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Electronic energy density in chemical reaction systems
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The energy of chemical reaction is visualized in real space using the electronic energy nlgidity
associated with the electron densit§r). The electronic energy densib(r) is decomposed into

the kinetic energy density(r), the external potential energy density(r), and the interelectron
potential energy density,,(r). Using the electronic energy density(r) we can pick up any point

in a chemical reaction system and find how the electronic ereigyassigned to the selected point.

We can then integrate the electronic energy demsity) in any regionR surrounding the point and

find out the regional electronic ener@y to the globalE. The kinetic energy density(r) is used

to identify the intrinsic shape of the reactants, the electronic transition state, and the reaction
products along the course of the chemical reaction coordinate. The intrinsic shape is identified with
the electronic interfac&that discriminates the regidRy of the electronic drop from the regid®y

of the electronic atmosphere in the density distribution of the electron gas. & $pans the whole
space, then the integral gives the toEal The regional electronic enerdyg in thermodynamic
ensemble is realized in electrochemistry as the intrinsic Volta electric potentiahd the intrinsic
Herring—Nichols work functionbg. We have picked up first a hydrogen-like atom for which we
have analytical exact expressions of the relativistic kinetic energy dems,i’\txf) and its

nonrelativistic versiom(r). These expressions are valid for any excited bound states as well as the
ground state. Second, we have selected the following five reaction systems and show the figures of
then+(r) as well as the other energy densities along the intrinsic reaction coordinates: a protonation
reaction to He, addition reactions of HF tgH, and GH,, hydrogen abstraction reactions of §IH

from HF and NH. Valence electrons possess their unique delocalized drop region remote from
those heavily localized drop regions adhered to core electrons. The kinetic energy defritgnd

the tension density>(r) can vividly demonstrate the formation of the chemical bond. Various basic
chemical concepts in these chemical reaction systems have been clearly visualized in real
three-dimensional space. @001 American Institute of Physic§DOI: 10.1063/1.1384012

I. INTRODUCTION associated with the electron density. Using the electronic en-
. . - ergy density, we can pick up any point in a chemical reaction
f :]'he _ret?|str|bltjlt|on of e(lj(_actrtgggs _Il_i.es_segtlal n tht?\ Coursesystem and find how the electronic enelgys assigned to
orc frg'?a reac |pntrc]:oor| |rla > [NIS 1S etc;]audsg ne fas- the point. We can then integrate the electronic energy density
sociated Jowering In the EIECtronic energy 1S the dnving Torc&, o g ) region and find out the regional electronic energy
of chemical reaction. The decomposition of the electronic

. . . contribution to the global electronic energy If the integra-
energy in the abstract functional space of orbital has played fon spans the whole space, then the integral gives the total
significant role in the study of chemical reactivity indices '

E. We assume in this paper the adiabatic Born—Oppenheimer
such as Coulson valence bond theory, WOOdward_HOﬁmanﬂ‘eatment for the electronic structure. All the calculations are

- . . -6
law, and the Fukui frontier orbital theofy. )Performed at the HF level of theory. The basis set is
We have recently developed a novel theory of energ 6-311G* unless otherwise stated explicitly.

decomposition in the real spat&’ The new energy decom-
position scheme is exact and complementary to the conven-

tlonal orbl.tal-space energy Qec'o'mposmon §ch§me. Namebn_ REGIONAL ENERGY DECOMPOSITION
which region of space has significant contribution to chemi-

cal reaction coordinate is easily recognized. This is advanta®. Electronic energy density

geous in visualization of the chemical interaction in real According to Heisenberg's uncertainty principle, we can-

space. not know the position of an electron precisely but we merely

This new regional energy decomposition scheme is herg, .\ the electron density(r) if the energy of the quantum

in the present paper extended to an infinitely small regionalyechanical state of the electron gas is given. The electron
energy decomposition scheme, namely,

, Hie the electronic energy.nsity n(r) plays an important role in newly developed
density decomposition scheme. Our scheme here presentagnsity functional theory of materiats:%In chemical reac-

enables us to recognize how the electronic energy density i§,, systems, the redistribution of electrons directly redefines

the electronic energl as a unique functional of the electron
¥Electronic mail: akitomo@scl.kyoto-u.ac.jp densityn(r).
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In Ref. 8, we have developed a novel field theory of For electron density operator
regional energy decomposition. Here we shall briefly review .
the theor§ augmented by the new definition of the kinetic ~ N(F)=Xx"(F)x(r), (6)
energy density OpeTator _ngged. with gauge invariance of th‘?he probability conservation is represented as the continuity
theory. The gauge invariance is essential to the theory Ofequation
“density” as well as the integrated quantity such as energy '
This is because the gauge merely changes the phase of the ¢ . _ S
wave function: r N(r)+divS(r)=0, (7)

e . .
) — o' (F) = —i—o(r P where the velocity density operator,
P(r)—4'(r) exp( s 0(r))w(r). (o

