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Equivalence relations generated by

the mapping class groups

ARH B (Yoshikata Kida)*
KRR TR
Graduate School of Science, Kyoto University

1 F

LUFTCR, (X, w), (Y,v) SREBRLERES & DE% Borel ZRAZ KL, BHE L EE
POBBEBEEBRT LTS, BEEEZRAOX S XREMERTOIRIICLEEZL 5:

EE 1. 2O0EEFE T, A BThEN (X, ), V,v) LEMIHERELTHNT, T4 = X,
AB =Y B TRIEED Borel IIES AC X, BCY &, ZORD Borel FEEB
fi A=Y TREEETEONEET S LT 5:

(i) 220 B LORIE f.(uia), v|p EEWICHERESE,
@ IELEAETRTD z€ AIDWVWT, f(TzNA) =AzNB.

CDEZE, 2 DDOFHIETFHERIE (weakly orbit equivalent or WOE) TH2 LWV . FF
i, £ED A, B W full measure T&N B &L E, 2 DODVEHIZEERE (orbit equivalent or
OE) THBEWV 5. 2DOBBEICHL, Thoh D& 57 WOE LA 1ERAZE DL
E, HERHE (measure equivalent or ME) THBH LS.

BESBED (X, p) LOERDS von Neumann B DL 515 &id, Murray-von Neu-

.mann DFFXLLEE, EHSNTVWBT L THS. OFE £ TP von Neumann HOFHRIN

FARL TWAZ &H 5, OF RIEHEERICBO TS XAEINTERBETHS. &
W, I —REROBSHILOWHRLE. ETHREZ ME 2 WS HEST, SEERL
WOBRErZERL THEC ERSADHEOEHNTH S.

ME A EBEHOMOEEERIC R ST L3, BHRICHENMDOENS. Tz, BEALHEE
5% 2 DDMMEE ME L3288 3Chh5. TTT, 2DO0BEERNIZEAL FE
ThaLd, BEEROBIEE LS, 8 LR, ABERE P BCLZEHEELZ LS
2ODHRFERNTHEICERZ L 22V ). BIEE2EE, 1 D0 ME © class KL T
WETLERFICONS.

% 2. Ornstein-Weiss [21] IC & D, ROFENHSN TS FEE amenable BD (X, u) L
DINVI—F TR OARENEBEIEHZ R T OE TH3. R, 2TOESE amenable
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B Z i ME ¥7%2%. #IT, amenability & ME THRIN B3 LEREADT,Z & ME
&I DEEEREED class {ZHEIE amenable R TH BT EHbH B.

fic & Zimmer [22] *%® Furman [5] i< & %, higher rank lattice (e.g., SL(n,Z) (n > 3))

¥ ME &% 3BRBOREL VS BREHERLSH 5. ME BT 3BADRERCOVTE

[6] % [8] ZBRE NI,

2 ERER

SEOHBOFREREBRE 5. M = M,, B g, BARSOEED p L%, &
wEay Ry P TREMIAEERHEE $5. (DU, HEe FAE, EEO N P THE
FIATEETH BT L BINETS.) COLE, M DEGERT(M) 2 M LOMERRE
THMOFEREGD AV NE—EN SR ARTERTS. ChIZARERREED, i
BESBEL 72D, T, T(M) & ME L5565V RATOREET X 5. fiE M, HL,
k(M)=3g+p—4 &BL.

FIE 3 ([15]). B M & s(M) >0 BWHRT LT 5.

(1) BBURRE T(M) RRDIFO#EREEL ME T&W:
(a) Ty & Dy ZEREEL U, Ty F720& To (3 amenable BIZH B L L TETLL
fCE%@E% Ty xTy;
(b) 4R amenable B% FRTAE L L TEO K 3 R MERE.
(i) &(M) > 0 &5, (M) & (Gromov DFEETD) MEEHT ME TXL.

FE 4. F—SRATHEVEE M D «(M) < 0 ZHRETELIE, ZOBEHE I(M) &
EWTH 2. £1-, 4D0BE T(Myy), T(Myp), T(My 1), SLo(Z) ZIZEAEHETHS.
koT, 2O 4DDORUI L TIENENEHATH 2. FFC DOV TR 9] ZBRE L.

