obooooooooo 14230 20050 28-52

28

Some partition properties for measurable colourings
of w?

James Hirschom*

January 18, 2005

Abstract

We construct 2 measure on w? over the ground model in the forcing

extension of a measure algebra, and investigate when measure theoretic
properties of some measurable colouring of w? imply the existence of
an uncountable subset of wy whose square is homogeneous. This gives
a new proof of the fact that, under a suitable axiomatic assumption,
there are no Souslin (w;,w1) gaps in the Boolean algebra L°(u) / Fin
when [ is a separable measure.

1 Introduction

The purpose of this note—the title notwithstanding—is to begin the task
of extending the classical notion of a measure to the notion of a measure
over some model of (some fragment of) set theory. We demonstrate an
application of this generalization of measure theory.

Let R denote a measure algebra. In W’ (the forcing extension of W
by R), where W is a certain transitive extension of the ground model uni-
verse V, we construct a measure over V™ on subsets of w} x w}. We then
investigate some properties of subsets K of wY X w}/ , with respect to this
measure, which imply the existence of an uncountable subset X C wy in VR
homogeneous for K. This gives a new proof of the fact that m > ¥; implies
the nonexistence of Souslin (w1, w;) gaps in L(u) / Fin for u separable; in
other words, the nonexistence of a destructible (w1,w;) gap in P(N) / Fin
after adding one random real.
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2 Measure Theory

The reader may wish to consult [Fre02] as an additional reference for mea-
sure theory. Let us recall the classical notion of a measure. We follow
the convention that a measure on a set X is a partial function p from a
nonempty Boolean subalgebra A of P(X) into [0, 00| satisfying

(a) u(®) =0,

(b) for every sequence (B, : n € N) of pairwise disjoint members of A, if

while a measure space is a triple (X, B, ) where B is a o-algebra of subsets
of X and p: B — [0,00] is a measure on X.

Generalizing beyond algebras of subsets, a function x from some Boolean
algebra B into [0, c0] is a measure if

(a’) #(0) =0,

(b) for every sequence (a, : n € N) of pairwise incompatible members of B
(i.i.o Q- an = 0 for m # n), if > 7 qa, € B then B3 oo an) =
Zn:O ‘U:(an)-

Such a measure is strictly positive if @ = 0 whenever p(a) = 0, while a pair
(B, 1) is & measure algebra if B is o-complete and y is strictly positive. A
measure is totally finite if p(1) < oco.

And p: B — [0,00] is a finitely additive measure if

(a) p(0) =0,

() u( ?;'01 a;) = Z}:Ol p(a;) whenever ao,...,0,—1 are pairwise incom-
patible.

2.1 Measuring over a model

To the author’s knowledge, the following is a new notion. However, the
special case of a two-valued measure (i.e. the range of uis {0,1}) on an al-
gebra. of subsets of X is well-known for constructing elementary embeddings
(e.g. [Lar04]).

Definition 2.1. Let M be a class containing a set X € M, andlet AC M
be a nonempty Boolean algebra of subsets of X. A function i : A — [0, 00]
is a measure on X over M if

(2) w(®) =0,
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(b) for every sequence (Ey, : n € N) of pairwise disjoint members of A, where
(Bn:ineN)eM,if US,y En € A then pu(Upeo En) = Y oneo #(En)-

And a measure space over M is a triple (X, B, u) where B is a o-algebra of
subsets of X over M, ie. if (E, :n € N) € M is a sequence of members of
B then | J22 o En € B, and p : B — [0,00] is a measure on X over M.

As with the classical case, we generalize beyond algebras of subsets. Thus
for a Boolean algebra B C M, u: B — [0,00] is a measure over M if

(a) u(0) =0,

(b) for every sequence (a, : n € N) € M forming an antichain, if 7% ya, €
B then I«‘(Zzo:o an) = 2 nwo H(0n)-

We will generally require the model M to satisfy some small fragment
of ZFC, and we write ZFC* to denote enough as needed. In particular, we
do not bother to generalize to a finitely additive measure over M, as we
arrive at the classical notion of finitely additive measures for these models.
We do not attempt any reverse mathematical analysis, but do take note that
in all of the results here neither the power set axiom nor axiom of choice,
beyond countable choice, is necessary.

Henceforth, we will focus exclusively on totally finite measures which
form the most important class.

Lemma 2.2. Suppose M is a model of ZFC* containing a set X € M, and
i A—[0,00) is finitely additive. If

(P) for every sequence Ey 2 By 2 +-- in M, infpe p(En) = 0 whenever
ﬂ;?:() E, = @, '

then v is o measure over M.

Proof. Let (B, : n € N) be a sequence in M of pairwise disjoint members of
A, with E = ;7 E, € A. First note that by finite additivity,

n—1 n—1
€y W(E) 2 (U Ez) = w(En)
=0 1=0

for all n. For the other inequality, suppose towards a contradiction that
w(E) > 32, u(Ey). For each n, put Fp, = E\ | J'=; E;. Then Fy 2 F 2

- and (oo, Fp, = 0. Since moreover the sequence (F, : n € N) is in M,
inf,e p(F,)=0. And since p(E) = u(F,) + M(U?:_ol E;) for all n, we have

n—1 o0
(2) WE) = lim u(Fo) + Y p(E:) = u(En). O



We state without out proof the continuity property for measures over a
model.

Lemma 2.3. Let M be a model of ZFC*, and let p : A — [0,00) be a
measure on X over M. Then

(a) for every sequence Eg C Ey C --- in M, of members of A where
U'roio=0 En € A’ M(U::—):O En) = SUPnpe P"(En)7
(b) for every sequence Fy 2 Eq 2 -+ I M, of members of A where

N2, En € A, p(pg Bn) = infre p(En).