The phase itself should not affect the density as well as the ~ S(f)= i(—iﬁ)}*(F)Dk(F))}(F)

integrated quantity such as total energy. Since the gradient of 2m

the wave function should appear in the equation of motion of +iADE (D)X (F)x(F)), (8)
electrons, the gauge invariance of theory should inevitably

require the gauge potential. The gradient operator shoulgatisfies the equation of motion,

then change to covariant derivative operator. The gauge po- ~ ~ ~

tential brings about the gauge field, namely the electromag- 2 §(7) = 75(7) + K (F) — Eé(r*)xé(r)_ (9)
netic field. Thus the introduction of the electromagnetic field ot c

is mandatory by the gauge invariance. This kind of gauge

o . Aside from the Lorentz force density operator, the stress vec-
principle has been fundamental in the modern quantum yop

theory of electrons. tor density operator or the tension density operatr) is
For the simplicity of presentation of theory, full relativ- given as the divergence of the stress tensor density operator
istic gauge invariant theory of quantum electrodynamics7S(r) as follows:
(QED) will be presented in Sec. Il Bsee also Appendices A _ el
and B; specifically Eqs(B12) and (B13)]. Kr)=a754(r), (10
In Sec. Il A, we shall first start from the nonrelativistic

electronic field theory. For the nonrelativistic electronic field where
theory the Lagrangian is invariant under the gauge transfor- 72

i toni i ofr) is gi 7K = 4 DX (DDA DI ()
mation, and the Hamiltonian density operakbfr) is given amtX K X

using the covariant derivative as follows: . A
+Di (MDA X (F)-x(F)

— D (F)x " (F)-DE(7) x(7)

H(F) =T(7)+ V(1) +W(r), )
where‘AI'(F) is the kinetic energy density operat&’(F) the

external potential energy density operator associated with the —DFAN)x T (N)-D(Nx()]
external electrostatic potentie( r)=—ed¢(r) (see Appendix
A), while W(r) denotes interelectron potential energy +E(§(F)XI§(F))'<, (11)
density operator associated with the interelectron potential c
energy, and
2
. € 2
wW(r,S)= == SO . o
(M9=Fg 74 = =[x ()IDKND(PX()
> > ﬁzl'\—>2—>»~-> * (N (A (AP
T(M==5-"5 xT(F)DE(M) x(1) + D (N)DF(r)x ™ (r)-x(r)
- ~ =Dy (Nx " (r)-Dy(rN)x(r)
+DEANX T (D)X(D), () ‘

T ~DHOY (DD 12

V(1) =x"(Nw(Nx(N)=—ex" (N ¢(r)x(r), (4) R

R 1 Second, the force density operato(r) is given as

WiR) =5 () | S0 OWEHKS RO, ©®

N SGEES F)(a v F)+f d3s% " (S) g w(F,$)X(S)

whereD,(r) denotes the covariant derivativeee Appendix X i X (S)Gr.S)x(
A) and x(r) denotes the three-dimensional two-component e 9AK(T)
spinor operator, -)}(F)+E o N(r). (13

oo XA

X(r)z()fzgr%) Let the expectation value over the ensemble associated
X with the density matrix |V ,)p.(¥,| in the Fock space be

(see Appendix B denoted ag ) such as
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Likewise, the electron numb&t is defined and decomposed

<N(F)>=§ PPN, (W |P,)=1, regionally as follows:

14 ~ ~ Lo

14 N=(N), szdf*rN(r),
2 p.=1 1=p,>0,
m (28)

then the electron density(r) is given as N=; Ng, NR=ﬁ Rd3Fn(F).
re

n(r)=(N(r)). (15 It should be noted that the choice of the new kinetic

It should be noted that the choice of the vacuum and statenergy density operatdF(r) is not positive definite. Con-
vectors and the ensemble itself should reflect the properentional positive-semidefinite choidg,,(r) reads

physics of the system we treat. Then, we obtain the energy 52
densities as follows: TeondF) = ﬁD’k‘(F)SH(F)-Dk(F)S((F). (29
ne(r)=(H()), (18 Both expectation values in the whole space are the $ame:
ne(F)=(T(F), (17 s e
e | e(Tantin = | i), 30
ny(r)=(V(r)), (18 R )
R . but the density is different from each othel . (r)
nw(r)=(W(r)). (19 £T(r). In our previous calculatiorfs;:°which choice of the

kinetic energy densities is appropriate has not been explicitly
emphasized. Buthis difference is very important when we
study the behavior of the newly defined kinetic energy density

The kinetic energy density(r), the external potential en-

ergy densityn,(r), and the interelectron potential energy
densityny,(r) are not mutually independent but are related to>"=) i )
each other because they are all derived from the same densfly (") in chemical reaction systenzs follows.

matrix. Thus, the three components should follow the sum _ I the very vicinity of atomic nucleus, the electron feels
rule leading to the total energy density(r): infinitely large positive electric potential of the bare nucleus.

R Then, in terms of classical mechanics, the electron that has
Ne(M)=nr(F)+ny(F)+ny(r). (200 constant energy can acquire infinitely large positive kinetic
energy at the position of the nucleus. In terms of quantum
mechanics as well, ther(r) should then become infinitely
positive at the position of nucleus, provided that, which is

. the very case of normal chqmistry without radiation field, the
Er= LE Rd FMe(r), @D intramolecular electric fieldE;,4(r) produced by the other

electrons does not exceed that of the bare nuc¢ftu§The
B 37 2 nucleus is therefore normally surrounded by the surface of
Tr= f;e Rd rne(r), (22) zero kinetic energy densityr(r) =0, within which the ki-
netic energy densityn(r)>0 where the electron density is
B 32 > amply accumulated and classically allowed motion of elec-
VrR= LE Rd rov(r), (23 tron is guaranteed. We may call this the region of the elec-
tronic drop denoted bRy and the complementary region the
S region of the electronic atmosphere denotedRyy, being
Wr= f;e Rdsrnw(r), 24 separated by the electronic interfa&e

Regional energy decompositior is found to be the integra-
tion over regionR of space as follows:

wheref e R means the regional integral confined within the ~ Ro={r[nt(")>0},  Ra={r|n(r)<0},
regionR exclusively. Apparently, we have the sum rule of the g (7). (7)=0). (32)

regional energies as follows: S )
In the R, the electron density is dried up and the motion of

