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JORGENSEN'S INEQUALITY FOR
COMPLEX HYPERBOLIC 2- SPACE

Shigeyasu KAMIYA *
RILER kS (T25) BEER

1 Introduction

Jorgensen’s inequality gives a necessary condition for non-elementary two gen-
erator group of isometries of hyperbolic space to be discrete. We give analogues
of Jgrgensen's inequality for non-elementary groups of isometries of complex
hyperbolic 2-space generated by two elements, one of which is either loxodromic
or boundary elliptic.

This is a joint work with Jiang Yueping (Hunan University) and John. R.
Parker (University of Durham).

2 The classical Jgrgensen’s inequality

We discuss the original inequality of Jgrgensen and reformulate in a way that
we can generalize. Jgrgensen takes two elements A and B in SL(2,C) and says
that if ‘

|tr?(A) — 4| + |tr(ABA™'B™1) —-2| < 1,
then the group < A, B > generated by A and B is either elementary or not
discrete. In this paper we will only be concerned with the cases where A is

loxodromic or elliptic. We may reformulate Jgrgensen’s inequality in terms of
cross ratios of fixed points. Jgrgensen’s inequality is equivalent to

Theorem 1. Let A and B be elements of SL(2,C) so that A is either lozo-
dromic or.elliptic with fized points u and v in C. Let M = |tr?(A4) — 4.
If either :

MA(|[B(w), v, BW)]| +1) <1 or  M*(|[B(w), 4%, BW))| +1) <1,

then the group < A, B > is either elementary or not discrete.
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13640198)



3 Preliminaries

Let C%1! be a complex vector space of dimension 3 with the Hermitian form
of signature (2,1). We choose the Hermitian form on C?? to be given by the

matrix J
0 0 1
J=10 1 0]1.
1 00

Thus < z,w >=w*Jz = 2,W3 + 2.W3 + z3W7.

We deﬁne the Slegel domain model of complex 2-space, HZ as follows: We
identify points of HZ with their horospherical coordinates, z = (¢,v,u) € C x
R x Ry = H%. Sumla.rly, points in 8H% = Cx R U {oo} are either z =
(¢,v,0) € Cx R x {0} or a point at 1nfmty, whlch is denoted by co. Define the
map ¢ : HE, — PC*! by

¢ : ((vu)— [(—lCiz—'u+iv)/27c’1]t’
¢ : oor— [1,0,0]%.

The map ¢ is a homeomorphism from H% to the set of points z in PC??
with < z, z >< 0. Also ¢ is a homeomorphlsm from 8H% to the set of points
z in PC%! with < 2,2 >=0. Let L be a complex line 1ntersectmg HZ. Then
(L) is a 2- dimensional subspace of C%!. The orthogonal complement of this
space is a one (complex) dimensional subspace of C?! spanned by a vector p
with < p,p >> 0. Without loss of generality, we take < p,p >=1 and call p
the polar vector corresponding to the complex line L.

The Bergman metric on HZ is defined by the following formula for the
distance p between points z and w of HZ :

pzw), _ < 4(2), p(w) >< $(w), §(2) >

cosh( ) = .

2 < $(2), $(2) >< $(w), p(w) >
The holomorphic isometry group of H% with respect to the Bergman metric is
the projective unitary group PU(2,1) and acts on PC??! by matrix multipli-
cation. A matrix ¢ € GL(3,C) is in PU(2,1) if and only if it preserves the
Hermitian form given by J. For four distinct points 21, z3, wy, ws of HZ the

cross-ratio is defined as

< $(wr), (21) >< $(wy), P(22) >
< ¢(w2)’ ¢<Z1) >< ¢(w1),¢(22) >|

In order to represent the holomorphic isometries of HZ, we work with the
special unitary group SU(2, 1) throughout this paper.

21, 22, w1, wo]| =
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4 Subgroups with loxodromic generators

We give our results about the subgroups with loxodromic elements. Let A be
a loxodromic element with fixed points u and v in 9H%. Suppose that A has a
complex dilation factor A(A). We define a conjugation invariant factor M by

M=|\NA)-1|+ IA(4)~! = 1].
Theorem 2. Let A be a lozodromic element of SU(2,1) fizing p and v, and
let B be any element of SU(2,1). If either
M{B(), v, B2 +1) <1 or M(|IB(), s v, B +1) <1,
then the group < A, B > is either elementary or not discrete.

Theorem 3. Let A be a lozodromic element of SU(2,1) fixing u and v, and
let B be any element of SU(2,1). If M <2 -1 and

1—-M++1-2M - M?
M? ’
then the group < A, B > is either elementary or not discrete.

\[B(1), v, , BW)]| + |[B(), s v, BW)]| <

We can show that neither theorem is a consequence of the other one.

5 Subgroups with boundary elliptic elements

Let A be a boundary elliptic element of SU(2,1). Then A fixes a complex
line in HS. We denote this complex line by L4 and its polar vector by p4.
The fixed complex line of BAB~? is B(L,), which has the polar vector B(pa).
Normalizing p4 and B(p4) so that < pa,pa >=< B(pa), B(pa) >=1, we have
three cases:

‘(1) If | < pa,B(pa) > | < 1, then Ly and B(L4) intersect at a point in
HZ. Moreover, | < p4, B(pa) > | = cosy, where 9 is the angle of intersection
between L, and B(L,). In particular, if | < p4, B(pa) > | =0, then L, and
B(L,) intersect orthogonally.

(2) If | < pa,B(pa) >| =1, then either B(L4) = L4 or Ly and B(L4) are
asymptotic at at a point in 9HZ,.

(3) If | < pa,B(pa) >| > 1, then L4 and B(L4) are ultraparallel, that is,
they are disjoint and have a common orthogonal complex geodesic. Moreover,
| <pa,B(pa) > | = cosh£, where p is the distance between L4 and B(L4).

For a boundary elliptic element A € SU(2,1) we define the order of A as
ord(A) =inf{m > 0: A™ =1I}.
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Theorem 4. Let A be a boundary elliptic element of SU(2,1) which rotates
through an angle 0 = 2w /n about a complez line Ly. Let B be any element of
SU(2,1) so that B(L4) # La. If one of the following three conditions (1), (2)
and (8) is satisfied, then the group < A, B > is not discrete.

(1) La and B(Ly) intersect at an angle o # 7/2 and ord(A) =n >6.

(2) L4 and B(L4) are asymptotic and ord(A) =n > 7.

(8) La and B(Ly) are ultraparallel and

p . 6 1
lcoshzsmzl <3

where p is the distance between L, and B(L,).
If Ly and B(L,) intersect orthogonally and

itr(B) sin gi <3 |
then the group < A, B > is either elementary or not discrete.

Theorem 5. Let A be a boundary elliptic element firing the complex line L4
spanned by u and v in OHE. Suppose that B is any element of SU (2,1) for
which La and B(La) do not intersect orthogonally. If either

M(|[B(k), v, m, BW)I'? +1) <1 or  M(|[B(), v, BW)IM? +1) < 1,
then the group < A, B > is either elementary or not discrete.

Theorem 6. Let A be a boundary elliptic element firing the complez line L,
spanned by u and v in 8HZ. Suppose that B is any element of SU(2,1) for
which Ly and B(L4) do not intersect orthogonally. If M < /2 —1 and

1-M++v1-2M - M?
M2 ’

(B(k), s 1, BW)| + |[B(w), 1, v, B)]| <

then the group < A, B > is either ele'rrientary or not discrete.
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