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Removable singularities of solutions of nonlinear
totally characteristic type partial
differential equations

Hidetoshi TAHARA (HIX &)
Department of Mathematics, Sophia University (EEX-#I)

Abstract

Let us consider the following nonlinear singular partial differential equation
(t8/8t)™u = F(t,z,{(t/0t)! (8/0%)*t}j+agm.j<m) With (t,z) € C? in the com-
plex domain. When the equation is of totally characteristic type, this equation was
solved in [2] and [7} under certain Poincaré condition. In this paper, the author
will discuss the removability of some kind of singularities of solutions on {t =0}

§1. Equation and assumptions

Notations: (£,z) € Ct x Cg, N={0,1,2,...}, and N* = {1,2,.. .}. Let m € N*, set
N =#{(j,a) e Nx N; j+a <m,j <m} (that is, N = m(m + 3)/2), and denote by
z2={zja}jra<mjcm € CV the complex variable in CV.

Tn this paper we will consider the following nonlinear singular partial differential
equation:

®) (2) "= r (0 {(2) () o} spacm )

where F(t,x,z) is a function of the variables (¢, z) defined in a neighborhood A of
the origin of C; x Cy x CY, and u = u(t,z) is the unknown function. Set Ag = AN{t =
0,z = 0}, and set also I, = {(j,@) e NxN; j+a<m, 7<m }and Inn(+) = {(4, &)
€ I, ; o > 0}. Let us first suppose the following conditions:

A1) F(t,z,?) is a holomorphic function on A;
Aj)  F(0,z,0) =0 on Ag.

Then, by expanding F(t,z, z) into Taylor series with respect to (2, 2} we have

F(t,z,2) = a(z)t + Z bj (%) 20 + Z Gp (@) 2,

(4a)€lm pp|22



where a(z), bjo(z) ((j, @) € Im) and g, (x) (p+|v| > 2) are all holomorphic functions

on Ag, v = {Vj,a}(j,a)elm € NN’ [y{ = Z(j,a)el'm Via and 2¥ = H(j,a)elm[zj,a]'/j’“-
Therefore, our equation (E) is written in the form

oot Dp=atwi ¥ ot T () ()™

p+{y|>2 (1) €Lm

where
Clz, M) = A"~ > bia(e)NE

(j,0)€lm
We divide our equation into the following three types:

Type (1) : bjo(z) =0 for all (j,a) € In(+);
Type (2) : bjo(0) # 0 for some (j,) € Im(+);
Type (3) : bjo(0) =0 for all (j, ) € In(+), but bys(z) #0 for
some (i, 8) € Ip(+).
Type (1) is called a Gérard- Tahara type partial differential equation and it was studied
in [3], [4] and [9]. Type (2) is called a spacially nondegenerate type partial differential
equation and it was studied in [5]. Type (3) is called a totally characteristic type partial

differential equation and it was studied in [2] and [7]. See also [1] and [6].
In this paper we will consider the type (3) under the following condition:

As) bia(z) = 0(2%) (asz — 0) for all (j,o) € I (+).

§2. Problem in the study of singularities

By the condition Ag) we have bj, = 2%¢jo(z) for some holomorphic functions
¢jolz) ((4,0) € In)- Set

L) =2 = 3 cal0)Nplp—1)(p—a+1),

jtalm
j<m

LX) =X"= Y ¢;a(0) X7,
jHa=m
i<m

and we denote by c1,...,cm the roots of the equation Ln(X)=0in X. Then if we
factorize L(A,l) into the form

L(Aal) = (A—)\l(l))(A—Am(l))’ lEN,
by renumbering the subscript ¢ of A;(I) suitably we have
im 20

¢ for i=1,...,m.
oo 1
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On the holomorphic solution we have

Theorem 1 (Chen-Tahara [2]) If L(k,1} # O holds for any (k,I) € N* x N and
if ci € C\ [0,00) holds for i = 1,...,m, the equation (E) has a unique holomorphic
solution u(t,z) in a neighborhood of (0,0) € Cy X Cq satisfying u(0,z) = 0.

