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Inequalities for Saigo’s Fractional Calculus Operator
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Abstract

Let A be the class of functions f(z) of the form f(2) = z + @222+ a32® + - -- which
are analytic in the open unit disk U. For f(2) € A, the subclass A(n,d) of A satisfying
the coefficient inequalities |ax] < k"% (k > 2) is introduced. The object of the present
paper is to derive some inequalities for Saigo’s fractional calculus operator I{,’,’f"' f(z) of
f(2) € A(n, 9).
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1. Introduction

Let A be the class of functions f(z) of the form
f2) =2+ aud (1.1)

k=2
which are analytic in the unit disk U = {2z € C : [2|] < 1}. Saigo’s fractional calculus
operator I " f(z) of f(z) € A is defined in Srivastava, Saigo and Owa [7] (see also Saigo
[5]) as follows.

Definition 1.1.  For real numbers o > 0,8 and 7, the fractional integral operator
I{,’:,’ﬁ"' f(z) of f(z) is defined by

g P

P f(z) =

I'(a) ](Z - C)a—l o F1 ( a+g, =1 11— -E—) F(¢)d¢, (1.2)
0

1 Department of Ma.them#tics, Kinki University, Higashi-Osaka, Osaka 577, Japan
2 Department of Applied Mathematics, Fukuoka University, Fukuoka 814-0180, Japan
8 Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Sofia 1090, Bulgaria




86

‘where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin with the order
f2)=0(z) (2—0),

where
e > max{0,8 — g} -1,

and the multiplicity of (z — ¢)*~! is removed by requiring log(z — ¢) to be real when
z—-(>0.

Remark 1. It follows from Definition 1.1 that
Ia, 1ﬂ_f(z) D"“f z) / ( )l—a =t (13)

when @ = —a, where D] is the fractional integral of order o defined by Owa [3].

Definition 1.2. For real numbers 0 < a < 1, 8 and 1, the fractional derivative operator
JoP f(2) of f(z) is defined by

J;,f,nf(z)=md {a—ﬁ/(z- ()2 F, (ﬁ Bl 1——) f(C)dC} (1.3)

and -
Totebnf(z) = 5— e —(Bf7f(z))  (m=0,1,2,..), (1.5)

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin with the order
f(2)=0(z)  (z2—0),

where
€ > ma,x{O,,B - 77} -1,

and the multiplicity of (z — ()~ is removed as in Definition 1.1 above.
Remark 2. We also note that, when 8 = a,

JEonf(z) = D2 f(2) = FiGLS } (1.6)

I"(l a)dz {0 (z=¢)~

and
Jo " f(2) = DY+ f(z) = (Do 7(2) (1.7)
where D¢ f(z) and D***f(z) are fractional denva.twes of f(z) defined by Owa. [3].
A function f(z) € A is said to be starlike in U if it satisfies

2f'(2)
R (~——~f e ) >0 (zeU). (1.8)
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We denote by S* the subclass of A consisting of all starlike functions in U. A function
f(2) € A is said to be convex in U if it satisfies

2" (2) ,
?R(1+ e ) >0 (zeU). (1.9)

We also denote by K the subclass of A consisting of functions f(z) which are convex
in U. Note that f(z) € K if and only if zf (2) € S*.
It is well-known that:

(i) if f(z) € S*, then |ax| <k (k=2,3,4,...), see e.g. [1],
and ‘
(i) if f(z) € K, then |ax] <1 (k=2,3,4,...), see e.g. [4].

Now, let A(n,d) be the subclass of A consisting of all functions f(z) which satisfy
lax| < k™+S : (1.10)

for some n = 0,1,2,..., and for some 0 < § < 1. Then we see that S* C A(1,0) and
K c A(0,0).
2. Inequalities
Let ,F,(z) be the generalized hypergeometric function defined by (for all details, see
[2])
4
00 H (a.i)k k
Fy(z) =, F, (al,az,...,a, ;z) = = z . (2.1)
rtyq rtq B, B2, .. ,ﬂq kzr.:o ,ﬁl(ﬂi)k (1)1.:
j=
where (a;); means the Pochhammer symbol defined by

1 k=0
(aj)k={ aj(aj+1)...(aj+k—1) §k=132,3,...).

