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Non-Colliding System of Brownian Particles
as Pfaffian Process

AP T2 FAEUEHA

Makoto Katori *
Department of Physics, Faculty of Science and Engineering,
Chuo University, Kasuga, Bunkyo-ku, Tokyo 112-8551, Japan

In the paper [7] we studied the temporally inhomogeneous system of non-colliding Brow-
nian motions and proved that multi-time correlation functions are generally given by the
quaternion determinants in the sense of Dyson and Mehta. In this report we give another
proof of the equivalent statement using Fredholm determinant and Fredholm pfaffian, and
claim that the present system is a typical example of pfaffian processes.

1 Non-Colliding Brownian Motions

By virtue of the Karlin-McGregor formula [5, 6], the transition density of the absorbing
Brownian motion in a Weyl chamber

Rg: {x:($17$27"'7z1\/> GRN;.Z’]_ <x2<‘“<$N}’

is given by

fultxy) = det [pz(fciayj)], x,y €RZ, t€[0,00),

where p; is the heat-kernel given by

6—(z—y)2/2t‘

(@) = —
pt ay \/Q_Nt
The integral
NN@vx) = / fN(taan)dy7
Ry

where dy = I_[ZN:1 dy,, gives the probability that a Brownian motion starting from x € RY
does not hit the boundary of RY up to time ¢ > 0.
For a given T > 0, we define

. _ fn(t=sx,y)NN(T - t;y)
(11) gN,T(SaX7 t: y) e NN(T— S;X)

for0<s<t<T,x,y € ]Rﬂ’ . It can be regarded as the transition probability density from
the state x € RY at time s to the state y € RY at time t. In [8, 9] it was shown that as
x| — 0, g%(0,%x;t,y) converges to

(1.2) gnr(0,0;t,y) = C(N, T, t)hn(y) [ [ pe(0, ) Nn(T — t,y),

t=1
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where G(N, T,#) = 7/ ([[Ly T(j/2)) TNNV=0/44-NO-072, ang

hy(x) = H (zj — ;) = 15(},?2N [a:;"l}

1<i<j<N

The N particle system of non-colliding Brownian motions X(¢) all started from the origin at
time 0, ¢.e. X(0) = 0= (0,0,---,0), and conditioned not to collide with each other in a time
interval (0, T is defined by the process associated with the transition probability density gy r
given by (1.1) and (1.2). This process is temporally inhomogeneous and it was obtained as a
diffusion scaling limit of the vicious walker model in [9]. Figure 1 illustrates the process X(z).

At
T

>

o b
Figure 1: Process X(¢),t € [0, T}, with X(0) = 0.

Let X be the space of countable subset £ of R satisfying §(§ N K) < oo for any compact
subset K. For x = (21,%2,.--,%s) € Up; RY, we denote {z;}7.; € X simply by {x}. The
diffusion process {X(4)},t € [0, T on the set X is defined by the transition probability density
gnr(s {x}it,{y}),0<s <t < T

gnr(s,xty), ifs>0, f{x}=#{y} =N,
QN,T(S, {X}; t> {Y}) = gN,T(Oa 0’ taY): 1f 5= 05 {X} = {O}, ﬂ{y} = N7
0, otherwise,

where x and y are the elements of RY. For the given time interval [0,T], we consider the
M intermediate times tg = 0 < t; < 3 < -+ < tyr < tp41 = 1. The multi-time transition
density of the process {X(t)} is given by

M
g7 (o, {x}; 1, Wt (MUY = HEIN,T(% x¥} b, {xb+),
=0
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Here we set tg = 0, tpr41 = T and {x©@} = {0}. From (1.1) and (1.2) we have

(1.3) an (0, {0}, {xP} . tara, {x(M+1)
= C(N,T,t1)hn (x(l)) sgn (hN (X(M+1)))

N M
1 +1
X Hptl (O,x§ )> det {ptwl—m (xg“),:cg“ ))} :
i=1 p=1

-L1<ij<n
Forx® e RY, 1< u<M+1 and N =1,2,. Nwewritex(”)z((“) g) 0355,)).

