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Leonard pairs

We recall the notion of a Leonard pair. To do
this, we first recall what it means for a matrix
to be tridiagonal.

The following matrices are tridiagonal.

2300 2300
1420 042090
053 3]’ 0210
0320 0015

Tridiagonal means each nonzero entry lies on
either the diagonal, the subdiagonal, or the
superdiagonal.

The tridiagonal matrix on the left is irreducible.

This means each entry on the subdiagonal is
nonzero and each entry on the superdiagonal
is nonzero.

3

41

Overview

In this talk, I will first recall the notion of a
tLeonard pair and discuss how these objects
are related to certain classical orthogonal poly-
nomials.

I will then define a generalization of a Leonard
pair catled a Tridiagonal pair.

I will then show how certain tridiagonal pairs
are related to finite dimensional moduies for
the guantum affine algebra Uq(ﬂg).

The Definition of a Leonard Pair

We now define a Leonard pair. From now on
K will denote a field.

Definition Let V denote a vector space over K
with finite positive dimension. By a Leonard
pair on V, we mean a pair of linear transfor-
mations 4 1 V — V and A* 1 V — V which
satisfy both conditions below.

1. There exists a basis for V with respect
to which the matrix representing A is ir-
reducibte tridiagonal and the matrix repre-
senting A* is diagonal.

2. There exists a basls for V with respect to
which the matrix representing A* Is irre-
ducible tridiagonal and the matrix repre-
senting A is diagonal.
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Example of a Leonard palr

For any nonnegative integer 4 the pair

0 d 0 0
1 0 d-1
A—: 2 3 -
-1
0 d 0O
A* = diag(d,d — 2,d — 4,...,—d)

is a Leonard pair on the vector space Kd+1,
provided the characteristic of K is 0 or an odd
prime greater than d.

Reason: There exists an invertible matrix P
such that PYAP = A* and P2 = 24].

Tridiagonal pairs

We now consider a generalization of a Leonard
pair called a tridiagonal pair.

A tridiagonal pair is defined as follows.

As before, V will denote a vector space over K
with finlte positive dimension.

As before, we consider a pair of linear trans-
formations A: V—=V and A*:V - V.

Why Leonard pairs are of interest

There is a natural correspondence between Leonard

pairs and a family of orthogonal polynomials
consisting of the following types:

g-Racah,

g-Hahn,

dual g-Hahn,
g-Krawtchouk,

dual g-Krawtchouk,
quantum g-Krawtchouk,
affine g-Krawtchouk,
Racah,

Hahn,

dual-Hahn,
Krawtchouk,
Bannai/Ito,

orphans (char(K) = 2 only).

This family coincides with the terminating branch
of the Askey scheme of orthogonal polynomi-
als.

Definition of a Tridiagonal pair

We say the pair A, A* is a Tridiagonal pair on
V whenever (1)—-(4) hold below.

1. Each of A, A* is diagonalizable on V.

2. There exists an ordering Vg, V3,...,Vy of
the eigenspaces of A such that

AV, C Vi + i+ Vi (0<igd),
where V_1 =0, Vg41=0.

3. There exists an ordering V§,V{,..., Vs of
the eigenspaces of A* such that

AP S VL H VT + V. (0<ig)),
where VX; =0, Vi, ; = 0.

4, There is no subspace W C V such that
AW C W and A*W C W and W # 0 and
W#V.



A comment
Referring to our definition of a tridiagonal pair,

it turns out d = &; we call this the diameter
of the pair.

An open problem
Problem Classify the tridiagonal pairs.
For the rest of this talk we focus on a special
case of tridiagonal pair said to have geometric

type.

We will show these tridiagonal pairs are related
to Ug(slz).

We hope this will lead to 2 classification of the
tridiagonal pairs of geometric type.

11

43

Leonard pairs and Tridiagonal pairs

We mentioned a tridiagonal pair is a general-
ization of a Leonard pair.

A Leonard pair is the same thing as a tridiag-

onal pair for which the. eigenspaces V; and \ 78
all have dimension 1.
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Tridiagonal pairs of
geometric type

Let A, A* denote a tridiagonal pair on V with
diameter d.

Let the eigenspaces V;, V" (0 <4< d) be as in
the definition.

Let ¢ denote a nonzero scalar in K which is not
a root of unity.

We say A, A* has g-geometric type whenever

for 0 < 4 < d, the eigenvalue of A for V; is g?i—d
and the eigenvalue of A* for V;* is qdaQi'

12
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Tridiagonal pairs of geometric
type and U(sly)

For the rest of this talk, 4, A* denotes a tridi-

agonal pair on V of diameter d and g-geometric
type.

Using A, A* we will construct two actions of
Uq(EE) on V.

We use the following notation.
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Six Decompositions of V

We are about to define six decompositions of
V.

In order to keep track of these decompositions
we will give each of them a name.

Cur naming scheme is as follows.

Let 2 denote the set consisting of the four
symbols 0, D, 0%, D*.

Each of the six decompositions will get a name
[u] where « is a two-element subset of 2.

We now define the six decompositions.

i5

Decompositions of V

By a decomposition of V, we mean a se-
qguence Ug, Uy, ..., Ug consisting of nonzero sub-
spaces of V such that

V=Ug+Ui+ - +Uy {(direct sum).

We do ncot assume each of Ug,Uy,...,Ug has
dimension 1.
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Six Decompositions of V, cont.