(2.2)

In order to derive our inequalities for Saigo’s fractional calculus operators, we need the
following lemma due to Srivastava, Saigo and Owa [7].

Lemma 2.1. Let a > 0,3 and n be real. Then, for k > max{0,8 —1n} -1,

. T(k+ DTk -B+n+1) 4
)ﬂ;" ﬂ= k ﬂ. .
L = A DiGE+atn+ D) (23)

We also have
Lemma 2.2. Let 0 < a < 1,8 and n be real. Then, for k > max{0,8 — 5} —1,

o Pk+1)Ik—-B+n+1) 4
Bk k—p 24
Joi" I"(k——ﬂ+1)1"(k—a+1;+1)z 24
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Nk+1)I'k—B+n+1) a
ymtoafin b _ k~p—m =0 .
0.+ g P(k-ﬂ—m+1)1(k——a+vn+1)z (m=0,1,2,.) (2:5)

Our first inequality for I;?#"f(z) is contained in the following theorem.

Theorem 2.1. Let a > 0,8 and  be real, and let 2~ 03 > 0,2—- 3+ > 0, and
24+ a+4+n>0. If f(2) € A(n,d), then

I2-B8+n) _ 2,...,2,2—B+n

WBin 1-3 1003 M .

II(?,, f(z)l S I‘(2—-ﬂ)I‘(2+a+n) lzl n+3Fn+2 1,---,1,2—ﬁ,2+0+77 ,'Zl
(2.6)

Jor 0<|z| < 1.

Proof Applying Lemma 2.1 for f(2) € A(n,6), we have

wtmern & TE+DTE=B+n+l) .y
G @ = L T s DG aan e D |

(@=1 @7

i I(k+1)(k-B+n+1) kL [2|*B
‘T(k-B+1)Ik+a+n+1) '
i T(k +2)T(k - B +n+2)
«T(k-B+2)T(k+a+n+2)

(k + 1)n+1|2lb+1-—ﬂ .

Since

P(k+7) =T()(Ms (1>0) and k+1=%f,

we obtain that

< DR=B+D) i (& (@™ f+n |
B0 < gt ar o (S = At () O

= F(2—ﬂ+ﬂ) Izll-—ﬂ F '21-":-a2,2—,3+77 Izl
T(2-AT2+a+n) mT L, L2-8,24a+ ]
which completes the proof of the theorem. R L
If we take f = —a in Theorem 2.1, then we have

Corollary 2.1. If f(z) € A(n,d), then

1 | 2,...,2 |
—a 14a 3 ’ .
D @) < gy o P ( Lo 1% 4a ,|z|) (29)

for 0<|z]<landa>0.
Taking special values of n and § in Theorem 2.1, we derive the following corollary.
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Corollary 2.2. Leta > 0,08 and n be real, and let 2 -3 > 0,23+ 79 > 0, and
2+a+19>0. If f(2) € A(1,0), then

o,f, P(Z—ﬂ'*"l) - 2,2’2a2'—,8+17 .
B e 1 P PARMTE | BT

for 0<|z| < 1. If f(z) € A(0,0), then

B, P(2_ﬂ+17) - 2,2,2—-B+n .
B2 1 ()] < I'(2-BT2+a+n) o' 5 ( 2—ﬁ,2+a+nl’|zl) - @)

Similarly, for Saigo’s fractional derivative operator Jf,’:’f " f(z) of f(z), we have

Theorem 2.2. Let0< a< 1,8 andn bereal, andlet2—f-m >0,2—-8+97>0,
2—a+n1>0,andm=0,1,2,... . If f(2) € A(n,d), then

