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1. INTRODUCTION

1972 €1z, C. Fefferman and E. M. Stein [FS] i3 Hardy ZZ[¥]

H? = HP(R™) = {f : harmonic in R7H, f*(z) = sup |f(y,t)] € LP(R")}

—y|<t

(0<p<oo) TEALT, () (0<8< 1) TRENDERMMZER (see [BL]) i22WNT
DRDFERE T LT

Theorem 1. 1 <p; <o00,0<0<1 D&EZE,
1 r5p —JP
(H', L)y = I,

7‘:7‘:“L,l=1—9+—€-. 7, 1<pp <00, 0L DEE,
P 1

(L7, BMO)yg = L.

., 1 1-4
L, - = :
P Po

Z® Theorem 1 @ corollary & LT, kD H' & [» OREOHBEEBL YL &
BMO CEORFEEEENRZ OIS (see [FS], [GR] and [S]).

Corollary 2. 1 < p; < oo & L, T iZ linear operator T,
T: H'(R") — L{(R")
LT
T : I (RY) — L7 (RY)
boundedly, £9%. ZO &L X, Vpwith 1 <p<p; KHLT,
T : [P(R") = LP(R")
boundedly.
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Corollary 3. 1 <pg < oo &L, T X linear operator T,

T : LP(R") — L7 (R")
LT

T:L*(R")—» BMO
boundedly, &3 5. 2@ & X, Vp with py < p < 00 IZX LT,

T: LP(R") - LP(R")
boundedly.

A D BHIX, Corollary 3 @ analog % VT, Corollary 2 @ analog 278§ Z &
ThD.

2. PRELIMINARIES

B4, Beurling algebra A? & BI#(7Z2R BP ODE&EHZED (see [B], [CL]., [F] and
[G]) 2%, ZA & X%, D non-homogeneous Herz ZEf K7 ORFIREETH D (see [HY]
and [H}). _

kEZXHLT By ={zeR:|z| < 26}, Cry = Bi\Bi—1, Xk = X, EEETD.
Z I, xo, X Cp @ characteristic function TH 5. Fik, w=xxifkeN £LT
fg == X,BO k 'é_é

Definition 4. ¢ € R, 0 <p<oc, 0< gL o0 DEZE,
o'} 1/p
I(:Yp = f € L?OL(RH) : Hf”f\';’p = {Z 2160}9”ka“§} < 0 ;
k=0

a€R, 0<qg< o0 DEE,

sy = {7 € BRY s flig = sup £l < oo

Definition 5. 1<p<oo D& &,
AP = JUTI = {f Ao = 2 Xkl < 00}-
k=0

11
EEL, = +—=1;
p P

B = g = L € LR Ul = sup2 el < oo

WOERIL, A? =R & Br ZBORERD 5 —2OEHETHD (see [CL] and [G]).
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Definition 6. 1 <p< oo 95 & X,

i/p
AP = {f |Ifflar = inf ( / if(x)i"w(x)“”'”dx) < o.o} :
weN R®
7272 L, Q I positive, radial, |z| 2B L T nonincreasing, € LT

w(0) +/ w(z)der =1
ThHDH R LOBEE w @ class THD;

) o e 1 1 N 1/p
7 :{f & @) e = 209 ( (577 s ) ic) <°°}‘

T (BITRUTIRBWT), B(0,R) C R* I& H. 0, ¥ R > 0 @ open ball &7
LB, '
Wiz, Hardy 25/ HAP & BESRZER CMOP OEEEB’D (see [CL] and [G]).

Definition 7. 1 <p < oo &35, Z® & %, Hardy 25} HA? associated to A7 #
HA? = {f € AP : f real, f*e€ AP}

TERTD. =L, f* 1L f ® Poisson ¥4 @ nontangential maximal 883K, i.e. Yz € R”
XL,

f*( — N f( ) f) t ——dz' _ F(E}L)
z) = iys_lili)(t Cp o y—2 (t2+ 'l,flz)(nﬂ)/'z Ty G = rin¥1)/2?

TdH5D. £7, norm || - [|gar &
I fllgar = ([ f" || ar
TEETS.

