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Abstract

Nonextensive entropies are divided into three classes, each of which is characterized by Shan-
non additivity and pseudoadditivity. One of the three classes has properties of both additivities.
The remaining classes have only one property of the two additivities, respectively. An example of
nonextensive entropy is shown concretely for each class. In particular, one class is found to consist
of only Tsallis entropy. More precisely, Tsallis entropy is proved to be uniquely determined by only
these two additivities. The present classification using these two distinct additivities reveals unique
characteristics of Tsallis entropy.

1 Introduction

Shannon additivity and pseudoadditivity are characteristic properties of Tsallis entropy [1]. Both of
these additivities are nonextensive generalizations of the standard additivity in extensive systems. Al-
though these properties appear to be similar in the sense that both additivities are given by the for-
mulations of the entropy for the composite systems, A and B, they are actually different. When two
systems, A and B, are mutually independent, in extensive systems, the Shannon additivity coincides
with the pseudoadditivity, but in nonextensive systems, this coincidence generally does not hold.

In the present paper, these two additivities are applied to characterization of three classes of nonex-
tensive entropies. One of the three classes is characterized by satisfying both of these additivities, and
the remaining two classes are characterized by satisfying only one or the other of the two additivities.
An example of nonextensive entropy is shown concretely for each class. In addition, Tsallis entropy
is uniquely determined by only these two additivities. In the present paper, both the original Tsallis
entropy and the normalized Tsallis entropy are discussed.

2 Shannon additivity and pseudoadditivity of the original Tsal-
lis Entropy

The original Tsallis entropy S, [2] is given by

1- an o}
Sq (pl, tee 1pn) = q ’___.; (2.1)
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where ¢ € R*. This nonextensive entropy is one-parameter generalization of Shannon entropy in the
sense that

lim 8y = 8 =~ ; pilnp;. (2.2)
The Shannon additivity [3] and the pseudoadditivity [1] of the original Tsallis entropy are given by
followings:

(1) Shannon additivity:

Vi=1,--,nVi=1,mi:p;; 20, pi=Y pij, P pi=1, (2.3)
j=1 1=l
= - q Pia Pim,;
Sq (p117 et :pﬂmn) - Sq (p11 et apn) + ZP.-Sq (;—" ) T) (24)
=1 * :
(2) pseudoadditivity:
Sq(A,B) = 5, (A) + 5, (B) + (1-q) S, (A) 5, (B) (2.5)

where A and B are mutually independent finite event systems:

A=(A1 An)’ B:(Bl Bm)_ 26)

pf - pi 2 - pE

These two additivities, Eqs.(2.4) and (2.5), can be proven in a straightforward manner using the
definition given in Eq.(2.1). If the condition of independence given by Eq.(2.6):

Vi=1,"',n, V.7=1)9m ¢ Dij = Di-Dj, (27)

is applied to the Shannon additivity given by Eq.(2.4), then the equation is simplified to

n
Sq(p111 Y pnm) = Sq(plv Y pﬂ) + (Zpg) Sq(pl: Tty pM) . (28)
i=1
Here, we take m :=m,; for all i = 1,---,n. In terms of the following notations:
Vi=1,---,n:p,':=p;»4, Vj=1,~--,m:pj:=ij, (29)
sq (A) = Sq (p1, T pﬁ)7 Sq (B) = Sq (pl, Tty pm) (2‘10)
the obtained Shannon additivity, Eq.(2.8), is written as
S, (A, B) = S, (4) + (Zp:-') S,(B). (2.11)
=1 )

Note that in the case of ¢ = 1 (extensive systems), the Shannon additivity finally reaches
Si (A, B) = 51 (4) + 5 (B), (2.12)

which coincides with the pseudoadditivity of Eq.(2.5). In this way, when two systems, A and B, are
mutually independent in the extensive systems, the Shannon additivity coincides with the pseudoaddi-
tivity.

However, under the above condition of independence, Eq.(2.6), in nonextensive systems, these two
additivities differ from each other in the sense that one additivity cannot be derived from the other.
Comparing Eqgs.(2.5) and (2.11), these additivities do not coincide with each other.