The usual notion of an inner measure generalizes as follows. While outer
measures seem to be more popular, the (equivalent) use of inner measure
merely reflects the author’s taste.

Definition 2.4. Let M be a class containing a set X € M. A function
p:P(X)N M — [0,00) is an inner measure on X over M if

(a) u(@) =0,
(b) (AU B) > p(A)+ p(B) for all disjoint A, B € P(X) N M,

(c) for every decreasing sequence Ag 2 A1 2 -+ of members of PX)NM,
where (4, :n € N) € M, p((Nong An) = infre p(An).

Carathéodory’s method for constructing a measure space from an inner
measure on some set does generalize to measuring over a model, as shown
below. However, it is of dubious value here, because nontrivial inner mea-
sures seem to be rather difficult to construct. Thus while a given measure
(in the classical sense) on an algebra of sets can always be extended to a
measure space, we conjecture that, in general, this is not true of measures
over a model.

We recall this basic fact without giving proof.

Lemma 2.5. Suppose that A is an algebra of subsets of X and p : A —
[0,00] is a function with p(@) = 0. Then

E={EeA:p(A) =p(ANE)+p(A\ E) for all A € A}
is an algebra of subsets of X, and p is finitely additive on &.

Theorem 2.6. Let yu: P(X)N M — [0,00) be an inner measure over M,
and set

B={AcPX)NM : u(E) = w(ENA) + p(E\ 4)
forall E € P(X)NM}.

Then (X, B, p | B) is a measure space over M.
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Proof. By Lemma 2.5, B is an algebra of subsets of X and u [ B is finitely
additive. Therefore, since y is an inner measure over M, it follows from
Lemma 2.2 that p | B is a measure over M.

Now suppose that (A, : n € N) € M is a sequence of sets in B. We need
to show that A = [J°2, Ay € B, so assume without loss of generality that
the sequence is increasing. Take E € P(X)N M. Since E\ Ag 2 E\ 4; 2

o, p{E\ A) = infpe p(E\ A,). Also note since p is an inner measure,
w(B) < p(C) for all B C C in P(X) N M. Thus

(3)  wB) = inf p(BNAn) + p(E\ An) < w(ENA)+ p(EN\ 4).

And the opposite inequality is immediate from the definition of an inner
measure, proving that A € B. O

For any algebra A we let Az denote the collection of sets of the form
N, B, where E, € A for all n. Let A, denote those sets whose comple-
ment is in Aj, and Asne denote all sets of the form AN B where A € A
and B € A,.

Next we obtain a very slight extension for measures on some algebra
A C M over M. Namely we extend, say p : A — [0,00), to a finitely
additive measure on an algebra which includes As N M, and which satisfies
the natural requirement

o0
(4) 7 (ﬂ En) = inf p(Ey,)

=0 ne
whenever Ey 2 E; D -+ - is a sequence in M of members of A. Notice that,
even if we are only interested in finitely additive measures, by Lemma 2.2,
we must begin with a measure over M to satisfy this requirement.

The following lemma gives a standard representation of members of the
algebra generated by As. The equivalent topological statement is: every set
in the algebra generated by the open sets can be written as a finite disjoint
union of sets of the form F U where F is closed and U is open.

Lemma 2.7. Every set in the algebra generated by As is a finite disjoint
union of members of Asneo-

Proof. First note that A; is obviously closed under finite (or even count-
able) intersections. And Aj is closed under finite unions because [on.q En U
Mo o Frn = (o2 En U F, whenever the sequences (E, : n € N) and (Fy,
n € N) are decreasing, which we may assume for members of As as A is an
algebra. Thus A, is also closed under finite intersections and unions.

To prove the lemma. it suffices to show that the collection of finite disjoint
unions of members of Asn, is closed under finite intersections and comple-

ments. But Asqe is closed under finite intersections by prior considerations.



And clearly the complement of an Asn, set ANB, where A € Asand B € Ay,
can be written as the disjoint union of A NB € A;, A NB € Asn, and
ANB € As. [

Suppose 4 : A — [0,00) is a measure over M. Define i : Asre N M —
[0,1) by

o oo
(5) i (ﬂ E.nJ F) = sup inf p(En Fpn)

where (E, : n € N),(F, : n € N) € M are sequences of members of A
such that Eg D E1 2 --- and Fy € Fy € -+-. Two sequences with these
properties are called a representation of a member of Asn, N M.

Notation. For a collection X of subsets of some base set X, let alg(X)
denote the algebra of sets generated by X

We extend i to alg(As) by letting

n—1
(6) B(BoU--UEBEn 1) =Y AE)
=0

where the F;’s are pairwise disjoint members of Asns N M.

Lemma 2.8. The mapping i : alg(As) N M — [0,00) is a well-defined
finitely additive measure extending .

Proof. First of all we would like to be able to switch the order of sup and
inf.

