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Exact WKDB solutions at a regular singular
point for 2 x 2 systems

Setsuro Fujiié
Mathematical Institute of Tohoku University
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0 Introduction

This report is based on a joint work with L. Nedelec.
Recall first the radial Schrédinger equation

d?u

Rz = 1
h = +Q(z,h)u=20 (1)
where the effective potential
{l+1
Qz,h) =V(z) + ~(——;—2—) —E, [eN={0,1,2,...}

consists of the physical potential V'(x), the centrifugal potential (I + 1)/z?
and the kinetic energy E. The numbers {I(l + 1)},cy are the eigenvalues of
the Laplacian on the sphere S2.

For this equation, the origin z = 0 is a regular singular point and the
Fuchs indices are [ + 1 and —I.

On the other hand, the WKB approximations (or Liouville Green func-
tions) are given by

Q" exp (:t f le/zd:c/h) . (@)

These functions behave like z'/2FV{+1) a5 7 tends to 0 and the exponents
differ from the Fuchs indices. This means that the WKB approximation (2),



which is the leading term of the asymptotic expansion as h — 0 (in a pole
free and turning point free region), is not uniform with respect to z near the
origin. This has been a problem since pointed out by Langer [5] {see [2] and
[4] for treatments by different exact WKB methods).

Let us consider here the 2 X 2 system

hdu 2>~ E vh/z 1

—z‘"d;_(~’yh/w —22+E )Y 7€§+Z' (3)
This equation comes from a model of the Born-Oppenheimer approximation
([1]).

The origin z = 0 is a regular singular point also for this equation, and
the Fuchs indices are =++.
The WKB approximations, on the other hand, are of the form

’ (@/B)*
€xp (if \/a—ﬂ_dx/h) ( Fi(B/a)/t )
(see the WKB construction for systems in the next section). In this case, the
exponents of these functions are ++, which coincides with the Fuchs indices.
The aim of this report is to show that the exact WKB method established
in [1] for latter type systems can be applied to construct a subdominant
solution at a regular singular point as WKB solution. This enables us to

connect, via Wronskian formula, the subdominant solution with other WKB
solutions defined far away from the regular singular point.

1 Exact WKB method for 2 x 2 systems

In this section we review the exact WKB method used in [1] for 2 x 2 systems
in a regular domain, i.e. in a domain with neither singularity nor turning
point. This is a generalization of the exact WKB method of Gérard and
Grigis [3] for the Schrédinger equations.

Let us consider the first order 2 x 2 system

?—3—: = A(z, h)i (4)
in a complex neighborhood Q of a point z = z; € C. We assume that A is
holomorphic in  depending regularly on h (i.e. A(z,h) = Ao(z) + O(h)),
and

trA =0, detA+#£0.
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After the change of the unknown vector u = T(¢,w)@ by a matrix

T(qs,w):( cosg(z) —wsing(z) )

w™lsing(z)  cosd(z)

with a suitable constant w and a function ¢(z), u satisfies (4) with A replaced
by an anti-diagonal matrix A:

hdu 0 a(z, h)
—zT@:A(I’h)U’ A= ( _B(z, h) 0 ) (5)

-(20)

then A is also trace free and the (1, 1)-entry is

Indeed, if

acos 2 + %(w"1b+wc) sin 2¢. (7

Hence A is anti-diagonal if we define ¢(z) so that

2a

R A

(8)

The function ¢(z) defined by (8) is holomorphic in €, if the constant w is
suitably chosen, i.e. if the right hand side of (8) differs from +i. Then « and
B are given by

o = beos? ¢ — wesin® ¢ — Awa cos dsin g — ihe,

—B = ccos® ¢ —w2bsin® ¢ — 2w ta cos ¢sin ¢ + ihe'.

In the following, we assume for simplicity that a and 8 are independent
of A.
Put ”
@)= [ (eppian, new) = (22)
26 a(z)

and

"= efaz(w)/h(H(Z)"‘ H(z)™ Y
FiH(z) HiH(z) )+
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Then w4 satisfy

dwy 0 H,/H
where H stands for the derivative of H with respect to 2. The point of
this reduction is that the singular part of the perturbation as A tends to 0
appears only at the (2,2) element.

