}-\rho^{-N}[\Delta_{X}, \eta]R(s_{N})(1-\chi)\rho^{N}$

$-(sN(n-1-sN)-s(n-1-s))\rho^{-N}\eta R(s_{N})(1-\chi)\rho^{N}$ ,
$\overline{K}_{N}(s, s_{N})=\rho^{N}\eta R(s_{N})(1-\chi)\rho^{N}+\rho^{N}F_{N}(s)\rho^{N}$.

The operator $K_{N}(s, sN)$ is analytic in $\mathrm{L}\mathrm{s}$ $\in \mathrm{C}_{e}$ , ${\rm Re} s>-N+(n-1)/2\}$ with values in the compact
operators on $L^{2}(X)$ and the operator $K_{N}(s, s_{N})$ is analytic in $\{s\in \mathrm{C}_{e}, {\rm Re} s>-N+(n-1)/2\}$

with values in the bounded operators on $L^{2}(X)$ . Moreover, in view of (7), we have

$||K_{N}(s_{N}, s_{N})||_{L(L^{2}(X))}\leq 1/2$ .

Now it follows from (9) and the appendix in [18] that the poles of $\rho^{N}R(s)\rho^{N}$ in $\{s\in \mathrm{C}_{\epsilon}$ , ${\rm Re} s>$

$-N+(n-1)/2\}$ are among (with multiplicities) the zeros of the function

$h_{N}(s)=\det(I-(K_{N}(s, s_{N})^{n+3}-K_{N}(s_{N}, s_{N})^{n+\theta})(I-K_{N}(s_{N}, s_{N})^{\mathfrak{n}+\theta})^{-1})$

which is well defined and analytic in this region, and $h_{N}(s_{N})=1$ . Thus, the bound (2) follows
from Carleman’s theorem (e.g. see [6]) and the following

Lemma 5. For $s\in \mathrm{C}_{\epsilon}$ , $|s|\leq\gamma 0N$ , we have

$|h_{N}(s)|\leq\{$

$e^{CN^{\mathfrak{n}}}$ ,
$e^{C(|r-s_{N}|+1)^{\mathfrak{n}}}$ if ${\rm Re} s\geq\gamma_{0}N/2$ ,

(11)

with a constant $C>0$ independent of $s$ and $N$ .

Idea of proof of Proposition 3. It consists of using the properties of the scattering operator
$S(s)$ : $C^{\infty}(\partial X)arrow C^{\infty}(\partial X)$ . Recall that the Schwartz kernel of $S(s)$ is defined by

$S(s)(m_{\infty}, m_{\infty}’;s)=(2s-n+1) \lim_{\infty marrow m},\lim_{marrow m_{\infty}},\rho(m)^{-s}\rho(m’)^{-\epsilon}R(s)(m,m’)$ ,

where $m_{\infty}$ , $m_{\infty}’\in\partial X$ . One can show that $S(s)$ is ameromorphic family with poles coinciding
with the resonances and the multiplicities agree. Moreover, we have

$S(s)S(n-1-s)=I$, (11)

$S(s)=c(s)\Delta_{\partial X}^{\iota-(\mathfrak{n}-1)/2}+\mathrm{s}\mathrm{m}\mathrm{o}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}$ operator,

where $\Delta_{\partial X}$ is the Laplace-Beltrami operator on $(\partial X, \partial h)$ , $\partial h$ being the Riemannian metric on
$\partial X$ induced by the metric $h$ , and

$\mathrm{c}(s)=2^{-2s+n-1}\Gamma(-s+(n-1)/2)$
$\overline{\Gamma(s-(n-1)/2)}$

.
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More precisely,
$c(n-1-s)(P_{0}+\Delta_{\partial X})^{(n-1)/2-s}S(s)=I+K(s)\mathrm{I}$ (12)

where $P_{0}$ denotes the orthogonal projection on $\mathrm{K}\mathrm{e}\mathrm{r}\Delta\partial X$ , and $K(s)$ is analytic in ${\rm Re} s\geq\gamma>>1$

with values in the $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ class operators on $L^{2}(\partial X)$ . Thus the function

$\mathrm{h}(\mathrm{s})=\det(I+K(s))$

is well defined and analytic in ${\rm Re} s\geq\gamma$ . By (11) and (12) we conclude that the poles of $R(s)$ in
${\rm Re} s\leq n-1-\gamma$, with $\gamma$ $\gg 1$ , are among the poles of $(I+K(n-1-s))^{-1}$ , and hence, in view
of the Proposition in the appendix of [18], among the zeros (with multiplicity) of the function
$h(n-1-s)$ in ${\rm Re} s\leq n-1-\gamma$ . Thus, the bound (3) follows from Carleman’s theorem and the
following

Lemma 6. For ${\rm Re} s\geq\gamma\gg 1$ , we have

$|h(s)|\leq e^{C|s|^{n}}$ (13)

with a constant $C>0$ independent of $s$ .
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