Definition 8. 1 <p<oo @& &, f € L} (R") 7' central mean oscillation of order p @
BAE D class , CMOP, ICBT 5 &1,

1/’p

1 " P
| fllomor = ;uzli (m /Bm’m |f{z) — ma(f)]| dl?) <00
BT ETHD. L,

: 1 :
4D = B "
ThD.

IDEE, 1<p<oo iTRLT,
CMO? > BP
THV,1<p <ps <o KHLT,
| L' N IP(RY) S A7 D AP,
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B» 5 B D [*(R7),
H'n AP S HAP D HAP

ZLT
CMOP* D CMO™ > BMO

ThHA.
X bz, k? duality theorem 23E Y S22 (see [CL], [G] and [HY]).

1 1 1 1
Theorem 9. aER,0<p<oo,1§g<oo,§+—,:1,——v{——,:l,wherep’:ooif
q ?

p
0<p<l, DEE,
(Ke?)" = K7

.o 11
Corollary 10. 1 < p,p’ <oow1th5+z—);=1 DEE,

(AP)* = BY,

., 1 1 ‘
Theorem 11. 1<p,p'<oow1th5+z7=1 D& E,

(HAPY = CMOY
% /-, sharp B5#% f! 1289 L T, sharp maximal theorem @ analog Z3f% Y 3L-2.

Definition 12. f € L. (R"), B C R" % open ball & LT,

1 .
- d
¢35 L&, sharp B ft %

1 n
Fo) = sup fB ) = faldy (z € RY)

2€B
TERTS.
Theorem 13 ([M]). 1<p<oo D& F,
feB = fleB?
ThHY,

175> < CollfllBe
Thb. =EL,C, i n & p EIIC depend.
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Theorem 14 {[K]). 1<p< oo D& &,
feECMOr = fte B?
<Y,
14 1ee < Collfllcmor-
ZEL,C, i n & p I2iFIT depend.

Theorem 15 ([K] and [M3]). 1 < p < o0 @& &, some 1 < pg < p KKHLT, f €
L (R™) 72 BT, '

loc

fle BP = f e CMO?

THY,
1 Fllemor < CollfFlise-
7L, Cp Wn & p I depend.

3. INTERPOLATION THEOREMS

&2, C. Fefferman and E. M. Stein @ [P & BMO ORO#REEE (Corollary 3)
@ analog IZ DWW TR~ 5.

Theorem 16 ([M,] and [My]). 1 < pg < oo & U, T {Z linear operator T,
T :BF — BP
ZLT
T:L*(R") - BMO
boundedly, ¥ 3 5. ZM & X, Vp with py < p < 00 IZXF LT,
T:B? - CMO?
boundedly.

%72, Theorem 16 S EREICLC, kD 3 2OBBEERBOND.

Theorem 17 ([My]). 1 <py <p1 < oo & L, T if linear operator T,
T:B"> — B»

LT
T:B" - CMO™

boundedly, &9%. 2D & X, Vp with py <p <p; IEXFL T,
T:B? -5 CMOQOP
boundedly.
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Theorem 18 ([K]). 1 < py <oco &L, T iZ linear operator T,
T : B - CMO?

LT
T:L* — BMO
boundedly, &3 5%. 2D & X, Vp with py <p < oo X LT,
T:BY - CMO?
boundedly.

Theorem 19 ([My]). 1 <po <p1 <00 & L, T I linear operator T,
T:B" - CMOP
LT
, T:B" - CMO™
boundedly, &3 5. Z® & &, Vp with pp < p < p; KX LT,
T:B?Y - CMOP
boundedly.

iz, Theorem 16 % BV T, C. Fefferman and E. M. Stein @ H' & L? OFOHRE
EH (Corollary 2) @ analog &7~

Theorem 20. 1 < p; < 0o & L, T I linear operator T,
T:H' - L'(R")

LT
T : AP — AP
boundedly, 4%, 20 & & Vpwith 1 <p<p LT,
T:HA — A
boundedly.