M+1

For a sequence {N,},. 7 of positive integers less than or equal to N, we define the multi-time

correlation function by

(14 pwr (b OBt BN, {X%ﬁ?})
M+1

- / H( 1 H dz

=1
e O O

B (o, {0}, i Yt x5 s tans, Y.

Let Cy(R) be the set of all continuous real functions with compact supports. For f =
(f1, fary -y fare1) € CoR)M*L and @ = (81,0, -+ -, 0pr41) € RMF1 the multi-time character-
istic function is defined for the process X(¢) = (X, (¢), Xa(t), -+, Xn(£)) as

M+1
Uyz(f;0) =Eng fexpq V-1Y 0, ZM% ,
p=1 fpe=l

where Ey 7] denotes the expectation determined by gnr. Let
Xu(@) = /TR 1 1< p< M+ 1,

then by the definition of multi-time correlation function (1.4), we have

Un.r(f; 6) dxy) dx@ ... / dx (M)
Zo sz—ﬂ NMZro RN Jrws RNaer L MH
M+1 Ny
2 M
(L5) IT TD @ )owa (81, 4@t b starss, (U0} ).
p=1 4,=1

2 Fredholm Pfaffian Representation of Characteristic

Function
Let
1 M+1 M+1
Z = | - (1) ) ey O]
1 = (51) S TL 5, (MG 0500 ()
M
X det [ptu-H—tu.(mf}ﬂ 3 §ﬂ+1))(1 + Xp,+l( ( 1 )))} Sgn (hN(Xg\];l+l))) .

1<, i<N
p=1



Here M;(x) is an arbitrary polynomial of  with degree ¢ in the form M;(z) = bz’ + - - - with

a constant b; for 7 = 0,1,2,- -+, and thus hAy(x) = deti<; j<n [,Mi_l(a:j)]/ﬂi\;l bp_1. Then

(1.3) gives

(2.1) T r(£:0) = 252,
‘ Zy7[0]

where Zn7[0] is obtained from Zy r[x] by setting x,.(z) = 0 for all p.
By the well-known formula

Lt |80 g, 80| = g, [ [ de0@ito]

for square integrable continuous functions ¢y, ¢, 1 < ¢ < N, we have

M+1
= (1) (1) (1) (1)
Zyrix| /RN y et {/}RM“ 1:[ dz { (@ )ps, (0,2 (1 + xa (= ))}

X H {pt#+l ~ty ("L‘(u)’ x(#ﬂkl))(l + X{H—l ('r(#_i—l))) }pT—tn/H.J. (w(M+1)a yj)} 3

u=1

where Pr—tyq (x? y) - po(SE, y) = 5(1; - y)
For simplicity of expressions, we will assume that the number of particles N is even from
now on. We use the formula [2]

/RN dy det {@(yj)} = Phicijen UR dy/j{dﬂsgn@—y)@(y)%(?])}

1<4,j<N

for integrable continuous functions ¢;,1 < i < N. Here, for an integer n and an antisymmetric
2n X 2n matrix A = (a;;), the pfaffian is defined as

1
Pf(A) = Pfl-gz'(jg?,n[ 0 J = > 580(0) G (1)6@) Bo(@o(e) "+ Go(2n-1)o(an);
<2
where the summation is extended over all permutations ¢ of (1,2,...,2n) with restriction

o(2k — 1) < 0(2k),k = 1,2,...,n. Since (Pf(A))* = det A for any antisymmetric 2n X 2n
matrix A, we have

(ZN,T[X]> = et { / dy f djsgn(j — y)

o ﬁldx<“{ (= ®)pu (0,2 ><1+xl<w<“>)}

X H {ptwwtu(x(m’ (MH))(l + Xu+1($(”+l)))}pT~tM+1(x(MH),?J)

M+1

e 1] {Mj—ﬂi“‘”)pn (0,59)(1+ xl<z<l>>>}

15
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M
X H {ptuﬂ‘-tu (i‘;(p), 53(#-!-1))(1 + Xu+1 (j.(‘u_}_l))) }pT—tM—i—l ("‘E(M_H): g)J

pu=1

1<i,j<N

= det {(Ao)ij + (A1) + (Az)i; + (A3)ij}

(s = [y [ dgseati-y) [ deMis @ (0,001 2,9)