Lemma For each of the six rows in the table
pelow, and for 0 < i < d, let U; denote the
ith subspace described in that row. Then the

sequence Ug,Uy,...,Uq is @ decomposition of
V.
name | ith subspace of the decomposition
[0D] Vi
[0* D% \ %4

0°D] | (Vg 4+ VNGt + V)

o*0] | (V+-+vIOn(od- 4 Vi)
[D*0] (Vj_i+"'-i—ch)ﬁ(Vo-l-""i'Vd—z')
(D°D] | (Vf ,+ -+ V)N Vit + V)
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How the six decompositions
are reclated

Let Ug,Uy,...,Uy denote any one of the six
decompositions of V. Then for 0 <3 < d the
sums Ug + -+ -+ U; and U;+ -+ Uy are given
as follows.
name | Ug+---+U; Ui+ -+ Uy
[OD] | o+ +V | Vit +Va
DY Vg4 bV | Vi g
[0°D] | Vg+-+ V) | Vit 4 Va
[00] | Vg4 + V7 | Vot o+ Vs
[D*0] V;__i—i----—{-V; Vo+ -+ Vi
[D*D} | Vi +-+ Vi) Vit + W
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The ¢-Weyl Reiations

We have

gAB—q~'BA ;
g—gt o
gBA* — ¢~ 1A*B I
g—q7t ’
qA*B*——q“lB*A* - 7
g—q* ’
gB*A—q tAB* I

g—gq?!
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The linear transformations
B,B* K, K*

We now define four linear transformations from
VioV.

We call these B, B*, K, K*.

Each of these transformations is diagonaliz-
able.

To define them, we list their eigenspaces and
the corresponding eigenvalues as foliows.

name | ith sbspace is eigspace | Corresp. eigval

B {O*O] q2?l~zi
B* [D*D] qd—%
K [U*D] q2iﬁd
K* | [D*O] q2i—d
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The ¢-Weyl Relations, cont.

We have ‘
gK—tA— g tAK? ;
g—q ! o
gBK~'—-¢ 1K 1B _
g—qt ’
gKA* —q 1A*K g
g—qt ’
¢B*K — ¢ 1K B* -7
g—q? '

20
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g-Weyl Relations cont.

We have
gAK* — g 1K*A ;
g—q*t ’
gK* !B g 'BK*
g—q1 o
qA*K*-—l — q—lK*—lA* . I
g—qt ’
qK*B* _ q“lB*K* _ g
g—qt o
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Tridiagonal pairs of geometric type
and Ug(slp)

We now use A, A% B, B* K,K* to get two ac-
tions of Uy(sly) on V.

Before proceeding we recall the definition of
Ug(sla).
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The g¢-Serre relations

We have

AZA* — [3],AZA%A + [3]gAATAZ — A* A% =
A3 A — [3]ARRAA* + [BgAYAA — ALY =
B3B* - [3),B%B*B + [31,BB*B? - B*B® =

B*3B - [3],B*2BB* + [3];B*BB*? ~ BB*® =
where
qn . q—n
['n,] = s n = O, 1,
€7 g—q1
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The algebra Uy(sls)

Definition The quantum affine algebra Uq(’s’z;)
is the unital associative K-algebra with gen-
erators ¢f, Ki', i € {0,1} and the following
relations:

KKTY = K7UR =1,

KoKi; = KiKp,
KK = g,
Kl K7h = gy, i#d
leff e = 5:—}{—;
g—q
[ef,ef] = 0O,

(£)3¢F — [Blo(e)2eF e + [Blyefef ()7
—eF ()P =0, i#4

We call ¢f, K1, i € {0,1} the Chevalley gen-
erators for Ug(sls).
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Another presentation of Uy(sls)

In order to state our main results we introduce
a second presentation of Uy(sla).
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Two actions for Ug(sls)

Theorem Let A, A* denote a tridiagonal pair
on V of geometric type. Let the maps B, B*, K, K*
be as above.

Then V is an irreducible Uq(s/ZE)—module on
which the alternate generators act as foliows.

generator |oud i wg vi ko k1 kgl KT

actiononV |B* B A* A K K ' K' K

Also, V is an Irreducible U(siz)-module on
which the alternate generators act as follows.

generator |y5{” y’f ¥y Y1 ko ki kgl kf

actionon V| A A* B* B K' K1 K*' K
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Alternate presentation of U(sly)

theorem The quantum affine algebra Uy(sly) is
ie»morphic to the unital associative K-algebra
with generators v, k!, ¢ € {0,1} and the
following relations:
Kkl =E"te = 4,
kqky is central,
quj ki — g eyt

g—gq1 = b

gk —q“ly{ ki _ oy

g—qt ’

aivl —a ity _ L

e =5

TS R,

ay; vy — a . o
Z j‘5!"(;'—1] o= k01k11= 17
W%y - Bla(y; )Zyj v+ Blayi v (5)?
~yF =0,  i#J

We call y;t kfi_z € {0,1} the alternate gen-
erators of Uy(sls).
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In conclusion

From the previous theorem we readily obtain
the following.

Corollary Let V denote a vector space over K
with finite positive dimension.

Let A, A* denote a tridiagonal pair on V of
geometric type. ’

Then there exists a unique Uy(sly)-module struc-
ture on V such that ¢ acts as A and yg acts
as A*.

Moreover there exists a unigue Uq(gg)—module
structure on V such that yg” acts as A and yii-
acts as A",

Both Uy(sly)-module structures are irreducible.
THE END
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