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Perron’s method - revisited -

Shigeaki Koike (小池 茂昭)

Saitama University (埼玉大学)

1 Introduction
According to [7] $(\mathrm{p}, 24)$ , the classical Perron’s method asserts that

$\mathrm{u}(\mathrm{x}):=\sup_{v\in S_{\phi}}v(x)$
is harmonic,

where $S_{\phi}$ denotes the set of subharmonic functions $v\in C^{2}(\Omega)\cap C(\overline{\Omega})$ such that $v\leq\phi$ on
en. Here $\phi\in C(\partial\Omega)$ is a given function and $\Omega\subset \mathrm{R}^{n}$ an open bounded set. See also the
original paper [16].

Motivated by this classical Perron’s method, H. Ishii in [8] established a celebrated
existence result for viscosity solutions. Although it only gives the existence of possibly dis-
continuous viscosity solutions, applying the comparison principle (under suitable boundary
conditions $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ growth conditions when $\Omega$ is unbounded), we immediately obtain the
continuity of these viscosity solutions.

However, there still exist some types of (uniformly) elliptic PDEs for which we do not
know if the comparison principle holds true for viscosity solutions. A typical situation is
the case when the coefficients of the PDE are only measurable. In fact, in general, under
such a condition, it is known that there is a counter-example for the uniqueness of viscosity
solutions in [15] (see also [17]). This indicates that the comparison principle does not hold
since it implies the uniqueness of viscosity solutions.

We will discuss the other type of PDEs for which we do not know if the comparison
principle for viscosity solutions holds.

In this abstract, we first present a modified Perron’s method for possibly degenerate
elliptic PDEs.

Next, in the case when PDEs are uniformly elliptic, we show that our viscosity solutions
constructed by our Perron’s method has local H\"older continuity estimate. We note that

since we do not know that our viscosity solutions are continuous a priori, we cannot apply
the argument by H. Ishii and P.-L. Lions in [9] to show the Holder estimate. Thus, we will
follow Caffarellfs argument in [2] (see also [3])
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2 Preliminaries
We are concerned with fully nonlinear second-order elliptic partial differential equations
(PDEs for short):

$G$ ( $x$ , Du, $D^{2}u$) $=f(x)$ in $\Omega$ , (1)

where $G$ : $\Omega \mathrm{x}$ $\mathrm{R}^{n}\mathrm{x}$ $S^{n}arrow \mathrm{R}$ and $f$ : $\Omegaarrow \mathrm{R}$ are given. Although we may consider the case
when $G$ has $u$-variable, for the sake of simplicity, we restrict ourselves to study the PDE
(1).

In what follows, we suppose that $\Omega\subset \mathrm{R}^{n}$ is only an open (possibly unbounded) set.
We will use the following notation: For $r>0$ and $x\in \mathrm{R}^{n}$ ,

$B_{r}(x)=\{y\in \mathrm{R}^{n}||x-y|<r\}$ and $Q_{r}(x)=$ { $y\in \mathrm{R}^{n}|i^{\max_{=1,\ldots,n}}|x_{i}-$ yd $<r/2$}.

We will simply write $B_{r}$ and $Q_{r}$ , respectively, for $B_{r}(0)$ and $Q_{r}(0)$ .
We suppose that

$f\in L_{loc}^{p}(\Omega)$ for $p\geq p^{*}$ , (2)

where $p^{*}\in(n/2, n)$ depends only on $n$ and $\Lambda/\lambda$ . Here, the uniform ellipticity constans
$0<\lambda\leq\Lambda$ will be fixed in section 4. We refer to [6] for the dependence of $p^{*}$ .

Definition. We call $u$ : $\Omegaarrow \mathrm{R}$ an $L^{p}$-viscosity subsolution (resp., supersolution) of
(1) if the following property is satisfied: For any $\phi\in W_{lo\mathrm{c}}^{2,p}(\Omega)$ and for any local maximum
(resp., minimum ) point $x\in\Omega$ of $u^{*}-\phi$ $($resp., $u_{*}-\phi)_{7}$ we have

$\lim_{\epsilonarrow 0}ess.\inf_{B_{e}(x)}\{G(y, D\phi(y), D^{2}\phi(y))-f(y)\}\leq 0$

$( \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}.,\lim_{\epsilonarrow 0}ess.\sup_{B_{e}(x)}\{G(y, D\phi(y), D^{2}\phi(y))-f(y)\}\geq 0)$ .