Therefore, the nonextensive entropies are divided into the following three classes:
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Class 1: Nonextensive entropy S(gl) satisfying both additivities
Class 2: Nonextensive entropy 532’ satisfying only the Shannon additivity

Class 3: Nonextensive entropy 533’ satisfying only the pseudoadditivity

Here, we need a condition that all nonextensive entropies should satisfy Eq.(2.2).

Examples of each class of nonextensive entropy will be shown concretely in order to reveal the
difference between the two additivities.

First, we uniquely derive the nonextensive entropy 5.51) of Class 1 from only these two additivities,
and the obtained entropy is found to coincide with the original Tsallis entropy.

If two systems, A and B, are mutually independent in the nonextensive systems, then the two
additivities are given by Egs.(2.5) and (2.11), respectively. Eliminating S, (4, B) from both Eqgs.(2.5)
and (2.11) yields

SM(A) + SM(B) + (1 - q) SN (A) S, (B) = S{V(4) + (Xn:p}’) sM(B). (2.13)
‘ i=1 .

Therefore, the original Tsallis entropy, Eq.(2.1), is directly derived from Eq.(2.13), as follows:

1- 3> pf
= (2.14)

M) 4) =
S{(4) = —=

Note that in this derivation only the Shannon additivity and pseudoadditivity are used. In other
words, these two additivities uniquely determine the original Tsallis entropy.

We must note here that our derivation is not consistent with the result reported in [4]. As reported in
[4], the four conditions: (i) continuity, (ii) increasing monotonicity, (iii) pseudoadditivity, Eq.(2.5), and
(iv) Shannon additivity, Eq.(2.4), are given as axioms of the original Tsallis entropy and the uniqueness
theorem thereof is proven. Note that the Shannon additivity in [4] is a special case of Eq.(2.4). The
generalization of the Shannon additivity in [4] to Eq.(2.4) is straightforward {1, 5. In the present
derivation, we uniquely determine Tsallis entropy using only two axioms, (iii) and (iv) described above.
Therefore, the above four conditions in [4] are redundant axioms of Tsallis entropy. Thus, these two
additivities become self-consistent axioms of the original Tsallis entropy, but complete parallelism does
not exist between the Shannon-Khinchin axioms and the two additivities [6].

Next, we consider the following example of the nonextensive entropy 5,52’ of Class 2,

1- 3
{1, pu) = i (215)

where ¢ (q) is a differentiable function with respect to any ¢ € R, satisfying

nmﬁ’;gi’ﬂ, lmp(@) =p(1) =0, @) #0 (g#1), and p(@)#g—-1  (216)

q—1 q—1

The difference in S,gz) from that of the original Tsallis entropy, Eq.(2.1), is only the denominator ¢ (g)-
Hence, the last condition of Eq.(2.16) is required in order to belong to Class 2. The following equation
for ¢ (q) is an example satisfying all conditions of Eq.(2.16),

p(q) = ((1—_—1—)-éq—2+—1). (2.17)
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We must confirm that the nonextensive entropy ng) belongs to Class 2. Using I’'Hospital’s rule, we have

1-3 9 = 2 pilnp; n
i (2 = i —2=L = ; ;= 51.
AT T T s 2 plupi=5 (218)
dq =

Thus, Séz) satisfies condition of Eq.(2.2). Séz) is found to have the property of the Shannon additivity,
Eq.(2.4), as follows:

1-%8f . 1—%(";‘%)?

n Py
SO (1. pu) + qgm(?;i,...,%) S S Sl I PO =
o epn) + 3 PSP (O T v T 0

= S§2)(p115 e 7pnmn) .
However, Sq 2 does not satisfy the pseudoadditivity of Eq.(2.5).
SP)(A, B) # SP(A) + SP(B) + (1 - ¢) SP(4) S(B) (2.19)

Thus, Séz) belongs to Class 2.
Finally, we consider the nonextensive entropies of Class 3 in the following example:

n 1_ n -1
el (1) EatT -3

S.ga) (pla e ,Pn) = = n . = =l (220)
: (l—q)gpf (l—q)le,
Again, using I’Hospital’s rule, we have
1_ n -1
lim S®) : Z:l AT - L (- ?}") Lopilnpi+ g E”' Inpy
q1—>n} S = 351% 2 g1 - 31#!} &
(I_Q)'lei —'lei —(I—Q)F_Elpi 'lnp;
1= 1= 1=
Z: Di lnpi n
- =1 —~ - _ Zp' Inp; = S;. (2.21)
=1