Claim 2.9. Suppose that (En, F, :n € N) € M is a representation of a
member of Agrs. Then infne suppe p(Em N Fy) =0 whenever Mg Bn N
U?:O F’ﬂ = Q)'

Proof. Let € > 0 be arbitrary. Find & so that
(7) j1(Fy) > sup p(Fn) — €.
. ne
Then
infsup u(Em N Fyp) = inf sup p(Em N Fn \ Fi) + p(En O F 0 F)
m g m n
< sup u(Fp \ Fy) + inf p( B 0 Fr)
n m

= sup u(F,) — u(Fi) +0
7

< E. O

(8)
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Claim 2.10. Suppose that (\°2y B NSy FL (1= 0,:..,7—1) are pairwise
disjoint members of Asno N M whose union ey Gn ML Hn is a member
of Asno. Then

Z inf sup u(E:, NFY) = inf sup u(Gm N Hy).
i<j mE ne me ne

Proof. Let us begin by noting that monotonicity implies

(9) inf supp(E,, N Fi) = lim lim p(E, NE,).

mE pe

For each m, n, for each a C {0,...,7—1} set J%, = icq EiNFL. 1t follows
from Claim 2.9 and pairwise disjointness, that for all |a| > 2,

(10) inf supp(Jon) = 0-

Therefore, as

71
) M(UEM) S (L D + D Y ()

i<j i<j =2 a€[f]*
we have
(12) infsup » _ p(Ey, N F,) = inf Sup;u(U BN Fé)
m n Z<] m n i<]

And for each k,1,m, the sequence (J;; Bf N F} \ (G N Ho) 2 Uiy E: N
FI\(Gm N Hp) 2+ isin M and clearly has an empty intersection. Thus

(13) in u(U ELNF}\ (G mm)) =0.

i<



35

Now using (9), (12) and (13), we obtain
Z inf supu(EL, N FL) — infsup u(Gm N Hy)
g " ™om
= ifréf sgpz w(BL N EE) — i%f sgp w(Gm N Hy)

1<

= infsupp (U Ei N Ffz) - i%f supu(Gm N Hp)
k12

m
n i<j

= iréfsup M(U Ein Ff) —inf supu(Gm ﬂHn)}
{ L m

i<j

- ir’;f sup|sup (u (U ELN Ff) — sup {Gm N Hn))}
k13

bpm i<

(14)

= infsup|supinf u U EiNF} ) — u(Gm N Hy)
B m ™ i<j
sup i%fﬂ(U ELNFI\(GmN H@)}

1<

< infsup
k] |
=0

The other inequality is similar but easier. Using (9) and the appropriate
variation of (13), we obtain

inf sglpu(Gm NH,) — Y, w(E, 0 F)

1<
= inf sup {supinf u(Gp N Hy) — Z u(EL N
Boo|m ™ i<y
(15) < i%f sup {sup ir?%f w(Gr N Hy) — p(U Ei N Fﬁb)}
l m ~
1<

. . g %
< nzfsugp [supu;fu(Gk NH N\ U E N Fn)jl

m i<j
= 0. O

Claim 2.10 with j = 1 states that o is well-defined on Asne N M. And
since any two ‘representations’ of a set in alg(As) as a finite disjoint union
of members of Asn, has a common refinement, it follows from Claim 2.10
that 7 is well-defined. Finite additivity is an immediate consequence of the
definition. O
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2.2 Product measures

The assumption that p and v are both measures over M does not seem
strong enough to guarantee the existence of a product measure over M. For
this reason we consider the notion of a measure over two models M C N
which is intermediate between a measure over M and a measure over IN.

Definition 2.11. For two models M C N, X € M and an algebra A C M
of subsets of X, a function p: A — [0,00) is a measure over M, N if

(a) p(0) =0,

(b) for every sequence (E, : n € N) € M of paﬁrwise disjoint members
of A, for every subsequence (Ey,, : k € N) € N with ;24 En, € A,
Ju’(UZO:Q Emc) = Zzo:o BBy )-

We say that p is a measure allover M if u is a measure over M, N for all

N D M satistying ZFC*.

Lemma 2.12. If p : A — [0,00) is finitely additive, then u is a measure

over M, N iff

(Q) for every sequence (E, : n € N) € M, for every subsequence Eyn, 2
E,, D---in N, infre p(Ey,) = 0 whenever (72, En, = 0.

Proof. Take a sequence (E, : n € N) € M of pairwise disjoint members of A,
and suppose Ep, D Ep, D --- is a subsequence in N with E = {Jz—y En, €
A. First note that by finite additivity,

k—1 k—1
(16) WE) = p (E\ U E) + > (B,
i=0 i=0

for all k. Define for each n, F, = E\|J!~) Ei. Since the sequence (F, :n €
N) is in M, by property (Q), infxe p(F,) = 0. Thus

k—1 o0
(17) wE) = lim u(Fn,) + > w(En) = i(Eny)- O
=0 k=0

In what follows we take two algebras A and B of subsets of X and Y,
respectively, and let A® B denote the algebra of subsets of X x Y consisting
of all finite unions of sets of the form A x B where A € A and B € B. For
asubset G C X xY and z € X, we denote the projection of G at z by

(18) Ge={yeY:(z,y) € GL .
IfGe AQB,say G = Un_1 E;xF,thenforallze X, G, = {F;:i<

(=

n, ¢ € E;}, and therefore the set {G, : £ € X} has size at most 2" and in
particular is finite. The standard representation of G is the finite collection

(19) RG)={{reX :CG,=F}xF:Fe{Gy:z€X}}.



Note that G = [ JR(G).
For extended nonnegative real-valued functions p on A and v on B,
define p®@v: A® B — [0,00] by

(20) pev(G) = > wEW(F)
(B,F)e (&)
where 0 - 00 = 0.

Lemma 2.13. Let p: A — [0,00) and v : B — [0,00) be functions, where
u is a finitely additive measure on X. Then for all G € A® B and all
0< o< plX),

) pv(Gy—o
p{z e X :v(Gy)>0}) 2 ) =
Proof. Put
(21) E={z¢€ X :pu(Gy) >0}

It is clear that E € A, and by the finite additivity of u, p®@v(G) < (u(X) -
u(E)) - o + u(E). By rearranging terms, the result follows. O

Lemma 2.13 is often applied with o = 1 — /1 — p ® ¥(G), in which case
the right hand side of {2.13) equals o when p(X) = 1.