Proof of Theorem 20. FERAIZ [FS] IZ similar.
S % T @ adjoint &9 % &,
[apwaaan= [ i@soEa
P %.) g€ Bpl’, l + L] = 1’ Q:ﬁb'{)
P N
(%) fe . f(z)(Sg)(z)dz
1* bounded linear functional on A" TH Y, AP - BP duality I2X Y, Sg € B k7Y,
1S9l < Allgll o’
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E72, g € L¥(R") 2% LT, (%) i bounded linear functional on H!' T&» ¥, H' - BMO
duality I2 XY, Sg e BMO &£720,

1Sgllarmo < Allgllze-
& o T, Theorem 16 ZHWVA &, p)/ < ¥p' < oo IZXf LT,

ISallcpror < CHQ”BP' (g€ Bp’)-
ﬁ'ffi&l,%+z—}:1 ELT,1<Yp<p ICHLT,
ITfllae < Cllfllnar (f € HAP).
]

& BT, Theorem 20 L F#EDFERAC X ¥, Theorem 17 ~ Theorem 19 % MV T, &K
D3 >OMMAEEEINLTNITILERTED.

Theorem 21. 1 < py <p; < oo &L, T id linear operator T,

T : HAP — AP
LT
T: AP — AP
boundedly, &9 5. ZMD & &, Vp with py <p<p IZHLT,
T:HA? — A
boundedly.

Theorem 22. 1 < p; < oo & L, T I linear operator T,
T:H' - 'R

Z LT '
T : HAP' — AP
boundedly, &%, ZD L X, Vpwith 1 <p < p I LT,
T:.HA? — AP
boundedly.

Theorem 23. 1 < py < p; <oo & L, T I3 linear operator T,

T : HAP® — AP
1T
T:HAP - AP
boundedly, &9 %5. Z D& X Vp with pg <p < py IR LT,
T:HA? — AP

boundedly.



11

REFERENCES

[BL] J. Bergh and J. Lofstrom, Interpolation Spaces, Springer-Verlag, New York, 1976.

[B] A. Beurling, Construction and analysis of some convolution algebra, Ann. Inst. Fourier, 14 (1964),
1-32.

[CL] Y. Chen and K. Lau, Some new classes of Hardy spaces, J. Func. Anal., 84 (1989), 255-278.

[FS] C. Fefferman and E. M. Stein, H? spaces of several variables, Acta Math., 129 (1972), 137-193.

[F] H. Feichtinger, An elementary approach to Wiener's third Tauberian theorem on Euclidean n-space,
Proceedings, Conference at Cortona 1984, Sympos. Math., 29 (1987), 267-301.

[G] J. Garcia-Cuerva, Hardy spaces and Beurling algebras, J. London Math. Soc. (2), 39 (1989), 499~
513. '

[GR] J. Garcia-Cuerva and J. L. Rubio de Francia, Weighted Norm Inequalities and Related Topics,
North-Holland, Amsterdam, 1985. ‘

[HY] E. Herndndez and D. Yang, Interpolation of Herz spaces and applications, Math. Nachr., 205
(1999), 69-87.

[H] C. Herz, Lipschitz spaces and Bernstein's theorem on absolutely convergent Fourier transforms, J.
Math. Mech., 18 (1968), 283-324.

[K] Y. Komori, Notes on interpolation theorem between B? and BMO, Scientiae Mathematicae Japon-
icae, 60 (2004), 107-111.

[M;] K. Matsuoka, On the sharp function on Banach spaces Bf, Research Bulletin of Nihon Daigaku
Keizaigaku Kenkyukai, 30 (2000), 129-134.

[M] K. Matsuoka, Interpolation theorem between Bf and BMO, Scientiac Mathematicae Japonicae, 53
(2001), 547-554.

[Ms] K. Matsuoka, Remark on the sharp function on Banach spaces B?, Research Bulletin of Nihon
Daigaku Keizaigaku Kenkyukai, 47 (2004), 47-51.

[M,] K. Matsuoka, Interpolation theorems related to CMO? spaces, to appear.

[S] C. Sadosky, Interpolation of Operators and Singular Integrals, Marcel Dekker, New York, 1979.