Er=Tr+Vgr+Wg. (25 electron is classically forbidden and the bound&rin be-

If the whole space is decomposed into a set of regions, thelf'6€NRo andR, gives a clear image of the intrinsghape

we obtaird of the reactant atoms and molecules, the reaction intermedi-
ates, and the reaction products along the course of the chemi-
E=> E (26) cal reaction coordinate. In Sec. Ill, we shall demonstrate the
RN usefulness of this new concept.

where X denotes summation over the set of regions ands. coulson conjecture of energy density
where the electron enerdy is the expectation value of the

electron Hamiltonian operator in the whole space: In his book, Coulson conjectured that the physical mean-

ing of the probability density should be related with the en-
ergy density of the wave equation in general. Coulson is the
first chemist to envision the intimacy of the field theoretical

E=(H), H:fd?m(r*). (27)
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energy density both of photons and electrons. As a matter oiside from the Lorentz force density operator, the relativistic
fact, for radiation field with electric fieliE(r) and magnetic ~ stress vector density operator or the tension density operator
field B(r) the radiation field energy density is (%8
X (E?(r)+ B?(r)).* We have realized the Coulson conjecture S,z _
: . i ! operatorr'(r) as follows:
in such a way that without the radiation field the quantum P ™ f ( )A o
electronic Hamiltonian density(r) for the ground state is () =g 7™, (41)
manifestly given as the exact functional of electron densityynere
n(r)"! as presented in Eq20) in Sec. Il A. The inclusion "
of the radiation field to the electron field is to prove the stk py—'"C 3+ 7 57 D7) P

r)=—[D, (r)¥(r)y -Dy(r)y(r
self-consistent view to the Coulson conjecture. This is estab- ") 2 (D (D(r)y-Dlr)¥Ar)

71(r) is given as the divergence of the stress tensor density

lished in terms of the gauge principle of quantum electrody-
namics(QED). The relativistic QED Lagrangian composed
of the quantized electromagnetic and electronic fields is in-

variant under the Lorentz and gauge transformation.

The relativistic Dirac Hamiltonian density operator of
electronsH birad 1) IS composed of the mass density operator

+ (1) Y'D(F)Dy(F) ()
— D (DD} (F) () y'-(7)

=B (R ) YDy (P )] = (D XB())K

M(Q and the external potential energy density operator (42)

—e®d(r) (see Appendices A and)B
Hoirad 1) =M (F) —ed(7), (32)
M(F)= 3" (1) (—ihcy’ YD)+’ mA) (1), (39

B(F) =g (F) p(F) gh(F). (34)

In this expression;}/(F) denotes the four-dimensional four-

component spinor operator,

and
~ Tkl *_ihc TN AN (P F
FIK(T) = S L) Y D) ()

— Dy (MDY, (43)
The electronic mass density operalfmff) is further de-
composed into the rest mass density operator
—mdc?[p(r)/e], the kinetic energy density operat®f,(r),

i (F) and the residuéM (r) as follows:
~ o () ~ p(r) ~ o~
S A ()=~ meZ 2 T (F)+ oM (), (@4
bal(1) ) g
The charge conservation is represented as the continuity TM(r):_ﬁ'E(W(r)DE(r)‘/’(r)
equation, N A A
P +D AP ()-g(r)), (45)
J,J"(F)= ———+divj(f) =0, (35) ; ) S(F)
" at 5M(F):M(F)+mcz%r)—TM(F). (46)

where the electronic charge density operat(r),

~ 2 . > 0> 2 o 1'.\ N

p(M)=—ey™ (NN =—ey(r) ¥’ ()= i), (36)
and the electronic current density operajf()?),

J(1)=—cey (NY° YT =—cep(N) yp(V),  (37)
construct four-vector of momentum density operator,

P40 =G0),5(M). (38)
The kinetic momentum density operalf[(F),

TK(7) = (= iAgr* (VD () (7

HIADY ()P ()47, (39)

satisfies the equation of motion,

&':_} :H" :_)A_) 1'}_) ’Z_)
511(0: (N+E(r)p(r)+ EJ(Y)XB(F)- (40

By taking the ensemble average, we arrive at the relativistic
extension of the densities. For example, the electronic charge
densityp(r) is given as

p(r)={(p(r). (47)
It should be noted that the choice of the vacuum and state

vectors and the ensemble itself should of course reflect the
proper physics of the system we treat. Then, we get

Ne,,. (1) =(Hpirad 1)), (48)
nr,, (1) =(Tu(M)), (49)
N_ea(7)=(—ed(7)), (50)
Naw(F)=(SM(1)). (51)

And the sum rule of the densities follows

N p(r) N N N
g, (F)=— mczT +np (N +N_eq (1) +Ngyu(F),
(52)
and their integrals with obvious notation:
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Epirac=MEN+ Ty —ed + M. (53 passage of the electron through the system to the reservoir

) o should inevitably influence the electronic energies of the
The regional decomposition is in order where we observe thSther regionsR's, where the regional electronic eneriy,

relativistic extension of the characteristic regions, changes according as E&9) and thear» gives the energy

Rp. ={f|nt ()>0}, Ra_ ={r|ny (r)<0}, change per one electron. If an electron is withdrawn from a
brrac M brrac M region R and passes through another regi@h, then the
Spirac=1{r [T, (1) =0}. (54)  electron is treated here external to the regin Namely,

