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0 &

ZD— ML 12 BOEEDOEBED survey TH D, BRRV L, KED
A THE L BB RWERNX, MIL], [MI2] #2LTEE W, X £
DHOERITOVTIE [MI3] 2B L THEE 2V, £7 [Som90] p.105 T
RENFREZSIALL I,

51A 0.1. (BTH) We define and study Milnor K-groups K(k,G1,...,Gyr)
attached to a finite family of semi-Abelian varieties Gy, ..., G, over a field
k (F1#%) In the philosophy of motives, our K-group K(k, Gy, ...,G) should
be interpreted as follows. (F'%), the Milnor K-group KM (k) is thought
of as the ‘motivic cohomology’ Exty,, (Z, Z{r)), where Extaq, means the
higher extension for the category My of motives over k. (1B%), Deligne
construct l-motives G;[—1] over k from G;. I expect that K(k, Gy, ey G)
is isomorphic to Ext}y, (Z,Gi[-1] ® ... ® G.[-1]).

—J7 [Org04] DIRDEEER (cf [TriCa]) BEVHE D,

E# 0.2 ([TriCa] 3.4, [Org04] Théoréme 3.4.1).
FBEZALETF Db(1-IsoMot(k)) — Iso DMEE (k) BFET D,
ZOBRICE T, TRIZRORICED OND,

%71 0.3.
2Kk ED¥ abel BRIK, Gy,...,Gp I LT,

K(k,Gh ,..GT)@ :*} HomlsoDMgg(k)(Za Gl ®..8 G:,-)

*This research is supported by the 21 century COE program at Graduate School of
Mathematical Sciences, the University of Tokyo.
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DBRILT 5?2 AL, l-motif Gy, ..., G, & FHE 0.2 D& T, IsoDM (k)
DRt E RBL TS,

0.4. Lo notaiton T k NERET, Gy = = Gr = G,, DHEARIL IO
FHEILIE LV, (c.f. [BKcon] Theorem 3.4 +[CohTh] Proposition 3.1.11 +
[TriCal)

K)— R, ZOFRICELTEERZEALEELRBNT 5,

BiE DO —EOMELE LT, FEREL, FHESEIRAE, INEERHLIGAE,
(IGMERESE . AR —BRSEAE, PTEME— #8564, Bruno Kahn %41 H4
REE RO ERBEHHBLET,

1 #EiE

IOETIE, FORNPEEHE L MR D RIC BRI notation OFF
wNET D,

1.1 % abel Z#KIZHHET 5 Milnor K ¥

1.1. k LD abel ZEEOERKE Gq,...,G, 1% LT, MEEfHRITRD X
SRBEEETEREL

< BHEZ AT
« Weil ¥8E.%

L/ kB RUHER
Gl(L) .- ®GT(L) S Q---Ra, @ﬁ% {al,...,ar}L/k kb‘ﬁ%@:ﬁ'@—o

Bl 1.2. ZOBIT, Gi = =G, =Gy IZX LT, Milnor K B KM(k) &
FAETH D,

K’rM(k) 3 {&1,"' )a’r‘} — {ala---’ar}fc/k € K(kama"' :Gm)

#l1.3. C % k Lok FRALFOIFERALER L § 58, ROFRIK
AT D,

K(k,JacC’, Gm) 3 {arb}E’/k = Ng/k(a . b) € V(O)
= =T, V(C) i S. Bloch BASEZE L7 (c.f. [Blo8l]) KR THEBHTH S,

EN '
Ker( @ k(z)* “$7*p%)

V(O) — zecCl =5
Im(Ko(K(C)) 23 ezlk(w)")
€

PRSI L, 2 abel ZHEEICAEET % MilnorK 1L, G, LA HAR D
Jacobian iZXf LT, ML TWRBLORREMR T OHICRHI N, (FF
Mk, [MI1 28, )




1.2 A H motif DB

1.4. RESHEEEIER L T5 transfer [T OEFE KEWREFLHETS
Bloik, RESBEMONEZIEEREL TBL LEHTH D, Flxid, b LERE
o4y BB TREY smooth scheme DO Sm/k #EBAE & L TEURICEARE
oSO s 5 2% E LB SmCor(k) 2EHE L TE <, MEE SmCor(k)
DEF & tensor ELIBD &,

w5 k _EYHES SRR ABRE smooth scheme

Hom(Y, X) := {Y b X ~O AREHAIFIE }

XY =XxY

TH D,

#lz ¥, K E® smooth scheme BOEBRLH f: X - YV 20T, fD
B f Y - X 5 SmCor(k) Off L LTEEHES, 2V, s(Ty) €
Homgmcor(r) (¥, X)o TITy 8: X xY =2V x X [Xswitch RETH D,

