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On certain sharp characters with rational values

FESEPE AR EWMER HELH NE (Jun Hatano)

Graduate School of Science and Technology
Chiba University

1. INTRODUCTION

y % HREE G © degree n O character & L L #REMEROLELTH. EOLE,
L={x(g)|1#g€G} b, L% (Gx) P type LFEE. —#IZ|G| 1E [T (x(1) —1)
% #%4 5 (Blichfeldt [2]) = &H 5, type L @ (G,x) 2% |G| = [T (x(1) — 1) ZWir=¥
L%, (G,x) iZ sharp (pair) &Fifh 3. Cameron-Kiyota [4] iZ& Y, type L @ sharp
pair (G,x) 22ET BB RE I . ‘

Z OREITEOMIC IR SN TBY, %I L ¢ Z 0k %3 Alvis-Nozawa [1] iIZX Y
EZLATEENTVS. 2T LCZ OBEBITOVTHLNTWAIRREHAGERE
X L.

2. SHARP CHARACTER

(G,x) % sharp pair £ 5L, EEOHEBE m (ZxtL (G,x +mlg) b7 sharp &
7%, £2T(x,1le) =0 THB &%, (Gx) I normalized T3H 2 &\, sharp pair O
ST OWTESTS L XL, (G,x) IX normalized TH 5 &{HE LTIV,

L%, LCZ kL, (Gx) i type L @ normalized sharp pair {REY 5. S biC,
IL|=2 D&%, L={L,L} »> L <l, LIRETS.

IL|=1%biE, x=pc—1l¢ THHZEBERICONS. LUT, || =2 OHEITOW
TEETD. Z0L%, ROBXHBKY L.

Proposition 1.
(1) (6x)e=1-bhiy.
(2)
a = |{g € Glx(9) = L},
c; = |{g € Glx(9) = 2}
LR ZTnki
. (n— lz)(nlz — Ll + 1)
1 — )
lLh—1
_ (n - ll)(nl;[ —_ lllz + 1)
62 frd
I — 1

DEEY 3D,

Proposition 1(1) 2 &Y, (ux)=1ThHDILIXL B0 &L L LAETHD.
(x, X) B ESVEEITIE, VL OPDOERBIONTNS. ETHDIT, (x,x) =1
DFEL LT, ROFBEVDD.
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Theorem 2 (Cameron-Kiyota [4]). L = {0,1} %2 i, G I% 2-transitive Frobenius group.

KIZ, (x,x) =2 PEETHAEN, Zridl={-11} LFAETHSE. &b, x BT
T, o=l =2 AT L L LAETHS. ZOBSIBELTIE, ROTENELR
T3,

Theorem 3 (Cameron-Kataoka-Kiyota [3]). L = {-1,1} 22 5IE, AT OV
T5:

(1) G : fii¥ 8 @ dihedral ¥ 7=1% quaternion group, n =3,

(2) G : Sy £721x SL(2,3), n=35,

(3) G : GL(2,3) ¥£7=I% binary octahedral, n =17,

(4) G : S EiF SL(2,5), n=11,

(5) G : Ly(7), n=13,

(6) G N A6, n— 19,

(7) G : Ay @ double cover A7, n =171,

(8) G: Mll’ n = 89.

(x,x) =3 PBAEIL, L={-2,1} /X {-1,2} THHZLLREETHY, £/, x
WA T L~ L, =3 LRBHELLEETHD. ZOHEITIX, RO2HOOEERFLI
T3,

Theorem 4 (liyori [6]). L ={-2,1} £7i% {-1,2} & L, |G| iX 3 LFT, x I& gener-
alized THEWETB. ZDEE Gk 10 D dihedral group LA TH 5.

Theorem 5 (Nozawa-Uno [8]). Z(G) # {1} &¥5%. v L L= {-2,1} £%iX {-1,2}
oI, WOWTHHBALY SLD:

(1) G: Z3 XS3, n:4, 5,

(2) G: Zg X As, n—= 13, 14

(3) G : Z3 X L2(7), n= 22, 24

4)1G|=2-3% |G'|=3% n=T1,38

(5) |G|=2%-3% |G'|=3 n=10

LEDOISOEHEIT, WTHb I - OED (x,x) ZERELTWVS. £ZT, »3%K
BpixtLT, x)=p2»2L-L=p%WLTVW3HE%2EEL, ROERE®H.

Theorem 6. L = {1—p,1} £k {-1,p—1} £ T3. ZnLE, |G| DB p T2 type L
D sharp pair (G,x) IIFELRV.