) e, . the R’ here acts as a spectator to the passing electron and
Regional energy decomposnﬁ)_ﬁls found to be the integra-  therefore the energy change i as measured byg g in
tion over regionR of space as in the nonrelativistic case.  gq, (59) should then be “electrostatic” in nature. This should
It should be noted that if we first switch to the nonrela- g the electric potential first observed by Volta as proved by
tivistic treatment and second treat the electromagnetic f'e|‘|11erring and Nichold? It should be noted that manipulation
as the classical radiation field, then the reduction of the Kiyf electron solely in the particular region leads to the ther-
netic energy densityir, (r) to the nonrelativistiny(r) as-  modynamic definition of work functiod. As demonstrated
sociated withn_q,(r) to ny(r) are dictated as follows: by Volta for a pair of region®k andR’ in contact with each

> > > > other, the contact potential difference is the difference in the
Nt (N—ng(r), N_gp(r)—ny(r), 55 ! . : .
TM( )= n(r) ea(F)=Nv(r) 9 regional work function as proved by Herring and Nichbis:
accompanying the reduction of the electronic charge density
to the electron density: br— dr=Dr — Dpg, (60)
p(F)——en(r). (56)
wheregg denotes the Volta electric potential for the regln
C. Regional work function and regional electric and®g, denotes the work function of the regi@ This is the
potential consequence of the chemical equilibrium in between a pair

) ) ) L of regions in contact with each oth&r:
We shall treat in this section the nonrelativistic grand

canonical ensemble without radiation fi¢fdwhere the den-

sity matrix and therefore in particular the electronic energy ~ 6~ —ePr—edr=—ePr —edp, (61)
densityng(r) are all proved to be given as unique functional
of n(r).”=912 where the Gibbs chemical potentjal; is constant from re-

The regional electronic enerdyy is the electronic en- gion to region in contact with each other under the condition
ergy of a certain regioR in space. The other regions act as of global chemical equilibrium.
spectator or “medium” for the regioiR. This nature is true On the other hand, the electrostatic effect is long-ranged.
for extension to the finite temperature case without radiatiolAs a matter of fact, the electron is negatively charged and
field using the grand canonical ensemble where all the relhas non-negligible interaction even for spectator redRn
evant quantities such d@x, n(r), or ng(r) are defined by not directly in contact with the regioR. For example, the
the thermodynamic quantiti€sThe manipulation of electron surface dipole of the spectator regi®i can contribute to
is then treated as a thermodynamic process and again ti@e long-ranged electrostatic interaction with the electron.
relevant quantities are all given as the unique functional oHence, in our theory, the intrinsic Volta electric potenis
n(r)."12 for the regionR is expressed by the sum efx/r over the
For example, removal of the electron from the system tgSpectator complementary regioRs to R:
the reservoir gives Gibbs chemical potentjal. Using
Gibbs grand canonical ensemble, we arrive at the expression

of the Gibbs chemical potentialg as follows’ —e¢r= X arng. (62)
R'(£R)
MG:MR+R,(§R) YRR 57) Therefore, substituting E462) into Eq.(61) and comparing

it with Eq. (57), we arrive at the intrinsic Herring—Nichols

where work function®, for the regionR as follows:
JER
PR NG (58) —edp= g 63
UNR/ (#R)
[ ER 59 Thus, the thermodynamic extension of the electronic en-
YRR N (59 ergy densityng(r) turned out to be observable in electro-

S,v,Np/ . . . .. . .
OTR(#R) chemistry: in terms of the intrinsic Volta electric potentig)

The regional chemical potentigtg refers to the regional and the intrinsic Herring—Nichols work functiohg. Even
contribution to theug . If an electron is withdrawn from a for the same crystal, thég and thed® are dependent on
region R and reaches the reservoir, the regional electronisurface morphologies or crystallographic orientations, while
energyEg changes according to E¢G8) and theur gives  the sum of these gives the constant valug for the same
the energy change per one electron. On the other hand, theystal according to Eq(61).1718
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FIG. 1. (Color Characteristic densities are demonstrated for a protonation reaction to He. The reaction coordinate is the internucleuk distance
=r(He—H"). The equilibrium distance is(He—H")=0.7735A. The maps oh(r) and 75(r) are shown in(a) at r(He—H")=2.0A and (b) at
r(He—H")=1.5 A. The left-hand side is the map f(r) and the right-hand side(r). The scale of length is a.u. and the scale of density is hartree bohr

For 75(r), the arrow shows the direction of the vector while the color gradation shows the strength gradation. The maps of the external potential energy
density ny(r), the interelectron potential energy density,(r), and the total energy densityz(f) are shown in(c) at r(He—H")=2.0 A and(d) at
r(He—H")=1.5 A. The upper left-hand side is the mapmf(r) and the upper right-hand siag,(r), while the lower sideng(r).
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FIG. 1. (Continued)
I1l. APPLICATION p(F)

A. H atom nTM(F): _(EDirac_mcz) T_n—e¢(F)_n5M(F)a

Here we pick up first a hydrogen-like atom without ra- 64

diation field for which we have an analytical exact expres-
sion of the relativistic kinetic energy density, (r): and its nonrelativistic version(r),
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n(N)=(E—v()n(r), (65  In the ground state, the nucleus is surrounded by the elec-
with tronic interface of radiuss_ _for the relativistic case ands
2 for the nonrelativistic case within which the kinetic energy
- - z density is positive leaving negative outside:
v(r):—e¢(r)=—|7, (66) ) )
e
— _ 52, 2,41 _52_2 = —
whereZ is the nuclear charge number. These expressions are ' Soiac ZmeZ(‘/1 Z’a*+\1-2%"), a 7c
valid for any excited bound states as well as the ground state. (67)

