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An experiment in computer of the Banach-Tarski

paradox on the lattice points of the plane

SATO, Kenzi
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The purpose of this paper is to realize the Banach-Tarski paradox on Z2. Ordinary Banach-Tarski
paradoxes are the followings: -

Banach-Tarski paradox for Euclidean spaces.

n 2 3: an integer,
U,V ER": bdd, intU £ 0, itV # 0
= 3¢: g positive integer such that

U and V are SG,,(R)-equidecomposable using £ pieces (denoted by U Sgi{R) V), ie,

U, Usy... , U1} a partition of U
-1
(that is, U = U U; and U;NU; =0 fori #7),

i=0

Vo, Vi, , Vi }: a partition of V. such that
U, =~ V; for i=0,1,..,£-1
SGa(R)
(that is, Fy; € SGA(R) such that v;(U;) = Vi),
where SGn(R) = {y : R™ = R™ : an orientation-preserving isometry} (by Banach & Tarski).
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Banach-Tarski paradox for plane.

U,V CR?: bdd, intU # 0, int V # 0

¢
= 3¢ q positive integer such that U ~_ 'V,
S5A2(R)

This is an abstract and the details will be published elsewhere. The title in Japanese is «EEHN DT HRES LD
Ranach-Tarski D EEOFHEMEER.



48

where SA2(R) = {v: R? — R? : an affine transformation with determinant +1} (by von Neumann).
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Example of an element of SA;(R).
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The author is considering the Banach-Tarski paradoxes on denumerable sets of Euclidean spaces or
denumerable sets of the sphere of the Fuclidean spaces, because we do not have to use the axiom of choice
to prove them. The following is one of them:

Hausdorff decomposition for lattice points in plane (Main theorem).
Z? has a SAy(Z)-Hausdorff decomposition, i.e, there exists a partition {P,Q, R} of Z* such that

] ~ R =~ PU UR ~ RUP,
SAZ(Z)QSAQ(Z) SAx(Z) Q z @ SA(Z)

where SA3(Z) = {v: Z? - Z? : an affine transformation with determinant +1} (by S.).

Example of an element of SA;(7Z).

Y Y

Sketch of proof.
Let F3 be the group generated by three transformations of SA45(Z):

() () () + (5):
()= (%) () (3)
= (5)= (7 D6+ (6)

-3 ot
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Then, Fs is a free group of rank 3, i.e., any non-trivial words in {@~}, 871,77}, &, 8,7} without the form
<++A7LX..- is not equal to the identity

() 96)- ()

and each non-identical element of F3 has no fixed point in Z2. We can make a partition {P,Q, R} of Fy
according to the figure below: e B

P
ﬁil 7:{:1
Qil ail

4 B*
(e.g., id € P.yeR ByeR v '8ye P, ayifye@,...). Then, a(P) = QUR, B(P) = Q, and
v¥(P) = R. So, for a choice set M of Z?/F3, if we set
P={Jw), Q=) w®), R=]wH),
weP wEC-? weR
then we have a(P) = QUR, B(P)=Q, and y(P) = R. O
The Hausdorff decomposition on Z? is realized as follows:

Computer program.
We can make three sets of Hausdorff decomposition P, @, and R step by step, by well-ordering of F3 and
72

wEw & fwstw or (fw=fuw and Fwg, A, N wy, wh st w = wedwi, w =weAw), and A S X),
witha 'S8 §v ' $asBs7
(2.9) £ (@3) & [e] + ol €[] + '] or (lol+ 1yl = || + 1’| and 0 56",
where 6, §' € [0, 2] are arguments of complex numbers z ++/~1y and 2’ + /=1y, respectively.

14(®) Q) R(L)
Step 0
Step 1 3
(0,0)
Step 2 £ a~t
(0, O) (31 —1)
(1,0) (20,-5)
Step 3 £ a~? gt
(0’ O) (35“1) ("‘3’ l)
(1’ O) (207 _5> (67 —3)
(0,1) (~1,0)  (~23,10)
Step 4 € ot Bt a1
(050) (37 _1) ("31 1) (—1:3)
(1,0) (20,-5)  (6,-3) (0,-1)
(0,1) (=1,0)] (-23,10) (-5, 20)
L0) £l (2128 (27)
€ a—»—? ﬁ—-la——l O!Ml 6—-—1 ’)’_la—l ,.y—l
(03 0) (3:*1) ('—31 1) (~173)
(1: 0) (20’ _5) (63 "‘3) (01 ’"1)
0,0 (2143 (128 |[LO] (2310 (2.0 | (-5,20)
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Step 430
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