3. PRIME GRAPH

Z OHiTiX, Theorem 6 OFERIZIBWTKREIZ2 S L 7425 prime graph IZ DWW TEH
EEHERD. B G O prime graph &%, EFERKES «(G) zREELE L, BB 2
RKp, g BBELTNDIENWIZ %2 G BE pg OFTERESL NS Z L TEDT graph
LEHRTD. ¥z, Com(G) TG ® prime graph @ connected component &% %3 b
DEL, m ¥ |G| OR/NFEEEK 2 St connected component &3 5.

—fRIZ, ROZ LBRRED.
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Proposition 7. AIRE G 23t LT, RMBEY L.

(1) H % G @ subgroup & L, p % H @ prime graph @ connected component &3
5 &, G D prime graph @ connected component T p &L L DOREET 5.

(2) N % G normal subgroup £ L, p % G/N @ prime graph @ connented component
3 5L, G D prime graph @ connected component T p #ETeHL DBEET S.

ROFERIE, Theorem 6 DFERICBNWTEELREEEZR-TEETHS.

Theorem 8 (K. W. Gruenberg and O. Kegel). HfRE G 2% |Com(G)| > 2 #3425
i, GRROWTRNERBTHS:

(1) Frobenius ¥721% 2-Frobenius,

(2) simple,

(3) simple Iz X 5 mi-group DIEK,

(4) m 2 X B simple DILK,

(5) m D simple (X BIELKRD mp I L BHIEK.

4. THE CASE L= {1 -p, 1} OR {-1,p— 1}

TIHbiE, HAIFREEpICHLT, L={1—-p, 1} /=X {-1,p—1} BV IZOD
DERETS.

TDEE, ALNZ, (n—h,n—BL)=1FRIE (n-li,n—L)=p BV D.

T B ERRBFEREL, niTn-LErRiEn-—LEERLENEIVES LTS,

H L G iy DLz 2FORLIE, y & 2 2FENFN z © ri-part, ro-part &8
. x TFHREEL»ELRVWOT, x(y)=n (mod ry) BV LD, LT, ri#p
X0, x(y) =1l Bo»rd. Xo7T, x(z) =1 (modry) &80, x(z) =1 B/OLND.
FEEIC LT, x(z) =l bBONSE. ZHEFETHE. LoT, G I rr, DTt
2720,

HL z B G D p-element 72 61X, (G,x) iX sharp 2D T, z DMEIE n-1; £z
iEn—1, ORETHD. r &z OMNEOREKEL L, o' 2z D rlpart £T5. T5L&
x(z) = x(z') (mod r) BV LD, Lo T, z DEOEREOERICETH/MEND,
x(z)=n (modr) BELNS.

Dz bEFE LB L, WD propositon BELILA.

Proposition 9. H23FE p IZLTlL -l =p &25 L%, (Gx) RROMEEZW-T:
(1) (&1 & T2 %p &Etﬁéi&& L/, ™ X n—l1 %-_’ T2 s 'n—l2 &'%i’b’i’i’b@w@l)
ETBH. ZDEE GIINE riry DRRERFZRN.
(2) G D p'-element x DAL n—1; 2F108572061E, x(z)=14.
(3) G @ p-element ¢ DR n—1, 2B VEHR26IE, x(z)=1.
R, |G) 8 p LR 61E, |Com(G)| >2ThB.

(n —li,n —1l) =1 ®FEAITIX, Proposition 9 75 |Com(G)| > 2 HE Y ILDODT,
Theorem 8 # VT, 2 0DBPEITHITTEETS.
case la: G 73 Frobenius ¥ 7= i 2-Frobenius group.
case 1b: G iX noncyclic composition factor S % #>.
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72, (n—li,n—L)=p OBEITIX, RO2ODPH/ITHITS.

case2a: n—l1 £ n—Il, ODWTHUNTIp DETHS.
case 2b:n—5 & n—Il, ODWTRhY p DETR.

Case 1a

K % G @ subgroup, N % G @ normal subgroup T K 2&febDE43. 352, H
% K ® G 281} 5 complement ¢, HN #» N % Frobenius kernel, H % % ® Frobenius
complement iZ %> X 9 72 Frobenius group (2723 £ 912&3b. ZDE X, K=N %%
VWX G/N X Frobenius kernel HN/N & % @ Frobenius complement K/N ##>k 5 72
Frobenius group & LTV

Frobenius kernel i nilpotent T, Frobenius complement i3 B8 G2\ center %%
2. L7EMBRo7T, Proposition 7 226, w(N) & n(H), w(K/N) iZ%HFh connected
THoH. SbiZ, HIE G Tisolated &2 9, n(H) iX G ® prime graph ?® connected
component & 72 5. ‘

b L m(K) % connected TRWERET D&, N i& G @ normal isolated subgroup T
HB. L N 23 G @ Frobenius kernel THBZ & &#RLTWAB. M % G @ Frobenius
complement & &<. M X G/N LR THD2 0, Z(M)= {1} £729, M 73 Frobenius
complement TH S Z LIZKTS. L7d>T, Com(G) = {n(K),n(H)} 28 5.