By Theorem 1 we see that in a generic case the equation (E) has one and only one
holomorphic solution. This means that the other solutions of (E) must be singular if
they exist. Hence, if we want to characterize the equation by the property of solutions,
we need to see the structure of all the singular solutions of (E). Thus the following

problem naturally arises:

Problem. Determine all kinds of local singularities which appear in the solutions

of (E).

If we could construct all the solutions of (E) explicitly, then the problem would
be solved immediately. But, in fact, it is very difficult and so it will be convenient to
divide our problem into the following two parts:

() What kind of singularities really exists 7
(II)  What kind of singularities is removable ?

(I) is the problem of the existence of singularities and (I1) is the problem of non-
existence of singularities. '

§3. Main results

In this section we will give some results on the above problems (I) and (I). To
describe the result, we will introduce the class S, and O, of functions which admit
singlarities on {t = 0}. '

Let us denote by:

- R(C\ {0}) the universal covering space of C\ {0},

- S the sector {t € R(C\ {0}) ; |argt| < 8} in R(C\ {0}),

- 8p(r) the domain {t € S ; |t| <},

- S(e(s)) the domain {t € R(C\ {0});0 < |#] < e(argt)}, where (s) is a
positive-valued continuous function on Ry,

- Dy the disk {z € C; |z| < R}, 7

Definition 1. {1) We denote by S, the set of all u(t,z) satisfying the following i)
and ii): i) u(t,z) is a holomorphic function on Sp(r) x Dg for some 6 > 0, r > 0 and



R > 0, and ii) there is an a > 0 such that we have

afrel%aélu(t, z)| =O0(|t|*) (ast—0in Sp).

(2) We denote by O.. the set of all u(t,z) satisfying the following i) and ii): i)
u(t, z) is a holomorphic function on S(g(s)) X Dg for some positive-valued continuous
function £(s) on Ry and some R > 0, and ii) there is an a > 0 such that for any ¢ > 0
we have

max |u(t, z)| = O(ft|*) (ast — 0 in Sg)-
z€EDg

From now we will adopt this class S, or O, as a faework of solutions with singu-
larities on {t = 0}. On the existence of singularities, we have:

Theorem 2. Suppose the conditions:
i) there is a (p,1) such that Relp(l) > 0 and Ap(l) & N* hold;
ii) for any i = 1,...,m the convex hull of the set {1,8,—¢;} in C does not
contain the origin of C.
Then the equation (E) has a solution u(t,z) belonging in the class O. which has really
singularities on {t = 0}.
Proof. Set 8 = )\p(l). By the same argument as in [7] we can comstruct an [
solution u(t,z) of the form

u(t,z) = w(t, t(logt),. .., t(log )4, 8,18 (log 1), . . ., t* (log t)*, z)
:...+Atﬁ$z+... R

where w(to,--«stuCos---»Csr T) 15 2 holomorphic function in a neighborhood of the
origin of C} M x (Céﬂ‘ x C,, satisfying w(0,...,0,z) =0, A € C is an arbitrary constant,
p o= #{(,1); M) € N*}, and & is a suitable non-negative integer satisfying 1+ £ <
#{(,1); }(l) € S} with § = {p + ¢f; (p,q) € N x N*}. If we take A # 0, by looking
at the term AtPz! we can conclude that this solution has really singlarities on {t =0}.
The argument of the construction is almost the same as in [7], and so we may omit the
details. O

Conversely, on the non-existence of singularities we have:

Theorem 3. Suppose the conditions:
i) ReXi(l) 0 foranyleNandi=1,...,m;
ii) Re¢; <0 fori=1,...,m. B
If u(t, ) is a solution belonging in the class 8., then u(t, z) is holomorphic in a neigh-
borhood of (0,0) € C; X Cy.