1.5. & k _EOB{TER motif DB DM, (k) i,
DMgm (k) = DMgh, (k) [Z(1) "]

ﬁi%éﬂé@f\DMgﬂgwﬁ%%ﬁ&5$m%%@5°DMgmMi
tensor BEEF -~ =ALEBETH- T,

. AL oY
24*(SmCor(k)) / Aj-homotopy FEHE D abel A
» Mayer-Vietoris 55251

PLTCEES, I oT. HY(-) ik, BRERO homotopy BE &Y. TOHE
i [BSO1] IR - TZALETH D,
¥ smooth scheme &% DEAMZEH motif 215 S €5 BREEF

Mgm : SmCor(k) — DMgﬁfﬁ(k)
BEE D, Mgm(Speck) I tensor FIEIZEA UCBHSE RO T, Z ERT
HIZT 5,
#l 1.6, L/K/k ZERRIKELTD, O IEHEST § : Spec L — Spec K

12T Mg (1) © Mgm(Spec K) — Mg (Spec L) nHFREBRD, ZOFE
Np/k EBEPNDERETHS 5, LI FTAIL. kEBNEEEOR, ROFH
MAREH N TNENLTH D,
Hom (Mgm(Spec L), Z{n}) — K1 (L)
Hom(NL/Ksz{n})l LNL/K
Hom(Mgm (Spec K), Z{n}) = KM(K).
(c.f. [BKcon] Lemma 3.4.4.)
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1.7. IC Tate K Z(1) OEHETHHM, HEH bundle 45
Mgm(Pl) =7 & Z(1){2)
BT,

Mgm (st7.)

Z(1) = homotopy fiber(Mgy, (P') Z)[-2]

rrw s, BT Zn) = Z(1)®" LBOVTERD A € DME (k) 220 T, K
DEICED DB,
A(n) = A®Z(n)

Af{n} = A® Z(n)[n)
A((n)) = A® Z(n)[2n]
RO ERE DM (k) & DMy (k) OBFRZHR LTS,

1.8. (c.f [Voe02] FEXIER)
EwELEETD, % A, Be DM (k) oo TERRSH

? ®idg(y) : Hompett 5y (4, B) = Hompyete 1) (A(1), B(1))
WREAE, o T EEEDIAR
DM®E (k) — DMy (k)

gm

T ERE,

1.3 1-motif

Z OFITIZ. Deligne @ 1-motif ([Del74]) ZBWEIZEE T 5,

Bk 1.9,

TR C ok LT, R QRFE % Isol THT, 2%V
OblIsoC = Ob(C

Homyso¢(—, —) == Home(—, —) @2 Q
EED B,
% 1.10 (L-motif).
k D 1-motif OB 1-Mot(k) % C((Speck)s,pr) P FRIHERS B T RIEEE k-
scheme DR S 1 DK
M=[X->S5

MHRBEOETD, ZIT, X K 1B L. étale local ICHIRA
R B B3 Abel B & [FIALT, SIZREL 0 IZAE L ¥ Abel ZIRISTH D,



g% 1.11 (1-isomotif).

Iso 1-Mot (k) % 1-IsoMot(k) £ & LT, I-IsoMot(k) D*f&% l-isomotif &
W,

fEE 1.12. ([Org04] 8.2.2. 3.2.4)

1-TsoMot (k) 1% Abel B Tdh » cohomology R S 1 TH 2,

2 Motif MR R
XT. B 03 FELAIARLIX, ik

HomDMgm(k)(Z,Gl R ... GT)

% Weil HERZ T+ 0O THA 55 ? LV BARBODPIBRELD, T
DETIL. Weil HREROET N LD T, TOWRY DEFEFH LTV, g
IR LWEENE, [MI) 2,

2.1, EF f.g € k(t) KHT B HHRAEZODHR
Y, deg(v) v(f) =0

v:k(t)/k @ place

11 Ne(wy/e(fs g)e =1

vik(t)/k O place
FENEIZ S, (BEE Well ERLIEAE, (cf [Wei67] Ch. I n°4))
= pERE. Milnor £ (c.f. [Mil70]). Bass & Tate K (c.£[BT73]), gk
FLEE 7 L CAHREIT 1L, Suslin KiC#K-> T Milnor K BEZ > TRO LD
L - — RIS TN D

2.2. (Milnor K BEOFEEE c.f. [Sus8?))
K % k FOREEHKLT 5, ZOR, FAEHn IZDNTROBRIETES

KM (k) S5 @KM ) BRI M (g

m#% 2.3. Milnor K B % motivic cohomology B & S, 2% Y —fRD

& F oW,
KM(F) = H},(Spec F, Z(n))