FE 5. Adams [2) OFHEC LD, EH 3 (i) OEBEER ORI EFIFHEIHHEICHD
BATERERTENTES.

3E 6. 5D Hamenstadt [11] DFERE Monod-Shalom [20] DFFIREEAGDLES L
FHE 3 (i) (2) loBIF B, [T £/l Ty ZHIR amenable BEMABL LTET) &5
ez TLIEERRRICENTES. (b) LRITLENTES.

Wic, #hiE M ICHL n(M) = g+[(g+p—2)/2 6L, TTT, B R, [ T
o UFOBRKOBEEETETS.

FE 7 ([15]). HHE M & (M) > 0 BT LT 3. BlE G & n AOMK 2 DEH
BOEBPFEARELTETLL, E6lC, G 3EEER T(M) OEERSHEH T & ME
THBLTH. COLE, n<n(M)BEDID.

n(M) O¥STEEMLE (15, Chapter 1] Z2BREX) Z2EZ 5L, T(M) I n(M) &
DR 2 DEEROERESSRLLTELTLAERCOL DT, LOERCBT S
TEARIBRRETHS.
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& 8. ME OBIENSHEMED factor DEREZ 2 E8E, BUCE (TN TV S,
FzE, ROX 5% Gaboriau [7] K&K BHEEADS: BRE n iKHL, F, THEE n
DEMBBEET LTS, ny,ng,... ,ngmy,my,...,m ZEAEN 2L EOBEETS.
Fpy X -+ X Fpy B8 By X -+ x By, OEABEL ME & 51E, k <. (IOBEL 72ERL
L TlZ, Monod-Shalom [20) DRERENFETARETH S .)

—7, £ 3 (i) (a) TRREX 3T, BHERIE (ME OBRANS RT) ERICIHELZD
DC,Fpy, x - xFp, DRATOREGREIUEREDILIDDS.

B, BEEREE ME THOETAILEERS. thill M = My, iIcHL,g<20DL
-3 go(]\{[) =2, g > 20D E QQ(M) =g c‘.’.%ﬁg—

FHE 9 ([15]). 2DDHE M, M2 X x(MY),x(M?) >0 Z2H/lcTLT5. &L, 2D
DEGHERE D(MY) & T(M?2) H ME %518, X s(M1) = s(M?) & go(M*) = go(M?)
A AIRTASS

ko7, 13 AL OBEERIENIC ME 225 NT LD S.

BEE 10, T(Mgg) & T(Mag) &, ZLALRARTHS. LAL, TD2DDME Mg,
Mg LIEE 4 TEY im0, Bl 2 LITOHEO B BRI 50 ME IL & 508
WRFERL TR,

XE 11, FHE KB BER s(MY) = k(M?) &, [15] EBRIOFETLELNS. O
ZEEDNTIARAY MU THEL. #L LIX (15, Appendix D] ZE&RE L.

Gaboriau ¥ [7] ICBWVT, ROZRTHREED 2-Betti B2 ME ICHT A ALE
WKk BTERRLE: 2DO0MBET, & Iy B ME 251, H5EH ¢ BIFELT,
Bu(T1) = B, (T2) PMEED n ICDWTHKDILD. TTT, BEREE A ICHL, Bu(A) T A
D n R 2-Betti WrERTEDLT S,

—75, Gromov DFER [10] & McMullen D#ER [19] 2 &R B &, (M) > 0 &7 aliE
M OEBEEH T(M) O £2-Betti ENRDE SR BT ADDS: B an1(T(M)) >0
O, fEED n# k(M) + 1L, B(T'(M)) =0.

INHORBRICK D, BH 9 KB BEK o(MY) = s(M?) BMFENS.

3 Adams D7 AT7

BARERE & WHEBHCIIABIL 72 HEN WL D0 H S, £ T, Adams OXEIEHCET
BEE (EK 5) OFAHDOT AT 7B 2 BELH I ZHBNS. LITORERTE, Ti&
EAETRT] LWHSERBEHMOLENH BN, BHEOLHEKTS. FHL<J 15,
Chapter 4, Section 2] ZBHRE K.