We define formal series
o0 o0

Weven,+ = Z Wop,+, Woddx = Z Wop41,+ (10)
n=0 n=0
by we,+ =1 and for n > 1,
{ (d/dz)wans = (H:I;/H>w2n—1,:i: (1)
(d/dz + 2/h)w2n_1,i = (H;/H)wgn_zyi,

with initial conditions wy +(z1) =0, 2; = 2(z1). Then

Weven,+
Wy =
* ( Wodd,+ )
are formal solutions to (9), and consequently
-1 -1
) e E2(z)/h H(LL') H(ﬂ?) Weven,-=
us(z;31) = e ( FiH(z) +iH(z) Wodd, &

are formal solutions to (5). We have the following theorem. See [1] for the
proof.

Theorem 1 1. The formal series (10) are absolutely convergent in a neigh-
borhood of z1.

2. Let Q1 be the set of x € Q such that there ezsists a path from zy to z
in Q along which Re z(z) increases strictly. Then in Qi we have for

each N € N
N1 N—-1
_— N _ N+1
Weven,+ — Z Won,x = O(h’ ), Wodd,+ — Z Won+1,2 = O(h )7
n—0 n—0

3. The Wronskian (with respect to xz) of two exact WKB solutions are
given by
W(u+ (-T": xl): u"('r; 552)) = 2iweven,+(z2; 351),
where W(f, g) is by definition the determinant of the matriz (f, g).
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2 Asymptotics at a regular singular point

In this section, we study the asymptotic behavior of the exact WKB solutions
to the system (5) near a regular singular point. Let us assume that « and
have a simple pole at = = 0 and put

8]

h), Bla,h) = =Bz, h), (12)
where &(y, h) and B(y, h) are analytic symbols at ¥ = 0. In order that the
Fuchs indices at the origin are independent of b, ¢; = &(0, h) and ¢; = 5(0, h)
should be independent of h. The argument of this section works in this
general setting, but in this report, we restrict ourselves to the quite simple
case where & and 3 are linear functions:

&(yv h) =c1+ bli/: ﬁ(ya h’) = Cy + b2y7 (13)

and moreover we assume that b; and by constants. This case permits us to
know the necessary informations about the geometry of the Stokes curves
and to give in a concrete way the angular domains around z = 0 where the
asymptotic properties of the exact WKB solutions are valid. Moreover it is
possible to compare our local semiclassical problem for (5} when z and A
are small with the equivalent global two points connection problem for the
non-semiclassical equation

y du 0 o 0 b
e=cwwmuw o= o) m=( 5 %) a
The equation (14) has two singular points: ¥ = 0 and y = oo. 0 is a regular
singular point and co is a irregular singular point. The Fuchs indices at the
origin y = 0 are the eigenvalues of C, i.e. #,/cic;. Put v = /¢i¢; and
assume 7y > 0. On the contrary, the asymptotic behavior of solutions at oo
is dominated by the eigenvalues of B, i.e. /b1by. We assume also byby # 0.

The two points connection problem is to study the asymptotic behavior
as y tends to infinity of the subdominant solution, corresponding to the index
+7, which is characterized by its asymptotic behavior as y tends to 0 up to
constant multiplication. The aim of this section is to do this by studying
the semiclassical version (5) with the exact WKB method of the previous
section.



Let us go back to the system (5). Then there are two turning points x;
and xg, i.e. zeros of det A near 0, which tend to 0 as h tends to 0:

z; =ysh, y;=—c;/b; (1=1,2).

Let us construct an exact WKB solution of + type which was introduced in
the previous section, but with the base point z; of the symbol placed at the
origin, where the equation is singular. It is necessary, therefore, to check that
the construction is still possible and, in particular, to study the asymptotic
properties of the solutions as z and A tend to 0.

Put as in section 1,

z(x,h):/( 1/2dt hf\/l_yl_h 1_&_;%)%,
1/4
wa=(5) - ()"

2\ /4 ;O\ 1/4
(dé)l/zlmzo = P)/ha (g) !z:() = ('Z—f') > 0.

We rewrite the recurrence equations (11) in the variable z in order to give
the initial conditions at the origin instead of z(0) = oo: wg 4+ = 1 and for
nzl,

B
&

with branch

(d/dz)wons = (Hy/H)wan-1,4
{d/dz + (2/h)(@B)"*/2)}wen-1,+ = (Hy/H)won-2,+,

with initial conditions w, +{0) = 0. Here H, stands for the derivative of H
with respect to the z-variable. '
Let

(15)

O;=argy; (j=1,2), 0<b,—-61<n
and A, be the union of two angular domains A} and AZ:
= {z € C\{0};argz € (6 +¢,0, — )}

91+92—37T+ 91-’:-92—71'

A? = {z € C\{0};arg z € ( 5 €, 5 —¢)}.
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Theorem 2 1. Fach function wy + is holomorphic in a neighborhood D
of the origin and the series

oo o0
Weven,+ = E Won,+, Wodd,+ — § Won+1,4+ (16)

converge absolutely in D.