Thus, Sf,"‘) satisfies condition of Eq.(2.2). Sé” can be easily found to satisfy the pseudoadditivity of
Eq.(2.5).
SP(A,B) = S (4) + S&(B) + (1 - q) S3)(4) S (B) (2.22)

However, the Shannon additivity of Eq.(2.4) does not hold for Séa). Accordingly, Sés) belongs to Class
3. ‘

3 Shannon additivity and pseudoadditivity of the normalized
Tsallis Entropy

The normalized Tsallis entropy Sq was first introduced in [8] as one candidate of the generalized nonex-
tensive entropies. The requirement for the normalized Tsallis entropy is presented based on the principle




of the form invariance of Kullback-Leibler entropy [9]. or on that of the pseudoadditivity [?], respectively.
The normalized Tsallis entropy S, [8, 9, 10] is given by

1- i?p}’
Sy (p1,+ pn) 1= ——— (3:23)
(g—1) le§
J:

where g € RT. This nonextensive entropy is also a one-parameter generalization of Shannon entropy in
the sense that

‘}51} Sq = Sl = - ;p,‘ lnp,-. (324)
The Shannon additivity and the pseudoadditivity [1] of the normalized Tsallis entropy are given by the
followings:

(1) Shannon additivity:

Vi=1,---,nV¥j=1---,mi:pj 20, pi= Zp.,, Zp,-—l (3.25)

i=1

n m
ZngJ Sq(Plla 7y Pimyy """ Pnl, "‘;an,.)

i=1 j=1

- (Zp") Sulor, - o) + 305 058 (”“ ”""f‘) (3.26)
=1 Di

i=1 j=1

(2) pseudoadditivity: . i X X A
$¢(4,B) = &4 (4) + 5, (B) + (4— 1) 5, (4) $, (B) (3.27)

where A and B are mutually independent finite event systems given by Eq.(2.6).

The two additivities given by Eqs.(3.26) and (3.27) are proven using the definition given in Eq.(3.23).
Note that the difference between the two Shannon additivities given by Egs.(2.4) and (3.26) is due to
the normalization of Tsallis entropy. The two Tsallis entropies S, and S, defined by Egs.(2.1) and (3.23)
yield the following relation:

Sq(plv ) pn) = (ip‘;) Sq(pla ) pn) . (3'28)

Jj=1

Thus, substituting Eq.(3.28) into Eq.(2.4) yields the Shannon additivity of Eq.(3.26) for the normalized
Tsallis entropy S Another difference in pseudoadditivity is that the coefficient “1 — ¢” in front of the
cross term in the nght hand side of the pseudoadditivity of Eq.(2.5) is the inverse of “g—1” in Eq.(3.27).
The reason for this difference is the normalization of the original Tsallis entropy, which is discussed in
detail in our paper [10].

Similar to the case of the original Tsallis entropy, the condition of independence given by Eq.(2.6)
is applied to the Shannon additivity of Eq.(3.26), which yields

(ZP]) (4,B) = 5,(4) + (ip?) 8,(B). (3.29)
j=1 i=1 .

Here, we take m := m, foralli = 1,---,n. Note that in the case of ¢ = 1 (extensive systems) the Shannon
additivity becomes the standard additivity of Eq.(2.12), which coincides with the pseudoadditivity of
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Eq.(3.27). In this way, when two systems, A and B, are mutually independent in the extensive systems,
the Shannon additivity coincides with the pseudoadditivity.

However, under the above condition of independence in the nonextensive systems, these two additiv-
ities differ from each other in the sense that one additivity cannot be derived from the other. Comparing
Eqgs.(3.27) and (3.29), these additivities do not coincide with each other.

Therefore, the normalized nonextensive entropies are divided into the following three classes:

Class 1: Nonextensive entropies 5‘51) satisfying both additivities
Class 2: Nonextensive entropies 5',52) satisfying only the Shannon additivity

Class 3: Nonextensive entropies 5’33) satisfying only the pseudoadditivity

Here, we need a condition that all nonextensive entropies should satisfy Eq.(3.24).