C,H, + HF — CH,CH,F
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FIG. 2. Characteristic densities are demonstrated for an addition reaction of HAt@lBng the IRC ofCs symmetry in(a)—(e) in which (c) at the transition
state(TS) corresponds to the saddle point on the potential energy surfacéegpatthe product complex. The left-hand side is the map-«f) and the
right-hand sider>(r). The scale of length is a.u. and the scale of density is hartree hdkor n.(r) the grey background denotes negative redian For
73(r) the arrow shows the direction of the vector while the color gradation shows the strength gradation.
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C,H, + HF — CH,CH,F
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FIG. 2. (Continued)
2h2 68 ~rg=2 a.u=~1.058 A, which is comparable to the standard
o= . .
ST Zmé’ atomic radius of H atom, 1.5 a#0.79 A, reduced by a

factor of 75%.
so that the intrinsic shape is this electronic drop region just
surrounded by this electronic interface. The radiys_ for _ )
the relativistic case is smaller than the nonrelativistic valueB' Chemical reaction systems
rs, which ratio approaches 0 &approaches 137. The in- We shall apply the nonrelativistic theory to several
trinsic shape of the H atom witA=1 has the radiuxssDirac chemical reaction systems in the electronic ground states
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C,H, + HF — CH,CH,F
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FIG. 2. (Continued).

without radiation field, where no additional external electro-1. Protonation reaction to He

magnetic field is present but the electrostatic field of nuclei.

Particular interest is put on the kinetic energy densifr) Here we examine a protonation reaction to He utilizing
that is reduced from Eqs2) and (17) to the basis set given in Ref. 10. The reaction coordinate is the

internucleus distanog He—H"). The reaction energy is exo-
5 Apo oA 2n o A thermic and there appears no transition state down to the

nT(r)—< “om 2 X (DX () +dix (1) x(1) ). equilibrium distance (He—H")=0.7735 A. The maps of the
(690  kinetic energy density(r) and the tension density>(r)
fre shown in Fig. () atr(He—H")=2.0 A and Fig. 1b) at
r(He—H")=15A. At r(He—-H")=«, the He atomic
nucleus is surrounded by tH&of radius ~0.676 A within
which then+(r) is positive, so that th&p, is this sphere just

2

Since the electronic state is in the stationary state, we co
clude from Egs.(8) and (9) that the tension density™(r)
exactly cancels the external force dengitgr):

0=73(r)+ }Z(F), (70 defined. This intrinsic shape of the He atom is comparable to
the standard atomic radius 0.49 A of He atom reduced by a
where factor of ~72%; it should be noted that the smaller shape as
52 compared with the H atom is well reproduced together with
K1) = <m[ X ()o@ x(F) + gt x T (F) a similar value of the reduction factor.
At r(He—H")=2.0 A, we observe two disjoirRp’s, one

R TP, P, for He and the other for H. As reaction proceeds, the ki-
X(N)=dx " (r)-dix(r) = aix " (r)-ax(r)]), netic energy density(r) becomes gradually polarized to-
ward the internucleus region. The polarization for R is
(7D found to be most drastic and then tBeictates the drastic
and change of the shape of the HeZHntermediate structure.
Actually, the Ry for He extends to theRp for H* at
Kk(F)=<—3(+(F)(akv(F) r(He—H_*)=1.5A. Namely, the two disjoint regions of the
electronic dropsRp for He andRp, for H*, have been fused
there. Although there is found no saddle point on the poten-
+ J d3sx ™t (S) g w( F,§))}(§)) -;}(F)>. (72 tial energy curve along the reaction coordinate, we may iden-
tify the intrinsic electronic transition state to the coalescent
We shall here select the following five reaction systems angboint. Very swift change of the delocalize®l, of valence
show the figures of the kinetic energy densities as well as thelectrons thus dictates the transformatidformation-
other energy densities along the intrinsic reaction coordinatescission of chemical bonds along the reaction coordinate.
(IRC9.13 Furthermore, along the course of chemical reaction, we ob-
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serve a pair of sources of tension located at each nucleus efkactly cancels the external force denstftyf) as shown in
He and H . The two tension fields collide and demonstrate aEq. (70). Then, if we reverse the direction of the arrow, then

very interesting figure where the tension flow traced by th%e get the map of the external force densft(/r*) without
. g : Jo
tension densityr(r) defines the catastrophe point in be- calculating the interelectron integral in E§2). Thus we can

tween the two nuclei. The catastrophe point of the tension
flow moves toward the He nucleus as reaction proceed\élsuahze both the tension and the external force exerted on

when the tension density for the side of thé Hucleus gets the €lectron using the same figure simultaneously.
strengthened. It should be noted that the electronic state is in  The maps of the external potential energy densigr),
the stationary state, and therefore the tension dens{ty)  the interelectron potential energy density(r), and the to

C,H, + HF — CH,=CHF
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FIG. 3. Characteristic densities are demonstrated for an addition reaction of HfHjcaong the IRC. For other details, see the caption of Fig. 2.
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C,H, + HF = CH,=CHF

Transition State
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FIG. 3. (Continued).

tal energy densityng(r) are shown in Fig. (c) at transformation(formation scissionof chemical bonds along
r(He—H")=2.0A and Fig. 1d) at r(He-H")=1.5A. The the reaction coordinate.

upper left-hand side is the map o§(r) and the upper right- Therefore, we shall focus on(r) and 75(r) exclu-
hand sideny,(r), while the lower sideng(r). The external sively in the following reaction systems.

potential energy density,(r) is negative definite while

nw(r) positive definite, and together with:(r) they all do 2. Addition reaction of HF to C  ,H,

not show, in contrast tar(r) and75(r), very characteristic Here we examine an addition reaction of HF tgHG.
change of the delocalized valence electrons that dictates tfighe maps of the kinetic energy density(r) and the tension
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C,H, + HF — CH,=CHF
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FIG. 3. (Continued).