X/d:z-th_;(i)ptl(O,f)PT—tl(i)?7)7

M+1

Ay = Y > /dy/dysgn j-v)

=1 1<p<po<--<pp<M+1

x/ de(”’*)/d:cMé_l(a:)ptl(O,a:)pt#rtl(m,a:(’“))
R

-1

% H {Xk(x(m“)).??t%ﬂ b, (x(ma), x(#k+1))}xé<$<ﬂ£))p7‘_t“£ (:z('“‘), Y)
k=1

v / diM;_y (2)py, (0, B)pr_sy (&,7),

(A2)y = MZH > f dy / dysgn(y —y)

£=1 1< <pp <o <pp <M +1

X/dxMi—l(‘r)pil(O»I)pT—tl(xiy)’

14 .
X / [ dz» / dz My 1 (&), (0, &)ps, -, (7, 50)
IR¢ k=1 h
£-1
% H {Xk(j(#k))ptuk+l_tﬂk (i-(l‘k),:‘i»(#k-%l))}xe(j(ﬂe))p,r,_tpe (i,(.uz), g),
k=1

M4+1 M+1
(Ag)y = D > > /dy/dzjsgn(z}—y)

=1 m=11<p1 <pra < <pp<MA+1 1< <vp <o < <M +1

. £
X / H dx(m) /d.’l? M—l(x)pfl (Oz x)ptul“fl (513, x(ul))
RE

£—1
<T] {Xk W, o (@, (um))}m(zw o, (2%, )
k=

x / L) [ a0, 2@, 0,2, -0 (7.5)

n=1

X {Xn ptu@l*tun (f(vn);a'f(umtl))}k 1'( m )PT o, ( (Vim) y)’
ks

=



where we have used the Chapman-Kolmogorov equation for the heat-kernel
[ dvpes@ipiv, ) =pes(e ), 0<s<t<umyeR

and the fact that po(z,y) = lim; o p:(z,y) = 8(z — y).
We consider a vector space V with the orthonormal basis {]p,, x)} which
p=12, M+1,zeR
satisfy
{w, zlv, ) = 6,d(z — y),
wrv=12--- M+1,zvy € R Weintroduce the opcrators J, B, Py, p- and ¥ acting on V as
follows

(2|1, ¥) = Lumrmmrysgnly — ),

(s ZIPlv, ¥) = Plty -2, (T, 1),

(i, 2D+ v, y) = Pro—6, (@, 9) 1wy = (v, ylp- |1, 2),

(7| %Y, v) = xp(2)0d(z = y),

where 1,y is the indicator function: 1,y = 1 if w is satisfied and 1(,y = 0 otherwise, and we
will use the convention

(2.2)

. . M1 L
(b, | Alv, y) (v, y| Blp, 2) = ZAdyA(u,x;v,y)B(v,y;p,Z)= (u,2|AB|p, z)

for operators A, B with (u, z[Alv,y) = A(p, 7;v, 1), (,z|Blv,y) = B, z; v, y).
Consider another basis {|z) r1=1,2,--- } in V and we assume that transformation matrix

between the two bases is given by

(2.3) (ilp, z) = (u, z)i) = / dyM; 1 ()P, (0, 9)pe, 1, (9, ),

i=1,2,---,u=1,2,---, M+ 1,z € R. Then the quantity

/ dy M;_, (y)pm (0, y)ptrt; (y, 33)

m

p-1
+ Z Z / H d;;(:(“.i) / dy Mi—l(y)ptl (0, y)ptﬂl ~t (y7 x(pl))
J

m=11<p <pp < <pm<p =1

m—1

x H {Xuk (m(#k) )pt”kﬂ;l b, (x(ﬂk) , plpest) ) }X[J:m (:U(“m)>pt;l-—tu7n (Z-(#'m), z),
k=1

forpy=1,2,---,M+1,zeR,i=1,2,---, can be written as
Gl )+ > (i, 290, € |5 s, )
m=>1
T <Mm—-1u x(um—l)b’eﬁﬁ-lﬂm) l‘(”m)ﬂﬂrm m(#m)])%ﬁ+'ﬂa :Z)
= {ilp,z) + > @(%D)™ |1, )

m>1

. 1
= @ IZT).
(i )

17



It is also expressed as (u, mlﬁ%‘}zi@)

It should be noted that the basis { liy;6=1,2,--- } is in general not orthonormal. Here

we introduce an operator § such that

~

(2.4) (i1815) = (jl6li) = &, i,5=1,2,---.