We also call $u$ : $\Omegaarrow \mathrm{R}$ an $L^{p}$-viscosity solution of (1) if it is both an $L^{p}$-viscosity sub- and
supersolution of (1).

Remarks. (1) We denote by $u^{*}$ and $u_{*}$ , respectively, the upper and lower semicontinuous
envelopes of $u$ . We refer to [5] for the definitions.

(2) We also note that $W_{lo\mathrm{c}}^{2,p}(\Omega)\subset C(\Omega)$ for $p>n/2$ .

We denote the set of modulus of continuity by

$\mathcal{M}=\{\omega\in C([0, \infty))|\omega(0)=0\}$ .
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In addition to (2), we will suppose the following:

$\{$

For any compact set $K\subset\Omega$ , there is $\omega_{K}\in \mathrm{A}$( such that
$|G(x, q, X)-G(x, q’, X’)|\leq\omega_{K}(|q-q’|+|X-X’|)$

for $x\in K$, $q$ , $q’\in \mathrm{R}^{n}$ , $X_{7}X’\in S^{n}$ .
(3)

In order to deal with PDEs with quadratic nonlinearity, $|Du|^{2}$ , we will use the following
continuity assumption for $G$ under (2) with $p>n$ :

$\{$

For any compact set $K\subset\Omega$ and $R>0$ , there is $\omega_{K,R}\in \mathcal{M}$

such that $|G(x, q, X)-G(x, q’, X’)|\leq\iota v_{K,R}(|q-q’|+|X-X’|)$

for $x\in K$, $q$ , $q’\in B_{R},X$, $X’\in S^{n}$ .
(4)

We shall verify that under certain condition on $G$ we may suppose the “strict” maximum
(reps., minimum ) in our definition of $\mathrm{I}\mathrm{P}$-viscosity solutions. In fact, in the proof of Perron’s
method, we need to replace the maximum (resp., minimum) point in the definition by the
strict one.

Proposition 1. Assume one of the following properties:

$\{$

(i) (2) and (3) hold. (5)
(ii) (2) $with$ $p>n$ and (4) hold.

Then, we can replace the “maximum (resp., minimum)” in the definition of $L^{p}$-viscosity

subsolutions (resp., supersolution) by the ”strict maximum (resp., minimum).

Remark. The reason why we suppose $p>n$ under (4) is that we need to know the local
bound of the gradient of $\phi\in W_{\ell oc}^{2,p}(\Omega)$ in the definition.

3 Modified Perron’s method
We shall first give asort of stability results.

Proposition 2. Assume that (5) holds. Let $\mathrm{S}$ $\subset C(\Omega)$ be a non-empty set of $L^{p_{-}}$

viscosity subsolutions (resp., supersolution) of (1). Assume also that $u(x):= \sup_{v\in s}v(x)$

(resp., $:= \inf_{v\in S}v(x)$ ) is locally bounded in $\Omega$ .
Then, $u$ is an $IP$ -viscosity subsolution (resp., supersolution) of (1).

In this section, we suppose that $G$ is degenerate elliptic;

$\{$

$G(x, q, X)\leq G(x, q, Y)$ (6)
for $x\in\Omega$ , $q\in \mathrm{R}^{n}$ , $X$, $Y\in S^{n}$ with $X\geq Y$.
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We next show that “strong” solutions in $W_{\iota_{\mathit{0}\mathrm{C}}}^{2p}(\Omega)$ are indeed $L^{p}\mathrm{Z}\mathrm{A}\mathrm{v}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{y}$solutions. This
fact is necessary to prove our Perron’s method since we deal with $L^{p}\mathrm{Z}\mathrm{A}\mathrm{v}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{y}$ solutions.

Proposition 3. (cf. [4], [14]) Assume that (5) and (6) hold. If u $\in W_{lo\acute{\mathrm{c}}}^{2p}(\Omega)$ satisfies

$G$ ( $x$ , Du(x), $D^{2}u(x)$ ) $\leq \mathrm{f}\{\mathrm{x}$ ) (resp., $\geq 0$) $a.e$ . in $\Omega$ ,

then $u$ is an $L^{p}$ -viscosity subsolution (resp., supersolution) of (1).