D ZBEBEE L, TR (X, p) RS DOAENEH/FRLTVSETS. DL E,

R=Rr={(z,g2) e X xX:z€ X,g€T}

&, (X, p) EORERR (equivalence relation) ZEH 5. RIGHRIC (X, p) LD groupoid
DORERED.



2ODEMEE T, A BZNTH (X, p), (Y,v) EEEHD ORENEHICEAL TS L
T5. (X,u), ,v) LD relation Rp, Ry DENFTNEREIND. TDLE, T L ADE
B OE ThHaz e, Rr & Ra D groupoid U THEICERAZ LEFEETHS. T
D &Y, ME OfERERZZ % L ZITiE, relation @ groupoid & L TDOHEEFENS
TENEEICKERD.

BRUBDIEREST, BB T A (X, p) LRADOREWERICFRAL TS EL, R Z
FO&SIcBEZ%. TOEE,

p:R—T, (gz,z)—g

& cocycle ZEDS. DED, R & T # groupoid & AL L%, p BERETHS.
WE, T A Borel 220 K ICfEAIL TV ET 3. &L, 20 K BALHDRVWEE (F
ZE, av ) o T, K DRk £ Z 0 stabilizer

{yeT:gk=k}

OBFEZRHANSC LICED T OUBEBRTEZILHHS. AR LAY relation ICD
WTHLEZD. SEOHHETEC OBREEICIHFLEDTVS. (COKIBEZLZEA
UBEHL 720, 3% 5 £ Zimmer [22] BRFITHA5.) £9, R D K EOEHE, R D
subrelation S (DE D, subgroupoid) DYEFIC BT 2 RERCHIET 2L DR EAT S,
RO K LOMER (DED, R 55 K OHCHBBANORRAR) 2,0 T D K £O
ERAZPESRLIELOTERTS. R D subrelation S I XL, Borel B8

p: X > K

B, oz, y)ely) = olz) BIELALTRTD (2,y) € SKDVWTHLT L E, p & SAE
THBLND. TO S-FE Borel BB S DIEROFREELERZLDTHS. (EBIC
X8 & —fc, relation & L {1& groupoid DIEARZOXREEMNERENS. #L R
(3] ZBiE &)

HESSEED amenability 1§, Z DB Banach ZEH EOSREREWER & ZOIHEHDA
FHEOSETIIRTES. A LT relation @ amenability &EETE, RO HED
RO ID:

#8 12 ([22, Proposition 4.3.3]). T ' amenable T$H%Z & & R A amenable TH
BT LIRAIETSHS.

Adams AL C LI D0 THRAL 5. T 2HE L $5. T RARCEDaY Y
FFER OT IEAL TWA T LIERE X, T3 (X, p) HERDOARBEMIC B /F
HLTWAETS. R, p: R BLETEBLELDLTS. M(OD) & oT Lo (IER)
BRSO ERR BRT 2802 T 5. (L%, Borel A SICHL, M(S) TS LD
RTIERROESRET LT 5.) —fIC, (Y,v) EO relation § £ Y O Borel #5715
& Z L, Zz FcHIBEN T relation 2

(S)z={(z,y) €S :z,y€Z}

LRty
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R 13 ([2]). A % X OWEIED Borel HTEELL, S & (R)4 D subrelation T A
F aperiodic (DE D, BEACITNTOEEESERES) LT3, TOLE,

(i) 8 A amenable % HiE, S-FE Borel 5§ A — M(0T) WFET 5.
(it) 3T, S-AZ Borel B A — M(6T) BFIET 57513, S 1d amenable TH 2.

(i) OEEIZ amenability DEZBDSHED. £ 2] TR, S =R DL IR LMRINT
WD, RILFETRD SIKDOWTELSHTTENTES [15). (i) DFEHATE, T O
8l _EDOERAS amenable THBHT & [1] R T OIHMED crucial iICHWSEN B LT2T
LU THL. EHD amenability i DWW T [3] £7213 [15, Appendix A} Z2BHE K.

i 13 TARELC X, % Borel BENEFET 20 EMT &> T, subrelation D
amenability WEETEZ L VWS ETHB. & 13, BOLNVTEREICHSNTY
HTLTHB. DED, I OEBEHSEE I WL, IV O MOT) LOERNREREZRD
e, IV @ amenability XEETH . 2D X3, BOL NIV TDERE relation D
LAIVTCEIEHTE AN E S RELES.