We will use the following convention
(3| Al5) (G| Blu, z) = ZAijBJ(-“)(m)

for Ai; = (A7) = (ilu, z) (. 2l Alv, y) (v, yl3), B () = (lBlu,z) = (Glv, u)(v, y1Blu, ),
but we will not write it as (i|AB|y, z), since {]z) se=1,2,-- } is in general not a complete

basis. By this basis, any operator A on V may have a semi-infinite matrix representation

A= ((z|/i} g )) . If the matrix A representing an operator A is invertible, we define the
ij=1,2,
operator A® such that its matrix representation is the inverse of 4;

(2.5) (¢i14%15) =A™

i j=12
In other words,
(WA (GIA% ) = GIA ) GIAlR) = Glolk), 6k =1,2,--
For any given operator fi, the equality
(il A15) (71 A% k) (k| Ble) = (i BlL).
holds for arbitrary 7, =1,2,-- and B. Then the equality
(2.6) Al 1A% k) (k| = 1

should be established for each A. We will use this equality later.
Let Py be a projection operator from the space spanned by {lz) ;i =1,2,-- } to its
N-dimensional subspace spanned by {iz) ii=1,2,--- N }, and thus
(¢, zy, if1<i<N,

(i|Pwlp, z) = (u, z|Pyli) =
0, otherwise.

Then we have the following expressions for (4,);;,@ =0,1,2,3,4,5 = 1,2,---, N,

(Aﬂ)ij = <7’I'PN]IL6) 213) (N; :Cij]]/, y) <U, y]PNb)
(i|Py PN 1),

H
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(A)y = Py _1)@ 2 (w3l Pu)

1 .
= (i|Pvx———|t z) (s, 2|PI PN s
(il Nx1~p+xlu ), DI P

= (iPriy— A;afPNm,

BiX
(AZ)@J = <ZlPNjﬁW x)(ﬂallil PNI])
: s 1 .
= WPnIPXT ~Pnli),
1

T K, ), BT ple, y) (v, ylxl 5 APNU)

1 1
, — |, z) (s, 2| DIP|v, y) v, —Pn|j
1—p+xi ) lp Tplv, y){ y&xl_pﬁx w17

That is, the matrices Ay = ((Aa)ij)_ g a =0,1,2,3, can be regarded as the matrix
i j=1,2,
representations in the basis {{z) 1i=1,2,--- } of the operators.

Since (ZN’T[OD2 = dety<ij<n [(AO)U}, (2.1) gives

2
(2.7) {‘I’N,T(f; 9)} = 15%?21\! [5@' + (A5t ALYy + (Ag Ag)yy + (AalAs)ij}
By our notation (2.5), R

(AgY)s = (1PN (P JPN)>Puli),

since it satisfies the relation
(6| Py Py JPn) 2 Puli) | Pr T Puk)
N

= la<iken) Z(Aal)ij(Ao)jk = 1(1§i,k§N)5z‘k
Jj=1

= (|PnOPwI5)

We will use the abbreviation ) )
Ay = PnAPn

for an operator A. Then it is casy to see that (2.7) is written in the form

1<i,j<N

29 fonr@o)) = ot [+ 6200

1<4,5<

— s, o +Be|b,
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where (1|B|p, z)

given by

(1B, z)

{11, 21C5)

PN I P k) k% i i )

1, zPT P )

( (
—(u, 2l =55 Pwld)

) |

~(i| Py Iy P k) (kI J DR, 2)
—(i|PnJ g Plk) )
x(k|x v, y) (v, y|pJI R 1, )

L
1-p4x

The determinant (2.8) is written using the Fredholm determinant,

Det{u, z| {IQ +CB

Det

Det

Det

v, y)

[ (b, zlv, )