Our existence result via Perron’s method is as follows:

Theorem 4. Assume that (5) and (6) hold. Assume also that there are an $L^{p}$-viscosity
subsolution $\underline{u}\in C(\Omega)$ and an $IP$-viscosity supersolution $\overline{u}\in C(\Omega)$ of (1) such that

$\underline{u}\leq\overline{u}$ in 0.

Then, setting $u(x)= \sup_{v\in \mathrm{S}}v(x)$ for $x\in\Omega$ , where

$\mathrm{S}$ $:=\{v\in C(\Omega)|v$
is

$anL^{p}- v \mathrm{i}scos\mathrm{i}ttysubsol\iota zt\mathrm{i}onsuchthat\underline{u}\leq v\leq\frac{}{u}\mathrm{i}n\Omega$.of (1)
$\}$ ,

we see that $u$ is an $L^{p}$-viscosity solution of (1).

Remark. By virtue of Proposition 2, we only need to show that $u$ is an $L^{p}$-viscosity
supersolution of (1). To this end, following the argument in [8], we suppose that the
conclusion fails. Then, we construct an $L^{p}$-viscosity subsolution $w\in S$ such that $w(\hat{x})>$

$u(\hat{x})$ for certain $\hat{x}\in\Omega$ . The only difference from the argument in [8] is to construct $w$ so
that it belongs to $C(\Omega)$ . See [11] for the details.

4 Interior H\"older estimate
In this section, we consider the case when $G$ is uniformly elliptic. To give the definition of
uniform ellipticity, fixed $\lambda$ , A $>0$ , we recall Pucci operators: For $X\in S^{n}$ ,

$\mathcal{P}^{+}(X)$ $=$ $\max${ $-\mathrm{T}\mathrm{r}(\mathrm{A}\mathrm{X})$ $|$ $A\#\leq A\leq$ Ai} and $P^{-}(X)$ $=-\mathcal{P}^{+}(-X)$ .

In what follows, we suppose the following uniform ellipticity:

$\{$

$\mathcal{P}^{-}(X-\mathrm{Y})$ $\leq G(x, r, q,X)-G(x, r, q, Y)\leq P^{+}(X-Y)$

for $x\in\Omega$ , $r\in \mathrm{R}$, $q\in \mathrm{R}^{n}$ , $X$ , $Y\in S^{n}$ . (7)
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To show the interior Holder continuity estimate on $L^{p}$-viscosity solutions of (1) con-
structed via the above Perron’s method, we need to modify Caffarelli’s argument [2] (also
[3] $)$ for continuous viscosity solutions. In fact, we have to go back to the standard estimate
for the oscillation of $L^{\mathrm{p}}$-viscosity solutions. For the details, we refer to [11],

We do not know if our estimate is true for $IP$-viscosity solutions in general because, there
exists a gap to be fulfilled between the weak Harnack inequality and the local maximum
principle.

In this section, for simplicity, we suppose that

$G(x, 0, O)=0$ for $x\in\Omega$ . (8)

Moreover, we suppose $G$ to have quadratic growth with respect to Du:

$\{$

For any compact set $K\subset\Omega$ , $\exists L_{K}>0$ such that
$|G(x, q, O)|\leq L_{K}(1+|q|^{2})$

for $x\in K$ , $q\in \mathrm{R}^{n}$ .
(9)

Theorem 5. Assume that (5), (7), (8) and (9). Let $u$ be an $IP$-viscosity solution of (I)
via our Perron ’s method.

Then, for each compact set $K\subset\Omega$ , there is $\sigma=\sigma(K)$ $\in(0, 1)$ such that $u\in C^{\sigma}(K)$ .

Remark. To deal with the quadratic nonlinearity assumption (9), we use two kinds of
transformations for $u$ . For the details, we refer to “A Beginner’s Gide” [10].

5 An application
Following [1], we consider the PDE:

$\alpha u-\frac{1}{2}\triangle u+\frac{1}{2}|Du|^{2}=f(x)$ in $\mathrm{R}^{n}$ , (10)

where $\alpha>0$ .
For simplicity, we suppose that

$\{$

(i) $f\in C(\mathrm{R}^{n})$ , (11)
(ii) $\exists C_{0}>0$ such that $0\leq f(x)\leq C_{0}(1+|x|^{2})$ in $\mathrm{R}^{n}$ .

