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A parameter bound on distance-biregular graphs
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Abstract

In this note we consider distance-biregular graphs with valencies (o + 1,8 + 1) with o < 4.
We show that bigger valency ¢ is bounded by a hinction of smaller valency o.

Definition 0.1 Let T' = (V(I'), E(T')) be a bipartite connected graph with the vertez set V(I') and
the edge set E(I"). Let D be a diameter of I'. Then T is called a distance-biregular if for any
pair of vertices u,v € V(I'} with d{u,v) = i, the numbers c;(u,v) and b;(u,v) are depend only on
d{u,v) = ¢ and the partition the vertez u belongs to, where

ci{u,v) = [Lima{u) NTL(V)],
bi(u,v) = |Dipa(u)NTi(v)].

Remark 0.2 (i) The vertices in the same partition have the same intersection array. From now on,
let V(T') = Vo UVs, where V, = {v € V(I') | deg(v) = o+ 1} and Vs = {v € V(') | deg(v) = 6+ 1}.
(i) For v € V, and d(u,v) =1, define
Dy = max{d(u,z)|ze V()}
Cg = ]I‘Fl(u) NnTy (U)l
b = [Dipa(u)nTi(v)].

In the same way, we could define D, cf and bf.
Example 0.3 Bipartite distance-regular graphs are distance-bireqular graphs.

Lemma 0.4 (Delorme)
For each 4,

; 0 8
(i) ¢5i¢hi1 = Cgic%-%l
(%), _1b3; = b3;_1bY;.
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Proof: (i) Let d(z,y) = 2i + 1 and =z € V,. By counting the number of paths between = and y in

two ways, we have
o o o _ 0 ) 3
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(ii) Consider [{{u,w)} € V, x V5| d(u,w) = 24 + 1}|. Then
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Proposition 0.5 Let I be o distance-biregular graph with valencies (o + 1,6 + 1).
If o = § then T is distance-regular.

Proof: By Lermoma 0.4, for each 1 > 1, we have the following
F+1-)o+1-cf) = (G+1-ch )E+1—c%)
GiChir1 = Cga‘, Cgv:+1 ‘

Asoc=Fandcf =1=cl hold, ¢ =cf (1<i< D)and ¥} = 4% (0 < i< D—1) must be satisfied s
1 1 ) 1 i @

By the previous proposition, we may assume that ¢ < § in this note.

Lemma 0.6 (Delorme)
Let 0 < 4. Then

(i) D, is even ;

(i) Ds < Dy < Ds + 1.

Let g = 2n 4+ 2 be the girth of a distance biregular graph I'. Note that ¢f ., > cfl = 1 and
c‘fH_l > ¢f = 1 are satisfied.

Theorem 0.7 (Delorme)
max{Dy, Ds} < —Zg-min{a,é} + 1.

Proof:

max{D,, Ds} min{{o — %y + 2n+2,(0 — by +2)n+ 2}
min{c,8}n + 2

g— min{c, 6} + 1.
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We denote by ¥ (resp. A) the graph with vertices the vertices of degree o + 1 (resp. § + 1) and
two vertices are adjacent if and only if they are at distance 2 in I'. Note that X (resp. A) is a
distance-regular graph of order (4, "L—'gl — 1) (resp. (o, 5—;‘% ~1)). In other words,

3 1
I‘gz)(w) ~ (J; ) * K.
2

Let N be a matrix whose rows and columns are indexed by V(A) and V(Z) respectively. Then we
obtain

SAr = NNT —(1+8)I; (1)
SAy = NIN-(1+0)L (2)

Lemma 0.8 (Hoffman-Delsarte)
Let T be a distance-regular graph with diemeter D. Let 8y > 6, > -+ - > 8p be the eigenvalues of T
Then the mazimal cligue in T’ has at most
&
1~ 22
( 913)

vertices.

Theorem 0.9 Let D, = Ds. Then every mazimal clique in & has ezactly
o)
Do/2

Theorem 0.10 Let D, = Ds. Then every mazimal clique in ¥ has exactly

N
N
%E)

vertices.

vertices.

Proof: Let N € Mjy;)«jv,(R). Then
NTN
NNT

Cg (<) T (1 + O')I € MiVa{XIVa{(R)
C%A(A) +(1+68) € M|V5§x[V51(R}~

As 0 < 4, [V(E)| > [V(A)]. By the fact rank(NNT) = rank(N) = rank(NTN) (i.e., the matrix
NTN has an eigenvalue 0) and the equation (2), the graph ¥ has an eigenvalue
l+¢o

a
Ty




Therefore the following holds:

Theorem 0.11 (Hiraki and Koolen)
Let T be a distance-regular graph of order (s,t) with s > 1.
If —(t + 1) is an eigenvalue of T then

ap_q
t<sh .
Theorem 0.12 Lei T be a distance-biregular graph with valencies o + 1 and § + 1. Let 0 < §,
D, = Ds and the girth g> 8. Then there is a function f of ¢ such that

§ < f(o).

Proof: Recall that 'S is distance-regular graph of order (o, §). By Theorem 0.11

227N}
§ < oha
Now we will show that D
YA 1< Fo).
ha
Note that the following hold:
R A
ba — h-1 g-4
go + 2
< .
Da < 1
Hence 4D Ago +2 4
A—ls (g0'+ )—g+ < 90.
ha g—4
Therefore § < ¢°° holds. ]
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