Theorem 2.14. Let M C N be models of ZEC* with M transitive. Suppose
that A,B C M are algebras of subsets of X,Y € M, respectively. Suppose
further that i : A — [0,00) is a measure over M, N, and that v : B — [0, 00)
is a measure over M with v € N. Then u® v is a measure on X X Y over

M.

Proof. First we show that p ® v is finitely additive. Note that if R(G) is a
finite refinement of %4(G) into pieces in AxB, then 3z me /(@) w(EYWAF) =
1 ® v(G) by the finite additivity of 4 and v. Suppose G,He A® B and
GNH = 0. Then since R(G) UR(H) is a refinement of R(GU H), we must
have p @ V(GUH) = p@ v(G) + p@v(H).
Assume without loss of generality that u(X) = 1. Now by Lemma 2.2 it
suffices to show that pu ® v satisfies property (P). Suppose that Go 2 G112
. is a sequence in M of members of A® B where infre u®v(Gp) =46 >0.
By Lemma 2.13, for each n,

where E, = {z € X : v((Gr)e) > 1—-V1-— §}. In M, choose a sequence

(A, : n € N) which enumerates the set

(23) G{US:SQ{EEA:(E,F)eanorsomeFeB}}.

n=0
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Then, in N, (E, : n € N) can be written as a subsequence (Ap, 1 k €
N) because v € N. Moreover, since the E,’s are decreasing and since
infre u(An,) > 0, by the property (Q), (Vieo Any, # 0. By the transitivity
of M, Nreg An, S M; hence, there is an z € XN M in the intersection.
Then (Go)z 2 (G1)z 2 -+ isin M and infpe v((Gp)e) 21—-V1-0>0,
and therefore there is a y in (- (Gn)z because v is a measure over M.
Now (z,y) witnesses that (- Grn # 0 as needed. O

3 The Measure

In this section we construct a measure over a certain model, which is of
particular interest to us.

3.1 The forcing notion CT*

For a set S, we let C7¢ denote the ideal of all countable subsets of §. Then
C’ngJr is the coideal of all uncountable subsets of S; it is considered as a
forcing notion under the inclusion ordering. We will primarily be interested
in § = w; in which case we just write CT ™.

Definition 3.1. For a class M and an index set I € M, a filter F on [ is
an ultrafilter over M if either X € For I\ X € F, forall X C I in M.
In the case M = V, we sometimes just say that F is an ultrafilter. A filter
over M is uniform if all of its members have the same cardinality in M.

For example, if U is a generic filter over M of the poset (CT*, C), then

U is generates a uniform ultrafilter on wM over M.

Lemma 3.2. Let U be an ultrafilter on a set S € M over M. Then f[UU]]
generates an ultrafilter over M for every f: S — S in M.

Proof. Note that f[[U]] is a filter, because if X,Y € U then f[U]] > fF(X N
Y) C f(X)Nf(Y). Take X C S in M. Then since f}[X] € M, either
FHX] U or f71S\ X] € U. Thus either f[f 1[X]} € flU4]] or fIF7HS\
X]] € f[U]]. We conclude that either X € (f{]]) or S\ X € {f[/]]). O

Lemma 3.3. Let U be CT T -generic over M. If f : w1 — w1 is a countable—
to~one function in M, then f[4]] is CT™ generic over M.

Proof. Let D C CT™ be a dense open subset in M. It suffices to show that
the downwards closure of f~!{[D]] is dense, because if X € U n f[[D]],
then f[X] € f[4]] N D since f is countable-to-one and D is open. And
for all X € CT, thereis a Y C f[X] in D, and then f~![¥Y] N X is in the
downwards closure of f~1[[D]]. O

The following fact is well-known.



Lemma 3.4. Suppose that F is an ultrafilter on I over M and f : I —
[—00,00] is a function in M. Then the limit of f at F ezists, i.e. there is an
x € [—00,00] such that limir f(i) = . Also for two extended renl-valued
functions f,g € M on I, lim_x f(3) + g(¢) = lim;.x f(4) + limi 7 g(2).

3.2 One dimensional measure

A probability algebra (R,v), i.e. a measure algebra with p(1) = 1, is of
interest to us as a forcing notion. Thus, by Maharam’s Theorem, we may
assume that for some cardinal A, R is the measure algebra of the measure
space 2% where p is the Haar product measure. We view R as a defined
notion. Thus, for example, if W 2 V, we may have W = R # RY. For
a € R it makes sense to define @ as a coding of a member of R since every
member of R has a representative which is a Baire subset of 2*. The reader
is warned that the <~ is often suppressed. We write Cy € Ry for those
elements which can be represented as a clopen subset of 2. Recall that it
forms & dense subset in the metric topology on Ry: foralla € Ry ande > 0
there exists ¢ € Cy such that u(a A c) < e.

The first Boolean algebra we consider is (R';U,N,\), where I is some
index set, with the operations inherited coordinatewise from R, i.e. (E U
F)() = BG) + F(i), (ENF)(i) = E() - F(i) and (\E)(i) = —E(i) for all
i € I. Members of R! may be viewed as R-names for subsets of I, and of
course the choice of operation symbols reflects the fact that

(24) |[EUF = (BUR)|=||EnF=(EnF)|=|B\F=(E\F)=1

where the set operation is intended on the left side of the equalities, and the
Boolean operation on the right. It is well-known that for an ultrafilter U
onl, limi_.u(E) defines a finitely additive measure on RI. More familiarly,
it defines a finitely additive measure (still not necessarily strictly positive)

on the ultrapower RY /U. The coding of members of R naturally extends

to members of R, and we write E to denote a coding of a member of RY,

although we more often suppress it.