I'2-p8+n)
+a,8,n
1 11mBern 2,...,2,2-0+1 ]
)(Izllﬂ n+8Fn+2(1’“-,1,2_ﬂ__m’2_a+n1|z|)
(2.12)
Jor 0<|z| < 1.
Proof Since Lemma 2.2 implies that
>, Tk+1DI(k—-B+n+1) —B—m
+a,Bin = k—p ’ 2.13
Jo " (2) ,?;lr(k-ﬂ-m+1)r(k-a+n+1)“"z (2.13)
we easily see the inequality (2.12). =

If we put 8 = o in Theorem 2.2, then we have
Corollary 2.3. If f(z) € A(n,d), then

1 l—-a-m 2,'--a2 .
I\(2 —a - m)lz' n+2Fn+1 ( 1,...,1,2_a_m 1|z‘) (2'14)

for 0<|2|<1,0<a<landm=0,1.

|D; f(2)] <

Taking special values for n and 4, we have

Corollary 2.4. Let0< a<1,8 andn be real, and let 2~ 3—m > 0,2—-+9> 0,
2—a+n>0andm=0,1,2,.... If f(2) € A(1,0), then

I‘(2—[3+n) 1-f-m 2a2’2’2"ﬂ+’7v . )
)ISF(Z—ﬁ—m)I‘(Z—a+n)|zI 4F3 laz—ﬂ—m,2—0+n’|zl

fen 17\

| Jg,':a’ﬂ’n f ( 2
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Jor 0 < |z| < 1. If f(2) € A(0,0), then

O Tp e e P Y (W G

I'2-6-ml2-a+n) 2—-,3—-m,2-—a+7,;|z|)’

(2:16)

3. Appendix
We introduce the following formula for the generalized hypergeometric functions ([2]).

Lemma 3.1. (Srivastava [6]) If m is a positive integer, then

.m ﬁ(a,),- ) . .
qu(ﬂl'l"m,az,..-,ap ;Z):Z(m) =2 z,p_qu—l(az+J,--.,ap+J 'Z) ‘

. q . L
ﬂl,ﬂz,...,ﬂq =0 7 ‘gl(ﬂd)j [32 +J,-.-,,Bq+_7
(3.1)
~ In view of Lemma 3.1, for n4+3F 42 in Theorem 2.1, we see that
n+3Fn42 ( SRR |Z|) = i (1) (2))"(2 — £ + n);
17"'a1,2'—ﬂ,2+a+7]’ =0 j ((1),~)"(2—,3),-(2+a+n),-
(3.2)

. 244,..,24+5,2-B+n+j
7 H b ? .
X |z’ nt2 Fa ( 144y, 145,2=-8+5,24a+9+] 14l

_ 2,...,2,2-04+1 .
—"+2F"+1(1,...,1,2-,3,2+a+17 il

T(Z“ﬂ)(2+a+ﬂ) ,"'1273"'ﬂ13+a+”

_ 2,...,2,2—-8+n .
""*‘F"( L.o,L,2= 24 a+y ""')

R 2n+1(2_ﬁ+”) Izl +2F+1( 3,.--,393”16"-” olzl)
n n 2 !

3.2°(2 - B +1) 3,...,3,3—fB+1
+(2—ﬂ)(2+a+ﬂ)|2ln+1Fn 2a'°-,253"ﬂ’3+a+”’|ZI

L 432 B+n)B-B+n) o F,( 4,...,4,4—B+7 .Vo
C-0)B-B2+a+n)B+a+n ML 3,...,8,4-B4+a+n )"

Therefore, Corollary 2.2 can be written as:
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Corollary 3.1. Leta > 0,8 and n be real, and let 2 -3 > 0,2—-3+7n > 0, and
2+a+n>0. If f(z) € A(1,0), then

o,8,n P(2—,@+7]) 2a212_ﬂ+ﬂ .
IIO,z f(z)ls F(2-—ﬂ)I‘(2+a+n) SFZ( 2_’3’2+a+n ’Izl)