density 75(r) are shown along the IRC @@s symmetry in  actually found, except the change of the C—C triple bond to
Figs. 2a)—2(e) in which (c) at the transition statéTS) cor-  double bond keeping the stronger magnitude of thér)
responding to the saddle point on the potential energy sumlong the IRC as compared with the change of the C-C
face and(e) at the product complex. In the reactant cell of double bond to single bond in the former.

the reaction systenfa), we observe two disjoinRp’s, one

for C,H, and the other for HF. A pair of disjoiriR,’s around

the innermosRp’s of C's may represent the boundarieskof

andL shells discriminating heavily localized core electrons

adhered to nuclei and valence electrons that constitute thé Hydrogen abstraction reaction of NH 3 from HF
localizedo bond and the delocalizedt bond in GH,. Also
found in HF the characteristiRy that shows the behavior of
the donation of the occupied electron of H to F and the
backdonation ofr electron of F to the vacant orbital of H.

Here we examine a hydrogen abstraction reaction of
NH; from HF3%1°The maps of the kinetic energy density
n1(r) and the tension density(r) are shown along the IRC

As reaction proceedgp), the kinetic energy densitg(r) O,f ,CS symmetry in Figs. éa).—4(e) in which (c) at the tran-
becomes gradually polarized toward the intermolecule regioﬁ'tIon _state(TS) corresponding to the saddle point on the
and merges at the corner of H. This coalescence dictates tt’?é)tent'al energy surface ar(e_l) at the product complex. In
electronic transition state that supercedes the saddle point (me_ rgactaf]t cell of the reaction systefa, we observg _tvyo
the potential energy surface. At the transition stétg, the Isjoint Rp’s, one for NH; and the other for HF. A disjoint
two disjoint Ry's of the reactant molecules are completely Ra around the innermosky, of N may represent the bound-
fused also at the corner of F. The scission of the H—F bon&

ry of K andL shells discriminating heavily localized core
starts at(d) and ends ate) where the newly completed H—C electrons adhered to nucleus and valence electrons that con-
and F-C bonds are contrasted with the weakened C—C bo

rﬁiitute the localizedr bond t9 H. As reaction proceedd),
in terms of the change in the magnitude of théf) and the the kinetic energy densilryT(r)_ becomes gradually polarized
associated characteristic change of #5¢). towar(_j the mtermolecul_e region and merges at the. corner of
H. This coalescence dictates the electronic transition state
. ] that supercedes the saddle point on the potential energy sur-
3. Addition reaction of HF to C - ;H, face. At the transition statég), the scission of H—F bond
Here we examine an addition reaction of HF tgHG. starts and then proceeds through and ends ate) where
The maps of the kinetic energy density(r) and the tension the newly completed H—N bond is contrasted with the bro-
density 75(r) are shown along the IRC @@s symmetry in  ken H—F bond in terms of the change in the magnitude of the
Figs. 3a)—3(e) in which Fig. 3c) at the transition statéTS)  n.(r) and the associated characteristic change ofrfig).
corresponding to the saddle point on the potential energylso at the product complexg), the releasing F is slightly
surface ande) at the product complex. A qualitatively simi- bound to NH and a trace oR, around the innermosy of
lar feature to the preceding reaction system is anticipated and may represent the discrimination fandL shells in F.
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5. Hydrogen abstraction reaction of NH ¥ from NH 4 of Cs symmetry in Figs. &)—5(¢e) in which (a) at the reac-

Here we examine a hydrogen abstraction reaction ofant complex(c) at the transition stat€l'S) corresponding to
NH; from NH;.3°'The maps of the kinetic energy density the saddle point on the potential energy surface(@het the
n+(r) and the tension density*(r) are shown along the IRC product complex. Qualitatively similar feature to the preced-

NH,*+ HF — NH,* +F
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FIG. 4. Characteristic densities are demonstrated for a hydrogen abstraction reactio§ @ioNH\H; along the IRC. For other details, see the caption of
Fig. 2.
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NH,* + HF = NH,* +F

Transition State

4 7 L W T O oL A NP Lp LI ]
LSRR EEET I L EEE]
3 (L L LN JXAR AR L4 AAR ANy
T I B R EE R &
2] 2&7\7\" ML AR =3P )" AN vy
ew U X T )f‘,"‘w oy vy
1 . It‘\ ,l vy H‘ ! Y v yly
e Y3 YAl vl
0+ Bfe—T 2 — — - - B e e = I
-14 _1‘7«‘ /fk Y ‘il( w 83 ::*:
& : -
» P AR R AR
-2 _2‘,(“ « ‘)l( " -
3 Mrn Mt ke P ¥ § b & N e s
R L I T N T
-4 T T T T T 1 _‘K"/“‘(“v¥\\¥+‘¢v**!Nd\l\ll
-4 -2 0 2 4 6 8 '_4“(b_2v‘¥¢ 'RRE #%#vlv‘v¥ 4‘428
— 1071”7
10707101
107 (-1)"1070
— 107 (-2)"10"(-1)
— 107(-3)"10"(-2)
— 10" (-4)"10"(-3)
(©) — "10" (-4)
NH,* + HF — NH,* +F
4 Pl S L L o | Vo ) XL L L [ 2™ x N
WK XRRRA DA A A AR AL AR A A Ay
3 L L L . & e e e 1 B 5. 5. 1
rwm ] P TRAAARA A A A
2] ‘v\v\' i**"*RK X x AN~
v\:V\A \‘\%\KT\ 4 ,—'*“"‘W )'jv'jv'::
1 1 ' 3 i
. e r.3 1 ki Al vl
0 O« ’£~—<~ﬁ’d—>—— ——F
. de ! o . 3 v % A B
=19 “lefe+—F S 2 E I e
. aa i "{’y B f’#‘; = RV BN
-2 _9, -« » A Ax
3 S LM S e R R R R R
R L L VENI Y gy VY T e
-4 ; . - ; - ! _i“vi““w¥\¥¥*+‘V¢¥<¥\4\‘\‘\‘
-4 -9 0 2 4 6 8 '_4“»_2v¥¢u¥¥«‘<\v$ +#<~a448
— 1071”7
10707101
107 (-1)71070
— 10°(2™10"(-1)
— 107(-3)"10"(-2)
— 107 (-4)"10"(-3)
(b) "10" (-4)