RS 5 (cf. [BKcon] Theorem 3.4) DT, LOEEILT oEEZELT
motivic cohomolgy BEDAREE L 5, Fexid X ¥ —RD motivic cohomolgy
BlicxtT A MEEERRY L0 T, (FXE RROREE RIS AT D
motivic cohomology &) & ¥ AFMRFOEERDPLETH D,

159



160

MAERER 2.4. (Motif iRRITEERE)
2.2 O notation T IROBRIE BAZE motif OB D pro-B Pro-DMgm (k)

Mgm(Speck) {1}~ 28 TT My (Spec k(v)) {1} 1% Mym(Spec K)

2.5. i LD statement NAFHZDOTHS 50 ? TORERAL &
5, % motif A € DMgm(k) & Mgm(X) = {Mgm(Xi)}ier € Pro-DMgpm (k)
12X LCIRD & 3 I motivic cohomology A ER T2 DIXARTH 5,

H, (X, A(g)) = inj lim Hompag,,, (k) (Mgm (X3), Ag)[n])-

LUk AEehn bl BRER 1.8 2T, motif RHERNLET
Dn kgt LT ROBGRBEBEHTHLEIED.

= k(v)/k
H7%F(Spec K, A(q+1) @H (Speck(v), A(q)) N/ H7%,(Speck, A(q))

FPROEBARRL Y OBk Y BRNTEE 24 3 EOERTRVER
%{U ’50

T 2.6. ([MotIn] Corollary 5.25)
k BEAfk b B8 motif SRESTREREDND Milnor K BEOMERNIE D,

2.7. FEROFEOEHOMEAIL, 04, 1.6 RU 2.5 ExEHNIL, pro-
motif DE O ETERE SN residue B 73 tame FEH L WILTHN? &0
5HEEEINTVND, EREICIE K/k OBEBHE v ICH LT, ROTHRRNER
L7z,

Hom(Mgm (Spec K ), Z{n + 1}) «—— K MU(K)

Hom (8, ,Z{n+1}) l(—nnav

Hom (Mg (Spec k(v){1}, Z{n + 1}) «~— < KM (k)

ZAUE ATENCAED LT X 5 72 tame FEHICBTERRBERE S TND
Bz, [MI1] 2.13 ZH),

BET, kBERFE LT RARTH IR ROBRERT,

EH 2.8. ([MotIn] Theorem 5.18)
EOREDT T, motif ImUAEERIIIEL Y,

S.hwmgﬁﬁlﬂﬁé%uwhﬁ

B 2.3 I8, Milnor K #£43 motivic cohomology # & 8 L1
7r. ZOEEIZ Y K B b motivic cohomology # & BRI HRIZ motivic



cohomology BEDHEEZTAE L TR E 2V, X 0 B, DMgm(k) © Hom
#EAHL L THHRENEDLITEE LY, ZOETR, 2F7TE RIS
B3 % motoive cohomology BN ERL 5 2 5,

3.1 BHAHTEHE
DMSE (k) OBEAME % T2 HIC, [TriCa] IV T Voevodsky HEMR)

FURAEE U, 2L BT, BT EOBEE - CHIOE DM (k) 2
LT, DM (k) % DM (k) I tensor BB s LT RICE
Dk it DFE U, DMgm(k) @ Hom £& % EHEIED hyper cohomology iz3
P LTI AR TH B, FHor b TARICHTRICBHIED hyper cohomology
L U TORREFATE0C, DM (k) OBREBHEICEE L TE LR

ﬁ\)‘?)éo
3.1. Sm/k L transfer /7% Nisnevich J& & ix SmCor(k) B abel HDORE

~OIIER R EEE THh - T Sm/k 12 HIFR LI ##Z Nisnevich B L 2 55T
%5, Shvnis(SmCor(k)) T transfer {f& Nisnevich BOBZFET,

513.2. k& @ smooth scheme X {2V I Ztr(X) = Homsmcor(k) (7, X)
1% transfer {3 Nisnevich B TH %, (cf [TriCa] Lemma 3.1.2)

3.3. Shvyis(SmCor(k)) K abel B72DT (cf. [TriCa] Theorem 3.1.4) %
O Fied RAAEROEEE D™ (Shvy, (SmCor(k))) BB BN D, k LO
offective motivic A E DMeE(k) 1% @ cohomology B 7 A -homotopy
FERTENLRDITHESE L LTEESND, kBREEOR, DMt (k)
=B 25, (cf. [TriCa] Proposition 3.1.13)

18 L SmCor(k) £ FIEEFH Al-homotopy FE & i3 2ThH X € Sm/k
ToNT MBS X x AL - X 3 B F(X) o F(X x A)) 2BET R
T D,

DM=T (k) 1EBIORF LFFD,

3.4. A* % Sm/k OEEREEIRE LT D, Sm/k LO transfer (& HIE
Pz LT Sm/k EO#IERKE Co(F) = Hom(A™ F) THO 2 A° DE
RIERBEOSRFIE LTEDD, ZOEKLF ORREEERLE XS,
kR akow, Sm/k 0% transfer {FEFIE F TR LT, Bk C.(F)
@ cohomology BB hi(F) &% ® Nisnevich B{t rVis(F) 14 Al-homotopy
RETH S, (cf [TriCa] Lemma 3.2.1).