4 EHRERORS
8 13 DREFITIE, MEE L S BITEIHEN AR AN T 5. BEIERL

| FHBOMORLEE 1 DBRE .

EH 14 ([13]). k(M) > 0 B3 HIE M ITHL, curve complex C = C(M) ZRD
EOLBEEATERETS: ERES VO) R M Lo, R —ZlkcE (VY EY S
THRVEFEAHRO /Y FE—R2kE 5. V(C) ODETHRNERIDHES F AR
KTOE, F DTLOREEZBHIRZET, M LEWERDOLEVWK IICRFTES L E
LEDB.

Eit, k(M) =0 &2 58ME ML TE curve complex C = C(M) &2 (PLE-T
FET) ERTZTENTES. BHAEKRIEREERZFDOOT, TOEMT C Z2HEH#
EHERZTCEICTS. T(M) & CIRBERIERLTWT, C DEREERE L TORIT
(& max{s(M),1} KFLV. C EROKXSHELVWEERF>TWVS:

EE 15 ([17]). C ZEET (Gromov DEKT) MW TH > T, EREVERKTH 5.

T OXREER T, WHEED Cayley 757 & C 2RO L BE-T, Adams D
MEEAT B LARAES. LHL, BHICHD ST LW, C X BFER, 00, 1D
DA EREDTIADEH >T B, THIC, C O (Gromov DEWRTD) R 6C 1321
IR FTIWV, KoT, Adams DFHRZZOEFHEABEL L OLT B L, MfE 13 (i) IIx
5T 2 FRVHHTER . £oT, K3 Thurston BREZBNT 08NS 5.

it V(C) x V(C) — N

PRANZZERBETS. DED, 2DDHBO AV NE—$H o,8 € V(C) IKHL, FD
BARRTE i(o,8) &1 o, 8 2RET S 2 DOfENRH 5 HOEBOB/NITH
3. IR, FBD a0 e V(C) IKNL T i(a,a) =0 BED IED.



V(C) 25 0 L EDFEEHE Ryo ~DFBREHOZEM R 1 iiliiie Ang. RL\
(0} 1cid, EOEHREDEE Ry DENFETHEAL TV S, COERICET M2 %
PRI L#d. ROK S EEEPMMSNTVS: & o € V(C) IKHL, V(0) 3 8
i(0,8) &> T a % RUD O Risde, V(O) & RYY NEdAENS. 5,
V() 1& PRV ASEDHAEND, ZTT, KDL SICEHTS.

MF =R50-V(O) inRLY,

PMF =V(C) i PRL.

Ald ADBHDREKTS. PMF A Thurston BREMINZ EDTHSH. BT, PMF
1% Teichmiiller ZERIDERL LTERENS. PMF & (69 — 7+ 2p) KyudOBRE & R
TH5D. 5T, i: V(C) x V(C) — N iEZEFRND Ryo- KK
i: MF X MF — Rxg

NEET% 2. Roog-FARDE, PMF D2 DDTECDNTE, ZXEN 0 THELENIC
DWTIRERNRD S LICERTS. £T T,

MIN = {F € PMF :i(a, F) # 0}
LEETD. MIN & PMF O T(M)-FZ Borel BOEETHS. Lebesgue DEBKT
FEAETRTD PMF Ottt MIN IKET A EHHBENTNS. TNHDFERICD

VT [15, Chapter 3, Section 1] TH#F e BE A BRL TIRE 2. %1, Thurston
R E curve complex C DR 8C O, RO X S HHEFELN D %:

Rl 16. (i) ([16])) T(M)-AEREFRER
7 MIN — 0C

WEET B.
(i) ([14]) D(M)-FIZ% Borel 5

H: PMF\ MIN — S(M)
WEETS. CTT, S(M) 13 C DEELEDEETHS.