|G| = |H||K| = (n —L)(n— L) »»> |H| < [N| < |K| THhDh b, Proposition 9 i= &
D, ‘H‘ =n—l2, IKI :-n—h %1%6

x @ irreducible constituent ~D43#E %

X= ), am,

n€elr(G)

ERL, xan=x1+tx2 &

X1= S : AnTlHN,
NCkern

X2 = Z AnTlHN -

Nkern

LBL.
HN % Frobenius group THH 16, ROXBRELNB;

| 1 N\{1} HN\N
XHN n A ly
X1 x1(1) x1(1) Iy
x2 |n—x1(1) L —xi1(1) 0

X2 @ irreducible constituent @ degree I3 2T |H| TEBRINDZ 05, |H| X n—x(1)
THERTD. &0, Hl=n—-l THY, 0<n—xi(1) THEH5, x1(1)—1 iX |H]|
TERIN, 02 x0(1)—b < |H| 28T, x; HIERRKIE L 2 30T, (1) =
/5. LEBoT, xanv =bloy +xe. 8IS, (1) = |H| Thd. ik x, 2 HN
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@ irreducible character T b Z L ERLTWA. (HN, x2) i type {—p, 0} L2525,

|K/N| = (|K/Nlpun, 1rN)aN
= ((x2+plan) - X2, lun)BN
= (x5, lan)an = 1.
Z AU y 2% pormalized THBZ LK TSH. £ - 7T Case la i E 2V,

Case 1b

S % G DOME—® 7)-regular composition factor £3%. p &iﬁ%ﬁ'@%éb)%, BA & s
iZ min(n(G)) =2 TH 5. x IZX T involution & [ UIE%E & 0¥ r DEHFET D
L9 |G| DRRK r 2E0EEET 8L, £, a=|G|r,b=|Glr £ T 5.

Proposition 9 (2 & Y, m X T IKEENEDTa=|S|pr B2 5. (G,x) i sharp TH
Bh5, ab=(n—h)(n—1) &5, &5iZ, Proposition 9 75, b—a=¢(la—hL)=¢p
LB, ZIT, e=%1 &TB. LEEFoT,

ala+ep) =n? — (4 +l)n+ i
=n?+(2a+ep—2n)n+1—p.

X0, n=a+e E¥ita+elp-1) 285, ¥, (X, X)e=p & Propositionl v, n
iXp THIVEINDG. LERBRST, n=kp LB &,

(1) kp=a+¢€ T,
b=a—|-<€a-1:’3 <(1+e)a+1,
E7iX
(2)kp=a+e(p-1)T,
a—e _2a-—1
b=a+e¢

k—e~ 2—¢

Bz, (1) OBPETe=—-1DL &L, b<1 249, min(x(G) =2 THDI LIZKT
5. Z0zkl, p=¢cb—a) CEETDHE, ROVTRNERY L2 ERDNS.
iye=1, n=a+1, a<bD&Z,
b<2+1THY, b—alip %L, a+ 1l 2EBKRTS.
ii)e=1, m=a+p—-1 a<bDi¥,
b<2a—1ThV, b—aidlp %BLL, a—1 ZERTS.
iii)e=~-1, n=a—-p+1l, a>bDLZE,.
a—-bixp ELL, a+1 ZEBKRTS.
WFhOES Y, b< 20+1 SRV SLoTWB. LIdioT, proposition7 & 1. |S|r < 2a+1
#185%. LoL, 13&A LD simple group X |S|r >2a+1 &7go TS,
(5, [7], [9] 5, BA&EHIZ |S|r<2a+1 %?ﬁt?‘?‘ﬁﬁ@&b finite simple group x
BETHL, SHROWThANEMITZ EBRND
(1) sporadic simple group Ji, |S|r=2%-3-5,
(2) alternating group A4s, |S|r = 22,
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(3) alternating group 4s, |S|r = 23,
(4) Lie type @ simple group Lo(q) (¢ : even), |S|r =g,
(5) Lie type @ simple group Ls(q) (¢ =1 (mod 4)), |Slr=4q-1,
(6) Lie type @ simple group Ly(q) (= —1 (mod 4)), |S|r=gq+1,
(7) Lie type @ simple group L3(2), |(S|r =23,
(8) Lie type @ simple group L3(4), |S|r = 25,
(9) Lie type @ simple group 2B5(2?2™*1), |S|r = ¢2.
b—a iTRETHBZ &b, Ji, As, As, L3(2), L3(4) IR EELRBZ B85,
Proposition 7, Proposition 9 € L T Theorem 8 225, G @ I'-element D% 1X S @
I"-element DERDOFEETHS. £DZ L DL Proposition 1 (2) BBBATE, ST Ly(11)
EFBT, G 1L Theorem 8 @D (4) DFET, |G| =4|S| & p=T7T BRI LD LBEDL
5. LAL, Ly(11) i3 ik 5 OnzSUHEEL 2B L FLRVOT, |G| = 4[|
IR 3. 27T, caselb b E 742V . ZH T Theorem 6 IFFEH iz,