For the purpose of stating the results, we fix two transitive models M C
N of ZFC* and R = R, for some A € M, but in usage, we will take M =V
and N some forcing extension of V. Let I € M be an index set, and let U
generate an ultrafilter on I over M. In N, define

(25) uyt Rx (ROM — [0,1]
by
(26) vula, B) = lim p(a- i € BY)).

Lemma 3.5. The limit defining v always exists.
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Proof. Given a € R, let (¢, : n € N) be a sequence in C, which converges
to a. Since each ¢, € M, by Lemma 3.4, the limit defining 14(c,, E) exists.
Arnd since clearly |uy(c, E) — vy(d, E)| < plc A d), (mulen, E):neN)isa
Cauchy sequence, and therefore has a convergent subsequence, say indexed
by (nx : k € N). It suffices to prove that

(27) lim (e |li € Bl) = lim v(cn,, E).

Take & > 0. Then choosing k large enough, we have that v/(cn,, E) is within
e /3 of the limit on the right and p(ep, Aa) <& /3. Choose X € U so that
,u(cnk-Hi € EH) is within € /3 of vy(cn,, &) for alli € X. Then /J,(G,'Hi € EH)
is within ¢ of the right hand limit for all ¢ € X, as needed. O

Lemma 3.6. The mapping vy(-, E) : R — [0,1] is a measure.
Proof. Since it is a finite additive measure bounded by u. O

For a € RM, the meaning of (R[)M is perfectly clear, but we would
rather consider a € R. Thus we associate an equivalence relation on (R1)M
with each a € R in the natural manner:

(28) E is a-equivalent to I iff a < “E = FH
Then clearly the quotient map
(29) ) DM(@ ) : (RI)M /G’ - [07 1}

(where 4(a, [E]s) = vy(a, E)) on the quotient Boolean algebra (RH)M /a
is well-defined.

For the remainder of this section, we are assuming that M = I is
uncountable™.

Lemma 3.7. Suppose U is (CT;")-generic over M. Then for all a € R, the
mapping vu(a,-) : (RDM Ja — [0,1] is o measure allover M.

Proof. 1t should be obvious that 1(a, ) = 0. Finite additivity is immediate,
because £ N F' = 0 means that |[ENF = 0] = 1.

Now we use Lemma 2.12. Assume then that W D M is a model of
ZFC*, (E, : n € N) € M is a sequence in (R} and there is a subsequence
Eng D Fp, 2 --- in W for which (5o, En, = 0.

Take an arbitrary € > 0 in M. Choose ¢ € C,, with u{aAc¢) < /2. In M:
We show that the set D of all conditions of C7;* forcing that v(, Ené) <ef2
for some k is dense. Take X € C‘Tf, and suppose towards a contradiction
that it has no extension in D. Define A C N to consist of all integers n such
that

(30) Zy={i€X:ulc Hz € En”) < e/ 2} is countable.



In W: By supposition, {ng : k € N} C A. On the other hand, for each
iel, c- H?’;Q ZZO:] Hz € Enk” = (0, and hence there is a k; such that

(31) ple-llie En, ||) <e

Therefore | J° 4 Zn, = X. But this means that, in M, ,es Zn = X, and
we arrive at the absurdity that M = "X is countable .

Having proved that D is dense, by genericity, 1y(C, E,) < /2 for
some k, and thus vy(a, En,) < &. This proves that the infimum is zero. [

Definition 3.8. If D is a directed partial ordering and f : D — [—o0, 00},
then for z € [—00, 0],
1im flp)=1

if for every open U 3 z there exists p € D such that f[Dy] C U. Note that
there is at most one such z.

Continuing from (26), suppose that H is R-generic over N. In N[H]:
Since RM embeds into R, there is a filter G C RM generic over M. Define

(32) my » PYME [0, 1]
by

(e, E)
(33) my(E) = lim TR

where E € (R)M and E[G] = E. For the case of an ordinary ultrafilter and
M = N.and G = H this is a familiar construction due to Solovay [Sol71].

Lemma 3.9. (In N) for all § € [0,1], if {b < a : vu(b, E) —><— 8- u(b)} is
dense below a, then vy(a, E) = 8.

Proof. Given p < 1, find a finite antichain bo, ... ,br—1 below a such that
(b, B) > &8+ p(by) for all i =0,...,k—1 and

a-
._.

(34) u(b) > /p - pla).

I
[=]

For each i choose X; € U where p(b; - |[i € E||) > /56 - p(b;) for all i € Xi.
Put X =2, X; € Y. Then for all ieX,

k—1
auzeﬂwzu N Bl 2 3 VA uik)
(35) i=0 =0

> pd - pp{a).

The other inequality is symmetrical. O
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The following lemma is an immediate consequence.
Lemma 3.10. For all E € (RNM, §€[0,1] and a € R,
a < |lmy(B)Z 8| it w(b,E)Z6-p(d) forallb<a.
Lemma 3.11. my is a well-defined finitely additive measure on I.

Proof. First we check that the limit indeed exists. For each ¢ € [0, 1], put
(36) b5 = Z{a eR:{b<a:vybE)>5 ub)}is dense below a}.

Since {b < bs : Vu(b,_E) > § - p(b)} is dense below bs, from Lemma 3.9 we
conclude that vy(c, E) > & - u{c) for all ¢ < bs. Similarly, vy(c, E) < & - u{c)
for all ¢ < —b5. Thus, by Lemma 3.10,

(37) my(E) = sup{d : bs € H}.