+(p, 2[pJ 1)
X (i Py T Pwld) (IR =g o v

(u,:cll = 0
X (i P T Pr 3} =g v 0

[ {w2lp,2)
+<u,rith>
x{alPx Ty Pl IR = es 2)

=510
(lPN'] PNI]><]|X1ﬁp+Xipv >

[ {uyalv,g)
s, 3lpJ14)
x (i P I Puld) Gil% 1=k v 9)

~ (2l =5 14)
* (i Py Pr i) i1k )

o 2lpJ10) P Ty P 1)1 TR 1, )
x(p, 2lp IR |v, v)

{yzlvyy)
+u, 2l
+p, z #

)| Pr Jry Pl )T BRI, v)
= )P T Pl (% lp, 2)
x {p, 2|pJ PRIV, )
~{u, z|pJ i)
x (il P Iy P13 (T Xl p, 2)
+(w, 2| IPR)p, 2)

1
1-p+X

(i, zlp, 2)
+ {2l 5 1)
x (i|Pn Ty Pu|3) (31 S5%1p, 2)
(P: zil/, y) - <p1 Z}ﬁjﬁfdll, y)
X
0 {p, zlv, )
—{p, z|pJ3) |

(il Px TR Puli) Gl B5 v )
+(p, IR I, )
(|, )

+<Ma$|1_p XIZ) A
x(i[Pu J g Prli) (1 5%, v)

|

and (u, z|C|j) are the two-dimensional row and column vectors, respectively,

]



where I, denotes the unit matrix with size 2. It is further rewritten as

1 0
Det{u,z| | Iz + .
0 =%

Fﬂz‘ﬂilmiﬁmzﬁm (ﬁf§i><@'l7’zv«f§7’zv%j)<jifﬁ+ﬁfz3)>2}
X

— )Py TR Pali) (1% 1‘é><iiPNJﬁPNij><j¢f§>z

= )
y {1p+x }) |V,y)
0 1
1 0 1-p.x O
(g
0 1-p_% 0 1

rfl@(ii?’zvfﬁ?’zvij)(jii (= 10} 6P T Pli) 316 +ﬁfﬁ)>zD .
+ wy
i) Py T PN 1% PV IR PNINGITER

( FJM)@!PNJﬁ?Nljxﬂ — Py —ﬁJ!iM’é’PNJ;%PNU)(jIJﬁ+ﬁJﬁjl )
= Det{u,2| | I+ X | vy

— i) (i P S Pl ] |6} i\ Py Sy Pl (51D — B
Here we have used the facts that

Det{u, z| v, y) =1,

and _ -
1—-pyx 0

Det{u, z| lv,y) =1,

0 1

which are consequences of definitions (2.2) of the operators p and p.. Then we arrive at

oo (o) <o (snte-ao 2263 K53 on)

where
(2.10) D (z,y) = —{u,z[i){i|Px(PnJPn) Puli)(ilv, v),
§#(z,9) = {ualpJ 1) 1Py (PxJPw) Puli) (Gl ),
%(z,y) = —{p,z|pd)i) (| Pr(PyJPr)>Purli) G I8l v),
and
(2.11)
4 (,y) = S™(a,y) — (2lpelvy)
(M»xlﬁjli) (1PN (Prn I PN)2Puli) Glv, ), itpu>v,

—<M,-’Elﬁji’£><7zl (jA - PN(PNjPN)APN> IJ)(.ﬂV) y)v if B< v

21
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I (z,y) = I(z,9) + (u, z|pJplv, v)
= (ualpJtiv] (J‘A - 7>N<PNJ'7>N>A7>N) ey

where we have used the equality (2.6) for A = J.
In [15] Rains introduced Fredholm pfaffian, denoted here by PF, and proved a useful

equality \
(2.12) {PF(JQ + K)} = Det(lg -+ Jz—lK),

for any antisymmetric 2 X 2 matrix kernel K, where

(2.13) By = (_01 é)

Then (2.9) implies the Fredholm pfaffian representation of the multi-time characteristic func-
tion

(214)  Ynr(f;0) =PF (J25m/5(35 —y)+ [w%‘f:”((x:z;,yy)) —-S;:’S(y;;ﬁ)} X,,(y)) -

3 Pfaffian Process

Let

win [ D) B(a)
oy wen = S0 )

and construct 2 EMH N, x2 ZM+ N, antisymmetric matrices

(1) (2 (M+1) } __ 78 (,u)
A (le s XNg» T XNM+1 =14 T J )
1SN, LGN, 1<u < M+1

for Nj, =1,2,---,N,1 <m < M + 1. By the definition of Fredholm pfaffian {15] and the
cquality (2.14), we can establish the following statement.