Case 2
ZOHBEE, EFEESERERLMELNATHARY. B L2k 5122008810 40hT
T-HEHI, case2b D& &iTiX, n(n—0)\{p}, 7(n—L)\{p} #0 & (n ; hon ; l2) =1%

W4 DT, G ik Com(G/N)>2 &725 & 572 normal subgroup N Z# - TV 5 a[REtE
2% Y, B Theorem 8 NEATEDLEXLNDHT LICLD. case2b T, Z(G) # {1}
DIREZETHE, ROEREBH/LND.

Proposition 10. (n — l;,n — L) = p 2> w(n — L)\{p}, 7(n — L)\{p} # 0 2L,
ZG)# {1} £T5. TmeX, (R p-FREL, G, =Gal(Q)/Q) k< &, U
TDOZ &MY Lo

(1) x =x0 + Yoes,N”- T, Xxo, M iX G @ irreducible character T, %2 xo X

real.

(2) 12(G)| =p.

proof. .

case 2b DR & Proposition 9 (2 & Y, Z(G) iX p-group TH3. z 2 ¥ p ® Z(G)
DL T 5. x i faithful THBH 5, <z> % kernel IZ& % 72\ irreducible constituent
BEETS. B, nz)=(n(1) ELTEW. x idreal THEMD, FED 0§, X
LT, (om=0,n") En#n® BRYVID. LERST, x 1XF L multiplicity @ p — 1
B2 5 irrducible constituent 282, XHIZ, (x,x)=p &Y, (x,n)=18Ebh
5. £oT, xidbx 5 ¥ p D irreducible constituent &,

n i p TERINZ2WVWNSD, x 1F1-2721) degree DR 3 irreducible constituent xo
ERFD. LIEDB2>T, X=Xo+ Xoes,” LR85, B, Ker x < Z(G) THIMD, £
BD Z(G) DL p DT z, y XL T, nz) = n(y) = ¢Fn(l) BT A. LENST,
<r>=<y> &RV, NWZ(G))| =p BRENT.

e, £ED Z(G) O z TR LT, HBFEH p™-RIR Gm ZHVT n(2) = mn(l)
ERTIENTES. LEEBLT,

p=Irr(x)| > p™ (p—1)



In, m=1088Boh3d. 2hii22eKernZRLTNA. 5T, x DOENGL 2P =1
ED.
xo 7S real THBHZ LI, xo P degree NDHLHALNTHS. ]

case 2a M & XX, 1, Iy DWTNMR pelement EIZ LABENRNWI &IZR2Y, D
BT T psubgroup DHEEELISMT G O ICHEL RITTHREBDR2NEEZ DN
5. LIehoT, FHEAOENRHTL AAREES—BHVEESTHL L BbD. Bilk
BELLT, MO L 2 2RE L.

Proposition 11. |G| =2p? = p(p+p) 2 5IE, G 13 Z, x Dy, 742 (Z, % Z,)-2 L
BITRB.

proof.

G 1% abelian TRV E LTIV, PeSyl(G) &L, t # G @ involution & ¥ 5.

P 7% isolated D & %, G iX Frobenius group T$ 5. x(t) LR CEE & 5 G DTENEEIC
Proposition 1 (2) Z#/H ¥ 5 &, Pl cyclic TRVWI EBbHMD. IoT, G~ (Z,%xZ,)-2
ERA.

PN Cglz) Z P #Wi=¥T z 2>+ &, PiXabelian THEHH D, cyclic TR
EoT, G Z,x Dy, 725,

L0888, x(1) =2p—1 L7235 type {—1, p— 1} O sharp pair (G,x) PFET
5. O

Proposition 11 4>, center 2SB{TEEIZ 725 sharp pair (G,x) b EBICEFEETHZ &0
73 %. Theorem 5 O center \ZM¥ B EEIT TEIITHRY &, —ROFK p DH/EIC
TR TE A ENEE LY.
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