Examples of each class of nonextensive entropy in each class will be shown concretely in order to
reveal the difference between the two additivities.

First, we uniquely derive the nonextensive entropy 5‘51) of Class 1 as in the previous section. If
two systems, A and B, are mutually independent in the extensive systems, then the two additivities
are given by Eqgs.(3.27) and (3.29), respectively. Eliminating S, (A, B) from both Egs.(3.27) and (3.29)
yields

(Zp;) {8404) +8,(B) + (4= 1) 84(4) 5,(B)} = 5,(4) + (Zp;) 5(B). (330
j=1

i=1
Therefore, the normalized Tsallis entropy of Eq.(3.23) is directly derived from Eq.(3.30) as follows:
1- 3 pf
$(B) = —=— (331)
(g-1) Zl P}
J=

Note that in this derivation only the Shannon additivity and pseudoadditivity are used. In other
words, these two additivities uniquely determine the normalized Tsallis entropy, similar to the case of
the original Tsallis entropy.

Next, we consider the following example of the nonextensive entropy g‘gz) of Class 2,

1=t
Svgl) (Pl’ et ’pn) = Lnl_ (332)
v (q) _Zl P}
J:

where  (g) is a differentiable function with respect to any ¢ € R*, satisfying the conditions of Eq.(2.16).

Here, we must verify that the nonextensive entropy 5‘52) belongs to Class 2. Using ’Hospital’s rule, we
have

I—ZP? - pilnp; n
limg 59 = Jim —5— = lim — 5 ==Y pilapi =51 (3.33)
q .
1C) 37 el Yrtel@Xlp = |
1= 1= =

Thus, 5'.52) satisfies the condition of Eq.(3.24). 5'32) is found to have the property of the Shannon
additivity Eq.(3.26).
However, 5‘.52) does not satisfy the pseudoadditivity of Eq.(3.27)

SP(4,B) # 85 (A) + 8P (B) + (¢~ 1) 5P (4) 82 (B) . (3-345



Thus, S’éz) belongs to Class 2.
Finally, we consider the nonextensive entropies of Class 3 in the following example:

n g241 - n 2_2¢43 n 241
R ) S S
_i= _i= i=

59 == o = (3.35)
n 1 n 241
(q—l),_zlp;%  @-uEet
Again, using ’'Hospital rule, we have
n g2-2¢43 n 241 n g2-2943 n 241
“(3) Zgu - .211’:_;_ (q-l)lei lnza.-—q_Zjlp,."5L In p;
lim S = hm = = = hm = i=
1 9 1 n 241 1 n 241 n 241
q—* ” ((1—1)21’;_% ” Ep:_’_ +q(q—1)):p;;_lnpj
j=1 =1 =1
- Z: pilnp; n
= —’:11—— = —Zpi Inp; =S (3.36)
=1

Thus, A§3) satisfies the condition of Eq.(3.24). In addition, 5’33) is verified to have the property of
pseudoadditivity of Eq.(3.27).

53 (4,B) = 5 (4) + 5(B) + (¢ — 1) 5P (4) $¥(B) (3.37)

However, the Shannon additivity of Eq.(3.26) does not hold for 5‘;3). Accordingly, 5’&3) belongs to Class
3.

4 Conclusion

We have shown that the nonextensive entropies can be divided into three classes which are characterized
by the Shannon additivity and the pseudoadditivity. An example of each class is shown concretely and
these two distinct additivities reveal the following peculiarities of Tsallis entropy.

First, Tsallis entropy is uniquely determined by only these two additivities. Thus, these two additiv-
ities constitute the axioms of Tsallis entropy. However, these axioms are not a naturally generalization
of the Shannon-Khinchin axioms in extensive systems due to the lack of complete parallelism between
them.

Secondly, there exist nonextensive entropies satisfying only one of the two additivities. Accordingly,
for the construction of the general axioms for Tsallis entropy, unsatisfactory axioms consisting of these
two additivities are observed. In other words, axioms that include both additivities are redundant.
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