SFE D, Cu(?) : Shvnis(SmCor(k)) — DM (k) RAHELEEONG, B
Io EE C.(7) IXEF

RC : D™ (Shvyis(SmCor(k))) — DM=F (k)
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CHBRE N, ZOEFIRERDEDRALOEMERFTH D, BHF RC I

Xy
DM (k) = D~ (Shvnis(SmCor(k)) / (A} —homotopy FZ)

LR LB, (cf. [TriCa] Proposition 3.2.3)

3.5. DM*® (k) @ tensor #iL, FOFR%E VT D~ (Shvni (SmCor(k)) D
tensor BN HHBHE X5, D (Shvns(SmCor(k)) @ tensor FEEIL, £F
smooth schemes X,V (T2 T

Ztr(X) & Zt;-(Y) = Ztr(X X Y)

CEB LT, —MD transfer 11 X BIBIL Ze:(7) DERIEIC L 5082 FT
g B,

3.6. (BOIALTERE cf. [TriCa] Theorem 3.2.6)
WD XD RS r i L kEETRIZTHSEFENFET 5.
1, BFE {13 BREEET dense RMEEFD,

H®(SmCor(k)) —{Jr D~ (Shvy;s (SmCor(k))

| 0|

DMSE (k) — DM (k)

2 k 0 % smooth scheme X 12T RO(L(X)) 1E Cu(Zer(X)) & HE%E
RO [RAY,
3. B TOHETFIL, tensor i & ZALBEOHEEER D,

3.2 BT EHERIZFHRET % motivic BF
Z DETHEL, Jacobi ZREKICRIT B FROEHOEE SBT3,

3.7. k Ok FEASE smooth BiR (C1, 21 )., (Cry z0) IFFET 5 motivic
BIEZ(C,21) Ao A(Cryz,)) BEVIIIEL T Z(CL A ... AC,) ZIRORRICE
£715,

Z(Cs A .. ACy) = C*(Ze(Cr, 71) ® .. @ Teg(Cr, ) =]
&&Z&é&hmD®XESmMA@%Wﬁ\hmm&ﬁﬂ@?é@@%ﬂ
25 TWBMT, motivic cohomology & H7, (X, .Z\l(cg, ). BEES LT
H7, (X, iélCr) % Zariski (748 B9 % motivic BE Z('_/?E\l(Ci,xi)) @ hyper
cohomology & L CEZET 5, :

Hy (X, A (Ci,wi) = Hyoo (X, Z( A (Ci, )

=



3.9. [TriCa] IZH ZERITIRAELSLT B,
M55 (X, Z( A (Ci, 7)) ]x) = Hompuges (M (X), Z( A, (Cs, 7)) )

EC k B5EEE 51E, [CohTh] Proposition 3.1.11, I2& 0, WBRILT D,

Bar (X B(A (Cirmi))x) = (X, Z(A (Cirzi)) )
B 3.10. AfFE R (C,z) PHENTHLIHEE, REBIT 5,
HL, (k, (C,2)) = Ker(CHy(C) ¥ Z)

#13.11. X &k EOBLRERE LT X DV compact b X &1, B
HA X & X T, XA, k EEAEFFEREERT X =X~ X 28 X I affine
R OBETH B,

(C,z) % affine T & HW#RT, DRV compact L& (X, Xoo) &7 D&,
WHHESLT D,

B, (k, (C, ) = Ker(Pic(X, Xoo) *F Z)
7 22 Pic(X, Xoo) 13, 48X} Picard ETH D, DY,
Pic(X, Xoo) = {(£,1); £ : X EOEAH 12 Xoo LTOEBME }/RE
BEEEL. ®, e, (L)L) =(LL,t@t) TEE2TWVD,
FLTC, BEEEICRD_ESHIREMAD & RPTE D,

EFH 3.12. ([MotIn] Theorem 5.31)
(C1,a1), .0y (Cyan) & k LAEHWE DD RAMN S HRRE T D & WAL Bo

K (k,Jac C1, ..., Jac C) <5 Hompyperr(xy (M (Spec k), Z(Z\lCi)[n])

S5 2wk
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