4T2-f+1n) 3,3,3-B+n
+1"(3—,6)I‘(3+oz+,7) |23 F2 ( 3—B,34+a+n ,|z|) (3.3)

for 0 < |z| < 1. Purthermore, let « > 0,8 < 2, and 7 be a positive integer. If
f(z) € A(1,0), then

a,8n r2-8+n) 1—- .
IIO,z f(z)l S I\(z — ,B)P(Z + a+’7) lzI ? (3‘4)

(7 ((2),)’ 247,240
g {jgo(j){(2"ﬁ)j(2+a+q)j 2F1( 2+a+2m ’IZI)
((2)-+1)2(2 —,3+17) ( 34+n,3+19 )} }
* (2 - tBJ).H-l(z +a+1))j+1 lzlel 3+a+2’7 ? |Z| IZI',
for 0< |z| <1. If f(2) € A(0,0), then

I'2-p8+n) lzll—ﬂ
2 ATC@+ea+n)

B Qe (35235 )

§=0

527 < (35)

Jor 0<|2| < 1.
We also see from Corollary 2.4 that

Corollary 3.2. Let0<a<1,8andn bereal, andlet2—BF—-m>0,2-8+17>0,
2—a+n>0andm=0,1,2,... . If f(2) € A(1,0), then

a,B, F(2~ﬂ+n) —f~-m 252,2_16"'” .
@S se =g st —arn 3F2(2—,5-m,2—a+'l’|z|)

4F(3—ﬁ+ﬂ) 2—-8-m 313a3_:3+17 . )
'3-p-m'3-—a+7n) 12 ak 3-f-m3—a+y ,lz(l 6)
3.
Jor 0 < |z| < 1. Furthermore, let 0 < a < 1 and 8 < 2 be real, and 1 be a positive
integer, and let 2 - B -m >0and m=0,1,2,... . If f(z) € A(1,0), then

.8, P(2 - ﬂ + ﬂ) —~f—m

/o 7\
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SE (M o e (P )

j=0

((2);+1)*2 =B +n) (3+n+m,3+q+m_ )} }
* 2- ﬂ"Jm)J‘H(Z — o+ )i l2l2Fy 3—a+2p+m l2l ) 1 1a¥

for 0<|z| < 1. If f(2) € A(0,0), then

I'2-6+n) 4
+a,8,n < 1-8—m
15 f@) “T(2-8-mI2-a+n) 12l 38)
n+m 2
n+m ((2);) i (2+n+m,2+n+m. )
for 0< |zl < 1. -
Further, we consider the case of § = —a in Corollary 2.2.
Corollary 3.3. Leta > 0. If f(2) € A(1,0), then
1D7(3)] < A
» TWI 2 TR¥ o)1 -2
x { (1= |z]) o F; w4 2 g (@ (3.9)
1\ 2+4a’ 2+a?\3+a’ )
for z€U. If f(z) € A(0,0), then
- 2|+ aa

for zeU.
Proof. Applying Lemma 3.1 and the formula (see [2])

oF) ( @p ;z) =(1-2)""?,F ( T-ar-p ;z) (3.11)

v Y
we see that 2|+ 2 09
—Q Z i kRt ] .

_ |Z|1+a 1./1 (2)_,-(2),' F 245,243 1z
=teTa) {Z () oy e (5 ')}
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e [y @@ e sa
e {Z (a) ;2 +a); (= =" ( 2+a+j ')}
lzll+a

- rwates (00 (5% )+ (3 )

for z € U. n

Letting 8 = a in Corollary 2.4, we have

Corollary 3.4. let0<a<l,m=0,1anda+m<2. Iff(z)€ A(I,O), then
|z‘1—a—m
I'(2 — a = m)(1 — |2|)3+a+m

|D7+ f(2)| <

X {(1—lz|)zF1("°‘"'""""'” ;|z|)+-—-fﬂ—— Fl(“"""“""" ;|z|)}

2—-a-m 2—a-m?’ 3—a-m
| (3.13)
for 0<|z| < 1. If f(2) € A(0,0), then
m+a Izl Lma=m 23 2 .
|D7*ef(2)| < TG —a—m) 2F1( R | (3.14)

Jor 0<|z|<1.
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