In this section, we only give an existence result for (10) without using stochastic control.

Proposition 6. Assume that (11) holds. Then, there exists a strong solution u $\in$

$\bigcap_{p>1}W_{lo\acute{o}}^{2p}(\mathrm{R}^{n})$ of (10).
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Remark. For the uniqueness of strong solutions for (10), we need more hypotheses on $f$ .
See [1] for the details.

Sketch of proof Notice that the PDE in (10) satisfies (5), (7), (8) and (9).
By (11), it is easy to show that $\underline{u}\equiv 0$ and $\overline{u}=\mu(1+|x|^{2})$ are, respectively, a $L^{p}$ viscosity

sub- and supersolutions for large $\mu>1$ . Thus, in view of Theorems 4 and 5, we can find
an $L^{p}$-viscosity solution $u\in C(\mathrm{R}^{n})$ of (10).

Hence, we easily observe that $v:=e^{-u}$ is a viscosity solution of

$- \frac{1}{2}$ Is $v=v(\alpha-f)$ in $\mathrm{R}^{n}$ .

Thus, since $v\in W_{loc}^{2,p}(\mathrm{R}^{n})$ for $p>1$ , by the local boundness of $u$ , we obtain the same
regularity for $u$ . $\square$

6 Appendix
We only give a list of necessary propositions to prove Harnack inequality for “semicontin-
uous” $IP$-viscosity solutions.

Throughout this section, we suppose that $\Omega\subset \mathrm{R}^{n}$ is a bounded domain.
For $v$ : $\Omegaarrow \mathrm{R}$ and $r>0$ , we denote by $\Gamma_{r}[v, \Omega]$ the set

Fr $[\mathrm{v}, \Omega]=$ { $x\in\Omega|\exists p\in\overline{B}_{r}$ such that $v(y)\leq v(x)+\langle p$, $y-x\rangle$ for $y\in\Omega$ }.

Proposition 7. (ABP maximum principle, cf. [4]) Assume that (2) holds. There is
$C_{0}:=C_{0}(\Lambda/\lambda, n)>0$ such that if u : $\overline{\Omega}arrow \mathrm{R}$ is a bounded $L^{p}$-viscosity subsolution of

$P^{-}(D^{2}u)=f$ in $\Omega$ ,

and
$r_{0}:=\mathrm{m}_{\frac{\mathrm{a}}{\Omega}}\mathrm{x}u^{*}-\mathrm{a}\mathrm{n}\mathrm{x}(u^{*})^{+}>0$

then
$\mathrm{m}_{\frac{\mathrm{a}}{\Omega}}\mathrm{x}u’\leq \mathrm{a}\mathrm{n}\mathrm{x}(u^{*})^{+}+C_{0}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(\Omega)^{2-\frac{n}{p}}||f^{+}||L^{\mathrm{p}}(\Gamma_{r_{0}/2}[u*,\Omega])$ .

Proposition 8. There are $p_{0}=p_{0}(\Lambda/\lambda, n)>0$ and $C_{1}:=C_{1}(\Lambda/\lambda, n)>0$ such that if
u : $B_{2\sqrt{n}}arrow[0, \infty)$ is a nonnegative $LP$ -viscosity supersolution of

$P^{+}(D^{2}u)=f$ in $B_{2\sqrt{n}}$ ,
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then we have
$||u_{*}||_{L^{\mathrm{P}0}(Q_{1})} \leq C_{1}(\inf_{Q_{1/2}}u_{*}+||f^{-}||_{L^{p}(B_{2\sqrt{n}})})$ .

Proposition 9. For any q $>0$ , there is $C_{2}:=$ C2 $(\Lambda/\lambda,$n) $>0$ such that iffor f $\in L^{p}(Q_{2})$ ,
u : $B_{2\sqrt{n}}arrow[0, \infty)$ is an $IP$-viscosity subsolution of

$P^{-}(D^{2}u)=f$ in $Q_{2}$ ,

then we have
$\sup_{Q_{1}}u^{*}\leq C_{2}(||(u^{*})^{+}||_{L\mathrm{e}(Q_{2})}+||f^{+}||_{L^{p}(Q_{2})})$ .
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