2. When (z,h) — (0,0) in A, x (0, ho), we have

(lz|/R)™N) as |z|/h — 0,
Weven, + — szn-i- { (ff}‘x[) Ny as if/}:c]->0,

S O((|al/m™) as [z|/h -0,
Wodd,+ — Z Wan4l4+ = { 0((L/llx{)2N+2) Z: hm/]m] — 0,

n=0
Corollary 3 Let

1 -1
(ZE h) — ez(w )/h ( H(Z(.’L‘)) H(z(‘,ﬂ)) ) ( Weven,+ ) ’
—iH(z(z)) iH(z(z)) Wodd,+
then u is a solution to (5) with A given by (12) and (13). Moreover, when
(z,h) = (0,0) in A x (0, by}, we have

u(z, h) ~ e*@/h ( i(;)( 1) )

both as |x|/h — 0 and h/|z| — 0. In particular,

u(z, h) Ncm( ggﬁf;iﬁ ) as [zl/h -, (17)

for some constant ¢

The last formula (17) means that u is a subdominant solution at the
origin.

We prove here the second part of Theorem 2. For this, we need the
following lemma:



Lemma 4 Let 2, 23 be complez numbers whose arguments ¢1 and ¢y satisfy
€< @1, <2m —¢, T+ 2e < Py + Py <3~ 2 (18)

~ for a positive €. Then there exists a positive constant § such that

Re+/(1—c/z){1 —a/z)

1+0

>d (0< o< +o0),

where the square root is defined to be 1 when o = 0.

Remark: Off course the condition (18) should be regarded as modulo 27.
For example, it can be replaced by

M+ e< P < —€, €< Py < 2T — €, ~T + 26 < 1 + P <7 — 26.  {19)

Proof: As o increases, the argument arg(l —o/z;) increases if 0 < ¢; < 7
and decreases if 7 < ¢; < 27, and

lim arg(1 — 0/2) =0,  lim_arg(l—0/z) =7 - ¢

Let 7(o) be the argument of /(1 — 0/2()(1 — 0 /2,), which is the mean of
arg(l — o /z) and arg(l — 0/z2). Then

0<Ylo) <m—(¢1+ ¢2)/2 if 0<¢; <7 (j=12),
= {1+ ¢2)/2 < (o) <0 if m<¢;<2m(j=12),
(m—¢a)/2<Pplo) < (m—¢1)/2 i 0< ¢ <<y <2m.

In any case, under the condition (18), we have |¢(c)| < (7 — €)/2 for all
o > 0. It follows that the real part of \/(1 — ¢/2z1)(1 — ¢/2)/0 is bounded
from below by a positive constant. O

Proof of Theorem 2: The recurrence equations (15) can be written in the
integral form:

Won,+ = J[w2n—1,+]: Won-1,+ = I[w2n—2,+])

where z g (5)

= | weE

F&)dé,
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11f] = / exp{ / Ve }H'@f(g)df

In our special case, the integral operators J and [ are of the form

Cpi—yy [ f(hn)dn
=" /0 (1 =n/y)(1 = n/ys)’

/Oz/hexp {_27 /z/hm-s/y;) ) ds}( f (hm)el

L=n/y)(1 = n/y)

Let z = re¥ and put 7 = pe, s = oe®. Then we have

ly1 — v " dp
|J{A]] < T ”f”wfo |(1 — pe?® Jy1)(1 — pe® [y5)|’

1171 < Bl
/T/h exp {"27 /r/h Re /(1 —ae®/y,)(1 - aeiﬁ’/yz)da}
0 )

g

dp
(1~ pe®® /y1)(1 — pe® [ya)|

We apply Lemma 4 with z; = y;/e?, ¢; = argz; = 6, — 6 (j = 1,2). We can
easily check that 0 < ¢y — ¢; < 7, and

TEA = —T<P<—€ e<Gy<T—¢

TEN? B €<, <W—¢ TH2< b +dy < 37— e

Hence /h
lyr — w2 T dp
1< gl [ e,
lyl i r/h 2v8(p—r dp
'I[f” < 4242 ”f“oo/ e?”’ /h)m.
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Then Theorem 2 follows from

ff/h ip _{O(r/h) (r/h — 0),
o (1402 | 0Q) (a/r—0),

/T/h sty o { O(r/h) (r/h—0),
0

T+0)2 | 0(2/r?) (hjr —0).
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