Now the fact that my, is well-defined and finitely additive follows from
Lemma 3.7. O

Lemma 3.12. Forall0 <o <1,

(o () > o) > 2BEL =7 10)

Proof. Put
(38) b=a- Hmu(E) <af.

Then by Lemma 3.10, (b, E)<o (D). Hence by the finite additivity of 1
(Lemma 3.6), vy(a, E) = vy(a—b, E) + (b, B) < pla)— p(b)+o-pb). O

Lemma 3.13. If U is C?}*’—genem‘c over M, then my is a measure over
MIG], N[H].

Proof. Since myy is a finitely additive measure, by Lemma 2.12 it suffices
to take a sequence (E, : n € N) € M[G] of sets in P(I)™¥], and a sub-
sequence Ep, 2 En; 2 --- in N[H] where ;2 En, = 0, and prove that

‘infge my(Ey,,) = 0. There is a sequence (F, : n € N) € M of members of

(RYM such that
(39) BE,[G) = E, for all n.

In N[H]: There is an a € H such that a < Hﬂzio En, = @H, or equivalently
[lie [Bnla =0in (R)M / a. Hence by Lemma 3.7, infre wy(a, B, ) = 0.
This clearly implies that a < infxe mu(E,, ) = 0, completing the proof. [



Lemma 3.14. Let f 1w — wr be a function. Then for every E € (R“1)M,
m i (B) = mu(fHE]).
Proof. For all a € R,

i (o la € EJ) = Jim ua- e € )

(4()) a— flU]
- I 51,

and thus vgg (a, B) = vyla, FLED. O

3.3 Product measure

Now we arrive at the constructlon of the primary and secondary measures
(m and v, resp.). Let U be CT; -generic over M, let V be (CT7)M-generic
over M[U4] and let H be RM é””V -generic over M[U][V]. In other words
MI[U][V][H] is a generic extension of V' by the poset

(41) (€T x CT;F) xR

By Lemma 3.7, for all @ € R, the restriction my(a, ) : (ROHM /o — [0, 1]
is a measure over M, MU][V]; and also, vy(a,) : (ROYM Ja — [0,1] is a
measure over M. Therefore, by Theorem 2.14,

(42) e, ) @ (b, ) : (RDM /a® (RN /b —1[0,1]

is a measure over M, for each a,b € R. And by Lemma 2.8, it has an
extension

43) @) @, dg((RHM /e (RHM /b)sn M — [0,1]

to a finitely additive measure such that

(44) vyla,-) (ﬂ Gn) = mf mla, ) @ vy(b, )(Gn)

for every sequence Go 2 G1 2 - -+ in M of members of (RHM [a®(RI)M /b.
In the case a = b, we denote the function in (43) by v(a,-).
By Lemma 3.13, my, : P(I)M9 — [0,1] defined by

(45) my(E) = lim lim ’_{(“__HZ_E‘?_.D where E[G] = E

a—H iU ,u(a)

is & measure over M[G], MU][V][H]; and my : P(J YMIGl — [0,1] is a measure
over M{G]. Thus my @ my : PNHMY g P(I)MIl — [0,1] is a measure over
MG}, and it has an extension, which we denote by m, to

(46) m : alg(P(H)M9 @ P(MITY .0 M — [0,1]
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satisfying the continuity condition (4).

Henceforth, we will be working in V, except where otherwise noted, and
thus the M symbodls above vanish.,

The following Lemma should be able to be improved to a more infor-
mative estimate. Nonetheless, even this is nontrivial to prove, because it
requires Fubini’s Theorem to be generalized to our context; and, due to
time constraints, this will not be done in the present note.

Lemma 3.15. Let K € alg(RY @ R¥);5 for some a € R. For all (X,Y) €
eT, if _
(X,Y) | a < |lv(E) =1,

then for all p < 1 there ezists « € X and > « in'Y such that
w(a- K@ B)) > p- 1)
Proof. Omitted. O

3.4 Separable measure algebra

Theorem 3.16. IflU is CT ™ generic over V, and R is a separable measure
algebra, then my is a two-valued measure, i.€. it has range {0,1}.

Proof. Let B € V be an R-name for a member of P(w1). In V{4]: Supposing
a € Rt forces that my (E) > 0, we find an extension of a forcing my, (E) = 1.
Now there is a b < a and a rational £ > 0 such that

(47) b< “mu(E)H > €,

and there is a rational o > 0 such that x(b) 2 0. Hence by Lemma 3.10,
vy (b, ) > ¢ and thus there is an X € U such that

(48) pib- o€ Ell) > 3{?:70 forall o € X.
Take ¢ € C such that
(49) M@A@<9%§2.

Then in particular,
(50) plellac Bl) > E—; for all o € X.

Therefore, for each o € X, there exists do < ¢ in C such that

(51) )25
(52) w(da & (c- o € B])) < L2

4



A computation with (49), (51) and (52) yields

(53)  p(b-do o€ Bl)) > ulde) - (1—‘2"—)5‘1 >pp(b- da)-

Since (dn : @ € X) € V, by genericity, there exists Xo € X inl{ such that dg
equals some fixed d for all & € Xo. This proves that v4(b-d, E) > p-pub-d),
as required. . O

Lemma 3.17. Let K € alg((®7Z; R“Y)s) for somen =1,2,.... Then

(54) ﬂ{a e R: X |F v(@, K) < ¢ for some X e(@rhH™}
g>0

15 dense below
(55) ~N{aer: €T |Fa< |[m(K)=1]}.