COEEEANT T(M) 5 TES relation DEEZHNS. T(M) B (X, p) AR
POREREHCERLTVSEL, R, p: R — D(M) % Section 3 & FRKICERT 3.
Adams DBBIC BOTEER 5720k, R O subrelation S A% Borel ERZFOL
E SHYAEMERELTIERRDC Lo EZBOHED. FERTEMNT
x5
FE 17 ([15]).-A & X OREEED Borel HEA, S % A L aperiodic & (R)a D
subrelation 24 %. &5, S-F% Borel B4 p: A — M(PMF) BEFETHLTS. T
DLE ADTE A=A UA ThEHEETEONEETS:

o(z)(MIN) =1 for ae. € Ay,
P(ZYPMF\MIN) =1 forae z€ As.
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TOLE, Ay, Ay 13 STE, DED, z € A DD (z,y) €S EBIE, ye 4 (i=1,2)
THREZLATShbh 3. ECOERLY, ISIKRDRVEINS:

% 18 ([15]). FH 17 DELET, B % A DRETFD Borel BEA L L, (S)5-TEK Borel
Bif¢y: B— MPMF)PFELILTS. CDLE,

(@) MIN) =1 fora.e z€ BNA,
PE)PMF\MIN)=1 forae z € BN A

CTORICED, RO K 3 R O subrelation BT BT LHTES:

EH 19 ([15). A & X ORIEIED Borel H8E, S 2 A L aperiodic & (R)4 D
subrelation #9%. S-A% Borel B ¢p: A » M(PMF) NEFLAETARNTD zec Al
20T

() MINY =1 (resp. p(z)(PMF\ MIN)=1)
ZHifz9 & &, S i irreducible and amenable (resp. reducible) THB LS,

COZFOHRIRODEY THB: SH irreducible and amenable 2 51X, S-A%4 Borel
B p: A— M(PMF) TREAEIRTD z € ALK, () MIN)=1 L%E5D
DOLREZH, ChEeMmE 16 (1) D 1 MIN — 0C hOFEEhBIEBEEGK TSI LT,
S-TZ Borel B A — M(0C) B2 LN TES. T T,8C XRAFAYINT TR
WA, M(8C) ICid %% Borel EZ ANBZLNTES. THEME 13 (1) KB B
Adams DFRICHIET B ROEENELENS:

EE 20 ([15]). S irreducible and amenable 725, S i& (relation & L T) amenable
TH%.

12720, COEEOFHFIC BN TR 2ZBUC Adams OFREFMAL TR0k
V. (Curve complex OEFTERMENWOEIEZ T 5.) Curve complex OMEHPEMUSND
BOZAEEZ B0 208N H 5 L 2i2L THL. Adams DT EHFED Z DEER
LEDVERAAD amenable TH BT &% FAWVTNWED, BHE 20 DAFFATIZROERE v 5:

MR 21 ([15])). (i) OC & 154 Borel EHTH 3.
(i) p 2 0C £ T(M) OERICEU TERETHRAEE T4, (M) O fIEME
Borel ZEf#] (6C, u) LDOYERIE amenable TH 3.

ZNT, “irreducible and amenable” &3 LD “amenable” DD BRI T
&z, “irreducible” ORI/ EIC reducible ThRWEWVWIHIT &I LS. “Reducible”
EWVIELFIDOHHKIEIRDED : S A reducible THB LT3, CDLE, S-IE Borel 5
0: A— M(PMF) TEEAETNTD z € ATHL, p(@)(PMF\MIN)=1t%3
LOBHS. TNEME 16 (il) D H: PMF\MIN — S(M) hSHFHEINZEH%EE
KB LT, S-AZ Borel B A — M(S(M)) BBRILHTES. S(M) B[EE
BTHBTLED, M(S(M)) BD S(M) DZETHENWEIRIMEAADER F(S(M))
D T(M)-FF% Borel BEHNBEFITIENS. BRI S-RZE Borel 5

P A— F(S(M))



EBBTENTES. F(S(M)) BUBESTHEILHD
S ={F € F(S(M)): u(y"(F)) > 0}

L, A= peg® HF) (up to null sets) &FEIFB. F €85, (x,9) € (S)y1(p) €
xfL,

plz, ) F = p(z, y)¢Yly) = ¥(z) = F
ERBTEILKD, Khbh5:
I 22 ([15]). S A reducible Z 51, S C F(S(M)) & A D (REHE) 2%