FIG. 4. (Continued).

ing reaction system is anticipated and actually found, in(b), the kinetic energy densitn(r) merges again at the
which, however, at the reactant celh), the N—N bond is corner of H to form the new H—N bond. This recoalescence
slightly broken because the migrating H atom should rotatelictates the electronic transition state now at the saddle point
around the N pivot center, and further at the transition statepn the potential energy surface.
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NH,*+ HF = NH,* +F
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FIG. 4. (Continued).
IV. CONCLUSION We have picked up first a hydrogen-like atom for which

Th ional q . h inR fwe have analytical exact expressions of the relativistic ki-
7 de8nﬁw rebglona eine(rjgyd tecompo?tl_?nl S¢ err|1|e N K€ etic energy density and its nonrelativistic versiop(r).
an as been extended 1o an infinitely sma reglonaj1'hese expressions are valid for any excited bound states as

energy decomposition scheme, namely, the electronic enerQ¥ell as the ground state. For the H atom we have shown the

density decomposition scheme. The energy of chemical re- . ; o
R ; . . . analytical exact expression and found that the intrinsic shape
action is visualized in real space using the electronic energ

densityng(r) associated with the electron densitt). The Bt H atom of radius 2 a.6:1.058 A appears to bz compa-
ne() is decomposed into the kinetic energy densityr), rable to the standard atomic roadlus 1.5 &Q.79 _of H

the one-electronic potential energy dengity(r), the two- atom reduced by a factor of 75(0' For He atom R.te!s the
electronic potential energy density,(r). The kinetic energy SPhere surrounded by Ft&Of radius~0.676 A. This intrin- _
density n(F) is used to identify the intrinsic shape of the sic .shape of He atom is comparable to the standard atomic
reactants, the electronic transition state and the reactiol?f"dlus 0.49 A of He atom reduced by a factore72%. The

products along the course of the chemical reaction coordiSMaller shape as compared with the H atom is well repro-

nate. The intrinsic shape is identified with the electronic in-duced together with similar value of the reduction factor. For

: . ) i N
terfaceS that discriminates the region of the electronic drop@ Simple chemical reaction system He ", the polarization
R, from the region of the electronic atmosphétg in the and the accumulation of electron density in the course of the

density distribution of the electron gas. Using ther), we reaction coordinate has been clearly demonstrated in terms of
can pick up any point in a chemical reaction system and findh€ Rp andS, which leads to the shape of the intrinsic elec-
how the electronic enerdy is assigned to the selected point. tronic transition state and finally to the molecular shape of
We have realized the Coulson conjecture “the physicathe HeH complex as the reaction product.

meaning of the probability density should be related with the ~ We have selected following five reaction systems and
energy density” in such a way that the quantum electronic shown the figures of the(r) as well as the other energy
energy densityig(r) is manifestly given as the exact func- densities along the intrinsic reaction coordinatd3Cs): a
tional of electron densityi(r). We can then integrate the protonation reaction to He, addition reactions of HF g
ne(r) in any regionR surrounding the point and find out the and GH,, hydrogen abstraction reactions of NHrom HF
regional electronic energy contributidfk to the globalE.  and NH;. Valence electrons possess their unique delocalized
The Eg in thermodynamic ensemble without radiation field drop region remote from those heavily localized drop regions
is realized in electrochemistry as the intrinsic Volta electricadhered to core electrons. The kinetic energy demsity)
potential ¢ and the intrinsic Herring—Nichols work func- and the tension densityS(r) can vividly demonstrate the
tion ®g. formation of chemical bond. Various basic chemical concepts
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in these chemical reaction systems have been clearly visualems. The application of the present theory to various chemi-

ized in real three-dimensional space. cal reaction systems is under way: excited Li cluster forma-
We have demonstrated the new concept of the electronition reactiong® N2"—02 charge transfer reactioflsGaN

energy density using simple atom and chemical reaction sysrystal growth gas phase and surface reacti®nsactions of

NH,* + NH, — NH,* + NH, ?
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FIG. 5. Characteristic densities are demonstrated for a hydrogen abstraction reactio§ @foNHHF along the IRC. For other details, see the caption of
Fig. 2.
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NH,* + NH, — NH,* + NH,

Transition State
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FIG. 5. (Continued).