Proof. Let & be a CT*-name for ||m(K) = OH Take a nonzero ¢ beneath
the Boolean value in (55). Then for some XecCTt,

(56) X|a-c£0.
Find )20 < X and 6 > 0 where
(57) Xo b wa o) >4

Choose a sequence X'g > X L > -+ of conditions and d; € R such that
o . ) .
(58) XilFu(e-0)Adi) < 5 foralli=1,2,..

Put d =Y pug [l ¢ - di- Since Xi Ik ule-di) > pla-c)— 8/ 2% by (57),
(59) ple-di) > (1—2745 for all 4,
and thus u(d) > §. And since CT* |- v(a, K) =0, X |- v(d,E) < §/2,

completing the proof that d is a nonzero member of the set (54) below c. [

3.5 Measure homogeneity

Definition 3.18. Given a subfamily F C [wi]” for some n = 1,2,.
let fi : wi — wp (i =0,...,n — 1) be the nondecreasing functlons where
F = {{fola) < -+ < fa-1(c ( )} : @ < wi}. Then element K € R of the
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. . . 2 N
random power determines a colouring Ky € R¥1 via

n—1n—1
(60) &z )] = [T TL % (5@ @)l

i=0 j=0

n—ln—1

T I & (a8, £08)|
i=0 =0
S IK @), SO
i=0 j=0

The following notion, while not particularly natural, will serve for the
purposes of this note.

Definition 3.19. An alg(R“! @ R¥1); set K € R“! random colouring K€
R is called CT+ x CT T -measure zero homogeneous at a € R if there exists
a dense set of elements b < a such that: for every n = 1,2,..., for every
uncountable pairwise disjoint subfamily F C [wy]”, for all € > 0, there exists
(X,Y) e CTH x CT™ forcing that

~

U(b,K}:) <E.

4 Forcing with a measure algebra

Recall that for a given subset K C 52, a subset X C S is called K-
homogeneous if (o, 8) € K for all @ < §# in X.

The following Theorem is the main result for applying the measure con-
structed in Section 3 to the analysis of measure algebraic forcing.

Theorem 4.1 {(m > Ny). Let R be any measure algebra. Suppose that K is
an R-name for a subset of w? in alg(P(w;) ® P(wl))g, andacR. If

CTH x CTH |3 < |lm(K) = 1],

then a forces the existence of a countable decomposition of wy into K-
homogeneous pieces.

Lemma 4.2. Let K be an R-name for a member of alg(P(w1) ® P(wl))a
and a € R, and suppose (CT+ x CT) | @ < ||m(K) = 1||. If F is an
uncountable pairwise disjoint family of finite subsets of w1, then for every
o <1 there are I' < A in F such that

#(a' 11 H”Mmﬁ)“) > p-p(a).

acl’ BeA
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Proof. Without loss of generality assume a = 1. Given F we may as well
assume that for somen > 1, || = nforall I € F. Let f; : w; — wi for
i =0,...,n— 1 be functions where F = {{fola),..., fu1(a)} : a < wi}.

For each 4,7 = 0,...,n — 1, define an R-name Kij for a relation on wy by
(61) 1K, B)|| = | K (file), 5B
As follows from Lemmas 3.3 and 3.14, (Z+ x ZT)« R forces m{\};2, Kij) =

2,5=0

1. And Lemma 3.17 gives o < 3 such that u(||(a, ) € Ne2 Kw”) > pas
required. ' : O

Proof of Theorem 4.1. For € > 0, let Q! be the poset of all finite I' C w
such that

(62) u( Z ~){K(a,ﬁ)“) <g forallgel,

acI'Ng
ordered by set containment.

Claim 4.3. Q! has the ccc.

Proof. Supposing Sp is an uncountable subset of Q, by going to an un-
countable subset we can assume that Sy is a A-system, say with root A, and
that for some integer n, |I'\ A] = n for every I' € Sp. Find an uncountable
S; € 8y and T < € such that

acl'Ng

(63) ,u( Z F[[K(a,ﬂ)ﬂ) <7 forall e '\ 4,

for all I' € Sy. By Lemma 4.2, there are o, I in 8; such that (I3 \ 4) <
(I\4) and [Toerona HBGH\A”K(O" B)|| has measure greater than 1—(e—7).
This implies in particular that ‘

(64) p,( Z —HK(Q,,@)H) <e—71 forall pen\ A
aclp\A
Hence for every 8 € I't \ 4,
(65) ( > —HK’(a,ﬂ)H) <T4p ( > *HK(a,ﬁ)H) <&,
ac(ouly)NG aclp\A

proving that IoUI1 € QL. O
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Suppose that C C O} is centered, and put X = {JC. Then define an
R-name Y for a subset of wy by

(66) loev|=I1 K0

acXnp

for all 8 € X. Tt is clear that Y is K-homogeneous with probability one,
and that ,u(“ﬁ € YH) >1—¢ for all 3 € X. Thus a straightforward density
argument applied to the finite support iteration of the sequence of posets
(Q%n t1)-1imE N) gives the desired R-name for a countable decomposition
ofwl. O

Theorem 4.4 (m > Ni). Suppose R is a separable measure algebra. If
K € (R @ R¥)s s measure zero homogeneous at a € R, then a forces that
w1 has a countable decomposition into w% \ K -homogeneous pieces.

Proof. We may assume ¢ = 1 without loss of generality. The poset o
consists of all finite I" C w1 such that

(67) | Y k@B | <=
%ﬁif

Claim 4.5. Q2 has the ccc.