A= || Ar, u(4r)>0
Fes

PFIEL T, IAKO LD TED Fe S IKDVT
p((S)ap) S{geT(M) : gF = F}.
HiE, T(M) DERBAFHET OFFETROK I LRLONH S [18]:

() o € S(M) T, FED geTIEHL go =0 LRBLONFETHL E, T id reducible
Thdewnd;
(i) TIEHL, () D& 3% 0 € S(M) PHEELENEZ, T & irreducible THB 3.

(i) D& FWXE DI, PMF EIZAERAELET S L E, T id amenable THHT, 9
TCHWEZII T I P, PROELLTELT DTS, Xz, T B F(S(M))
FREERFEDE 2T T X reducible THBT B ThHDT LD “reducible
subrelation” OHFIDOHKTHS.

ZCTHBELTEERVT LR, ((M) > 0 D& F) reducible #8778 T non-amenable
HEOREET AT LTHS. HiZE, o, 8,7 € V(C) Tile,B) =ilo,v) = 0,i(8,7) #0
rrze0®enE, B & v ® Dehn twist TEREIN SR, o ZEET 2D F2
BELTVD. XoT, TH 20 DL 574 T LI reducible subrelation I DWW TIEHHFT
2750, LA L, reducible HEABICHL T, TOHEET S S(M) DLTEHREED
(canonical reduction system & PHEN %) WFET %. THE reducible subrelation &2
WTLEEL CARGMEEAROC L RHTAC EBEBECE ST 5. F#llRECR
BOT, TTTRIREZNTEICT S.

&3 —EBRTHBIE, R = Ry B irreducible and amenable T% reducible
THIENC Ebh b, ZhbDT &% Feldman-Sutherland-Zimmer [4] IZ X% normal
subrelation DESE VS L, €8 3 REHETZ LA TES. EE 7, 9 DIAHITH,
reducible subrelation D& ST HMWEBEICDWTDERZET 5.

Fsh, CNETHINL 7 relation ICBH 9 B EEI, BEOLNIVTREROEENHAAT
%2 LIEDDTHB. Section 3 THIBNH, BHOL VO ERZIUNCL T relation
DL ~NVTHHT 208 ERS. (BOL-NIVTOFHS, TOEEX relation DLNLVT
BT AESIIEH TR S 15 ZBRU THEZWL.

B1BIC, BESERD exactness I DWW TN THL.
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EH 23, HEED exact THDIERX, ZNBH BV MY AR VT ZEHEE, (topo-
logical 72K T) amenable ICEHT 2L &R S.

WL O OBEEIE T (e.g., Novikov FAH) MY, exact R DV TELWNWT &
NHEEINTVWS. COT LD, BALNTEEES exact HhE SN RFRD LR E
BCHB, £, RDX 37 exactness DFETIHH 5.

EHE 24 ([3, Theorem 3.3.7]). BEEREE T A% 270 by ARV T 22/ X ISERHC
EALTWB LTS, D& x TOVERN (topological %K T) amenable THBHI &
&, X FOCOfERICEL TS ERTEDHERNE p <L, T ORIERE Borel Z2H
(X, ) EDOVERD amenable THBZ LIRFEMETH 5.

FEH 21 (i) & COFERL S, BHEEHL exact IKEDZESTHS. L LEBHCHNIz &
312, 0C & a7 M TRV, —7, B 5 Thurston R FOIEHIE (topological
E%T) amenable THRWZ EBTS O >TLUES. BETE, BHBEERFO exactness
KOWTRAKBRTH B LTz, UL, IRESERD, MashiKeirE L 5 8%
FEAES (V2= BT, MNREFEROIEFHEIC XD exact THHT EMWAMTE L.
BIANCE, COBEREBOTRBOSTEEL I2W. FFEHDFEHMNIE [15, Appendix C] l2EdL
TH5. £z, &, TOT LIKDWT Hamenstiadt I KB FFEANSZ SNl [12].
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