Note that the condition i) implies that Rec; < 0 for i = 1,...,m. Note also
that in the above situation we have a unique holomorphic solution ug(t, z) satisfying
uo(0, z) = 0. Therefore, Theorem 3 is a consequence of the following result.
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Theorem 4. Suppose the conditions:
i) ReXi(l) <0 foranyl e Nandi=1,...,m;
ii) Re¢; <0 fori=1,...,m. B
Then, the uniqueness of the solution of (E) is valid in S+.

§4. Sketch of the proof of Theorem 4
Suppose the conditions i) and ii) in Theorem 4. Let ui(t,z) and ua(t, z) be solutions

of (E) belonging in the class S¢. Set w(t,z) = uy(t,x) — ua(t, z). For (g,j) € NXN
with g+ j <m — 1 we set :

i T
bas(t0) = [ VsaDagul(r (r/2)0) T
where we wrote |f|(t,0) = 2o |fi@)le! for f(t2) = Fizo flt)a!,

Ly = (tgt— — Aj41 (9)),
s = (i (L)',

0, = (t% 2 0)) (tgt_ ~ 2a(8)) -+ (t% - %0)).

Ai(#) denotes the operator

Cllzll 3 F =3 fird — X(0)f =D fidi())2' € Cllz]]

>0 1>0

and (14+6)m 199 =1+ zd[0x)m 171,
Let 5o > 0,81 >0,...,5m-1 > 0 and set

(4'1) Q(t, P) = Z IBj¢0,j (ta P) + Z 4)‘]’51' (tv P)
j<m Q-H;IS;S*l

on (0, T] x [0, R]. Then we have &(t, p) = O(t*) (as t — 0) uniformly on p € [0, R] for
some a > (.

Lemma. We can find suitable g > 0, G0 > 0,01 > 0,...,8m-1 >0, 0< b < g,
To > 0 and Ry > 0 such that

0 3}
4.2 = o
(4.2) t5;2(t:p) S bO(t,p) + Mt 8p¢'(t,p)

on (0,Ts] x [0, Ra}.



If we admit this lemma, then the proof of Theorem 4 is carried out in the following
way.

From Lemma to Theorem 4. It is sufficient to prove that ®(t,p) = 0 holds on
{(t,p); 0 <t <e and 0 < p < 4} for some € >0 and 4 > 0.

Let b> 0 and M > 0 be as in Lemma. Choose 71 > 0 so that 0 < T3 < Tp and
MTi#/p < Ry hold. Define the function p(t) by

Ty Tp
p(t) = M/ —dr=M(Ti" - ) /p, 0<t<Th.
t

Then, p(t) is a solution of t(dp/dt) = —Mt#, 0 < p(0) < Ro, p(T1) = 0 and p(t) is
decreasing in t. Set
Y(t) =t7°8(t, p(t)), 0<t<Th.

Since ®(t, p) = O(t%) (as t — 0) uniformly on [0, Ro] and since a > b > 0 holds, we
have 4(t) = O(t*%) = o(1) (as t — 0). Moreover, by Lemma we have

L p(t) = —bt0B(e 1)) + £ p(0) + £ 1 0(1) 100

< —b7b(t, o) + (6206, p(0) + M 8(t, (1)

+ r”i—f(t, o(t)) (~Mt¥)
=10

and therefore (d/dt)¥(t) < 0 for 0 < t < Ti. By integrating this from ¢ to t(> 0)
we get (1) < ¢(e) for 0 < ¢ <t < T1 and by letting ¢ — 0 we have ¥(t) < 0 for
0 < t < Ty. On the other hand, () > 0 is clear from the definition of ¥(t). Hence,
we obtain 1(t) = 0 for 0 < t < T: this implies

(4.3) ®(t,p) =0 on {(£,p); 0 <t < Ty and p=p(t)}.
Since ®(t, p) is increasing in p, (4.3) implies
®(t,p) =0 on {(t,p); 0<t<T;i and0<p < p(H)}.

This completes the proof of Theorem 4. 3
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