Proof. Given an uncountable subsets S C Q¥ we can assume that S is a
A-system, say with root A, such that [I'\ A] = n for all I' € §. By further
refinement, assume that

(68) L Z[]K(a,ﬁ)” <m forall'eS
m@i{

for some 75 < . Then by separability there exists an uncountable S C §
such that

(69) u Z HK(a,ﬂ)H + Z HK(&,L‘?)“ <m forall Ih, It €8

a,BElp a,pehn
a<lp a<f
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for some 7 < &. Therefore, it suffices to find I < It in Sp such that

70) w| [I -I&@s)) I ~I&@n8)

a,felp a,Bel

a<p e p
' Z Z ”K(Oé,ﬂ)H) <E—Ty.

aclp\A pel\A

And their existence follows from the hypothesis that some (X,Y) forces
v(1,Kz) <e—7 where F ={I'\A: T € So}. O

Now precisely the same argument as in the proof of Theorem 4.1 yields
the desired countable decomposition. O

5 The measure of an (wy,w;) gap.

The reader is referred to [Hir03a] for the notion of a (Souslin) pregap in
L%(v) / Fin. Let (Za,%a : @ < wi) be sequences of representatives of an
(w1, w1 )-pregap in L°(v) / Fin; in other words, the Zq’s and ¢o’s are R-
names for subsets of N, such that the pair of sequences name a pregap in
P(N) / Fin. Then for each n € N, E, € Rt and F,, ¢ R“* are determined

by
(71) E,={a<w :n€i,} and E,={B8<w :n€ya}

This associates with the pregap an R-name for a subset of w?

(72) K € (P(w) ® Plwi)),

via

(73) =) Bax
n=0

Thus

| K (a, B)|| = |30 N Gp # O||  for all a, 5.

The random colouring K in turn determines a member of R by
(74) b= {aeR:CT*x T |Fa < ||m(K) =1]}.

Lemma 5.1. [ 'f R is separable, then for every (wy,wn) pregap the associated
colouring K is measure zero homogeneous at —b as specified in (74)."
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Proof. Let F C [w1]™ be a given uncountable pairwise disjoint family, and
let f; : wp — w1 (& =0,...,n — 1) be the nondecreasing functions where
F={{fole) <+ < fac1(@)} : @ <wi}. Take a < ~b. By Lemma 3.17
there exists ¢ < a such that

(75) (X,Y) |- v(6 K) <& for some (X,Y) € (CTT)?
for all € > 0. Now fix £ > 0. Then choose (X,Y) forcing that
(76) V@ K) < %

Choose functions g : wy — X and h : wy; — Y such that

(77) gla) > fo-i(a) for all o <wi,
(78) B(B) > fu 1(8) forall < wr.

Claim 5.2. (2,Z) | v(GK o (f,9) < e/2 ie Ko (f,g)(a,) =
K(f(a),9(8))-

Proof. Let (U, V) be CT T xCT T-generic with Z € U, V. Then by Lemma 3.3,
(FIU]], g[V]]) is CT+ x CT *-generic. In VU|[V]: And since (f[Z],¢[Z]) <
(X,Y), by (76) and Lemma 3.14,

v(e, (Bn X Fa) o (£,9)) = vule, fHER) (e, g7 [F)])
(79) = 4y (& En)Vgipy () F7)

<E
2

for all n. Since v(c, K o (f,9)) =supne v(c,(En % F,) o (f,g)) the proof is
complete. O

Choose k large enough so that

V2

(80) 14 fye) \ & C T > 1 - %5 for all 4, for al a € Z,
NG,

(81) 9500 \ & C eyl > 1— -%5 for all 4, for all B € 2,

where Z is uncountable. Define C;, D; € R (1 =0,...,n—1) by HCZ(O{)H =
e \ b S Fge| and | Di(B)]| = ~{liz(s \ k S Ing)- Then by
continuity and separability, there exists an uncountable Zy C Z such that
(82) ||ne€dpwl| =|In€dn@l for all n < k, for all a, 8 € Zy,
83)  |n€vpml =ln€ingl for all n < k, for all a, 8 € Zo.



Let G, H be given by “G(oa,ﬁ)“ = Hwa Nyg Nk # (Z)H and HH(@;,,B)H =
|Za NYs \ k& # f||. Thus K = G U H, and we have
ftr==(§fWJ}ZF
n—1n—1
CGrU Ko (fif;)
(84) Jy J
. n—ln—l‘
cGrulJ|JKo(gh)UCix D
=0 j=0

By (82) and (83) (see (60)), (Zo, Zo) |- v(1, Gr) = 0. In conclusion,

n—1n-1
(Z())Zﬂ) ”_ Ucchﬂ'—) < U(C,KO (ga h)) +Zzy(crci X D])
=0 j=0
(85) e ’
<g oo
=€. O

The following is proved in [Hir03b].

Theorem 5.3 (Hirschorn). m > N; implies that there are no (wy,wr)
Souslin gaps in L°(v) / Fin for a separable measure v.

Let us prove it here. Noting that CT T xCT [ b < | m(K) = 1]] (see (74)),
by Theorem 4.1,

(86) b < [lwi can be decomposed into countably many K-homogeneous
pieces]|.

And by Lemma 5.1 and Theorem 4.4,

(87) —b < |jw1 can be decomposed into countably many w?\ K-homogeneous
pieces||.

If we make the additional assumption, as we could have, that
(88) “ia n ?;a # @H - 17

then, as shown in [Hir03a], by (86), b # 0 implies that the pregap (Egs Yor -
o < wy) is not Souslin; while if & = 0 then (87) implies that the pregap
in Z°(v) / Fin is a nongap, completing the proof. For the reader who is
at least familiar with gaps in P(N) / Fin, this simply says that b forces
(fa» Yo : @ < w1) is indestructible, and —b forces that it is not a gap.
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