F radicals and ions with hydrogen-terminated1$i) thin  Si(111) thin film,2® chemical potential inequality principle
film,?® etching reactions of TiK11) surface with F and inhomogeneity of work functiof.

radicals®* electromigration reactions of Al crystal, reac- Detailed relativistic treatments of the gauges, antipar-
tions of O radicals and ions with hydrogen-terminatedticles and renormalizations will be published elsewlére.
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NH,* + NH, — NH,* + NH,
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FIG. 5. (Continued).
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APPENDIX A (R v R v S e v
In quantum electrodynamidQED), the space—time co- 19 19
A 1 Y (QED) P ===,V |=|=z~+,—grad (A5)
ordinatesx* means c ot c ot
— ky — — —(nt P .
xt=(x%,x) = (x%x' % x*) = (ct,x,y,2)=(ct,F), (Al)  The gauge potential operators stand for
where Greek letter runs from 0 to 2=0,1,2,3, and the italic I~
letter from 1 to 3k=1,2,3. Einstein summation convention ~ A“(r)=(&(r),A(r)), (AB)
for duplicate indices is used throughout in this paper. The .
space—time coordinate®’ may be suppressed to appear un- Aﬂ(f): ([ﬁ(ﬁ), _,&( ). (A7)

less otherwise stated explicitly so tHatr f(r) may stand for _ o _ _
f(t,r). The contravariant vectoa is transformed to the The covariant derivative operators with gauge potential op-

covariant vectom,, through eratorAM(F):
a,=g,,a", A2 N e~
n= (A2) D (F)=3,— 12— A,(F), (A8)
where the metric tensor is given as ¢
~ . e ~
Lo 0 0 D;(r)=(9#+i—AM(r), (A9)
0 -1 0 0 hc
= =g"". A3
9=lo o -1 o] 9 A3 satisty
0 O 0 -1 A A A A .
The gradient vectors stand for Du(f)D (=D, (1)D(r)= i %Fw(r), (A10)
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Nt ANt ‘+->‘++_-e" >
D;(r)D:(r)—Dy(r)D#(r)—lﬁ—CFW(r), (A11)
with the gauge field operator}sw(F) defined as
F ()= 3,A ()= 3,A,(F)
0 BN E(D  E(D
_ _EX(F) 0 _Bz(F) By(F)
- Ey( F) Bz( F) 0 - Bx( F)
—E/r) —By(r) BuI) 0
(A12)

Then, the electric field operaté(F) and the magnetic field

operatoré(F) are represented using the gauge potential op-

erators as
E(F) = — grade(F) — — oA A13
(1)=—gradg(f) — = ——, (A13)
B(F)=rotA(f), divA(f)=0, (A14)
and satisfy the Maxwell’'s equations as follows:

E(F +1ﬁ§(F)—o A15
rotE(r) Y (A15)
divB(r)=0, (A16)
div E(F) = 4mp(F), (AL7)

~ 1B 4w
rotB(r)— =T](r), (A18)

c at

wherep(r) is the electronic charge density operator i(ﬁ)

is the electronic current density operafsee the text: spe-
cifically Egs.(36) and(37)]. The Hamiltonian density opera-
tor of the electromagnetic field g (r) is represented as fol-
lows:

~ R 1 = . =, . A

Hem(r) = Q(Ez(rHBz(r))—gﬁ(r)p(r)- (A19)
The Hamiltonian operator of the field is

F'EM: J d3r?|:| EM( F) (AZO)

The radiation field is a particular electromagnetic field

Akitomo Tachibana

H adiation™ f d*rH radiatiorf F) (A22)

Maxwell's equations are solved using gauge potential
A(r) as

- . 1A(N) - . _
=T o B(r)=rotA(r), divA(r)=0,
(A23)
with
. d\?
d,0"A(r)=0, aﬂaﬂzg<ﬁ) —A, (A24)

where d’Alembertiary 0" is written using Laplacian:
A=dL. (A25)

APPENDIX B

In quantum_electrodynamicQED), the Hamiltonian
density operatoHQED(F) is represented as follows:
Hoep(r) =Hem(r) + Hpjrad 1),

where I:|EM(F) is the electromagnetic Hamiltonian density
operator [see Appendix A: specifically Eq(A19)] and
Hpirad(F) is the Dirac electronic Hamiltonian density opera-
tor:

Hoirad 1) = " (F) Npirad 1) (1),
with
hoirad(F) = —iACy° YDy (F) + y°m—ed(r),

and y*=(4°,7) are the Dirac matrices.
The electronic four-dimensional four-component spinor
operator,

(B1)

(B2)

(B3)

with neither macroscopic charge density nor charge currenthe equation of motion is found to be
density. In the classical treatment of the radiation field, the

energy densityH ,qiatio ) iS Obtained as
P S S
Hradiatior(r)zﬁ(E (r)+B=(r)), (A21)

which leads to the total energh .giaion Of the radiation
field as

y(7)
P ‘{fz(F)
(/l(r) - ?3( F) ’
ha()
satisfies the canonical anticommutation relationships,
(D)) (8)+ U} (), (F) = 8,,8(F =9, (B4)
P (1)) + (8 1,(1) =0, (B5)
U (D) (3)+ i (D} (8)=0. (B6)
Using the Hamiltonian operator,
|:|QED:f dsﬂ:'QED(F): (B7)
R - R
|hE(//(r):[‘//(r)aHQED]:hDirac(r)(/f(r)- (B8)
Equivalently, we get
i71y#D ,(F) (1) —meg(F) =0, (B9)

and similarly
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—ihD, (F)(F) y*—mey(F) =0, (B10) (wi,....oN 0}, ... 0k)
where@(F) is the Dirac conjugate tg/(): 1 Y ) ,
A =Sy 2 (=) 8(@1=wpy) - Son=wpy), (B23)
Pr)=¢" (). (B11) 7
The theory is invariant under gauge transformation as folWhere®y(wy,...,wy) denotes the antisymmetric wave func-
lows: tion in the N-electron nonrelativistic Hilbert space and
> (—=)7 denotes antisymmetric summation over every pos-
S e TN sible permutationo- of numbers 1,.N. The nonrelativistic
W=y (r)—exp( 'Tic H(r)) vir), (B12 Schralinger equation is written as
A (N —AL(F)=A,(F)—3,6(F), AB()=0. (B13 J .
w(N—=AL(N)=A,(r)—3,0(r) (r) (B13) i 2 [y =A). (B24)
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