Theorem 1 The non-colliding system of Brownian motions X(t) is a pfaffian process in the
sense that any multi-time correlation function is given by a pfaffian

(3:2) prr (11, it xb s tars, B0V Y)
(3.3) = Pf {A (xﬁj, X3, ,Xg:;glgﬂ .

Remark. The pfaffian processes considered here may be regarded as the continuous space-
time version of the pfaffian point processes and pfaffian Schur processes studied by Sasamoto
and Imamura [16] and by Borodin and Rains [1]. The processes studied in [4] are also pfaffian
processes, since the ‘quaternion determinantal expressions’, in the sense of Dyson and Mehta
[3, 12, 13], of correlation functions are readily transformed to pfaffian expressions.



Let H;(z) be the i-th Hermite polynomial

d\° _.
Hiz) = & [——] ™
(z) e ( dw) e
[4/2] (2 )Z 2j

= Z'Z( 1y i = 20

where [a] denotes the greatest integer not greater than a. The Hermite polynomials satisfy
the orthogonal relations

(3.4) f dz e_EQHi(z)Hj(a:) = 2%1\/7dy;, i,7=0,1,2,---
R

Set

. (82T — t1) 2T — 4

= — z prind
1 T ) 1 tl 3

and o
. 2705 8y, if ¢ is even,
(35) i 2—%’@{% —2(i — 1)5@._23-}, if  is odd.

Now we specify polynomials {M;(z)} as

(36) Mz(:ﬁ) :bizl"iZozinj (%) Z{, 2"::0,1,2,-..
=0

—-1/2 1 2i+1/2
with b; A{ 3/2]}  where 7= =T(i + 1/2)T(i + 1) (-j,l-) . Set

In = Injpe ® Ja,

where I/ denotes the unit matrix with size V/2 and J; Is given by (2.13), and let J be the
semi-infinite matrix obtained as the N — oo limit of Jy. By the orthogonality of Hermite
polynomials (3.4), we can show through (2.3) with the choice (3.6) that [14, 7]

(ZIj‘j) = (’L'[.L,J)M,{J,,:Eljil/, y><ll) y‘.]> = Jz’j’ 7’a3 = 112: e

Since J% = —Iy for any even N > 2, this implies that thc matrix ((zlj | j)) s is invertible
4,j=1,2,
and
(3.8) (PN (PuJPy)2Pali) = (i[PyJ? ?Nlj)
_ sz-— —(In)iy, 1<4,5<N,
- otherwise

fori,7=1,2,---

23
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If we write

(u,zli) = bR (z),
(6| Iplp, z) = —(u, z[pJJ3) = b, @) (z),

i=1,2,-,4=1,2,---,M + 1,z € R, then the functions (2.10) are written as

N/2-1
1 y v

39) D) = Y P @ELG) - REL@R W)
=0 '
Nj2-1

ey = 3 L @EL0) - ol @R W),
i=0 ’
Nf2-1

Py = Y [ 9 ()3, (1) — B,z ><1>§,:><y>}

and Equations (2.11) become

N/2-1

1 v v .
S e wr, v - wR e, ez
i=0 °

(3.10)  S*(z,y) = <

-yl [@é‘:) R (y >~—¢>§¢L<z>z~z§;><y>}, i<,

%

\ 1=N/2
Fu.v - 1 v v
Py = Y a0 - @)
i=N/2 °

Theorem 1 with the expressions (3.9), (3.10) of the clements of matrix (3.1) is equivalent
with Theorem 3 reported in [7], although the latter was given in the form of quaternion
determinant. The present argument will be generalized to discuss other non-colliding systems

of diffusion particles reported in [10, 11].
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