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On Some Doubly Infinite, Finite and Mixed Sums
derived from The N- Fractional Calculus
of A Power Function

Katsuyuki Nishimoto

Abstract

In a previous paper, some doubly infinite, finite and mixed sums are reported

using the N- fractional calculus ((z - c)‘“ﬂ ), by the author and his colleagues.

In this article the same doubly infinite sums in a previous paper are discussed

againusing ((z-c¢)’ " (z-¢)%). , the N-fractional calculus of products of power

¥ ¥

functions.
§ 0. Introduction ( Definition of Fractional Calculus)

(1) Definition. ( by K. Nishimoto ){[1]1Vol. 1)
Let D={D_,D}, C={C_,C.,},
C_ be a curve along the cut joining two points z and - © +iIm(z),
C, be a curve along the cut joining two points z and %+ ilm(z),
D_be a domain surrounded by C_, D, be a domain swrrounded by C, .

(Here D contains the points over the curve C ).

Moreover, let f = f(z) be a regular function in D(z €D),

B _ v+ f&)
S =Dy =c(f), === foz oy WEZD, (1)
(F)em = Him (f), (m€Z), (2)
where -w<arg(l-z)sx for C_, Os=arg((-2)s2mx forC, ,

L=z, z€C, vER, T ;Gamma function,

then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of
the function f , if l(f)vl <®,

(II) On the fractional calculus operator N* [ 3]



Theorem A. Let fractional calculus operator { Nishimoto's Operator) N* be

N L(v+1) d¢
( pyu fC(C M) (v&Z), [Referto(1)] (3)
with
N = lim N (m €Z%), (4)

and define the binary operation o as

N oN°f=N'N*f=N*(N°f) (a,BER), (s)
then the set
{N}={N|veRr} (6)
is an Abelian product group ( having continuous index v ) which has the inverse

transform operator (N*)™ =N" to the fractional calculus operator N” | for the

function f suchthat f €F ={f; 0= }, where f = f(2) and zEC.
{(Vis, ~0 <y <00 ),

( For our convenience, we call N ¢ N® as product of Nf and N°.)

Theorem B. " F.0.G. {N"} " isan " Action product group which has continuous

index v " for the set of F . ( F.O.G. ; Fractional calculus operator group )

Theorem C. Let

S:={&NIU{0}={N"IU{N}IU{0} (vER). (7)
Then the set § is a commutative ring for the function f €F, when the identity
N*+N®P=N" (N° N’ N'€5) (8)
holds. [ 5]
(III) Lemma., Wehave[1]
_ mal(a —a o
I s =l | = !
(i1) (log(z - ©)), =ve"‘“r<a>(z o) (IT(e)l<),
(iii) ((2=¢) ") g=—¢"" log(z-¢) (IMa)l<x),

F()

where z—¢»= O in(i), and z-c=0,1in (ii)and{iii). ( '; Gamma function),

~ T(a+1) u v ( u=u(z), )
o) ek e :

(iv) (u"’)a:=§3klf(a +1- v =v(27)
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§ 1. Doubly Infinite, Finite and Mixed Infinite Sums
In the following o, B,y €R .
Theorem 1. Let

Fa+ DIy + DT'k-a+mI(y - —m)

Lia.B.y sk,m): ==~ Ia+1-KT(y +1- mT(k-o)[(-B)

(i) When a,B.,y ¢Z, , we have the following doubly infinite sums ;

[ - —CkZ—C m F('y—‘a—ﬁ) Z"'Ca
kZQ,Z;L(a’ﬁ’Y >k=m)< Z)( z ) =Q(a:ﬁ,)’) F("-OC—,B) ( Z ) y (2)
where
ey .=sinn/3'sin:z(y—a—/3) _
0= Q. B e g (@M< ()
i-clzl<l, H(z~¢c)/zl<1,
and

ry-a-p) [Cu-g-m|__
| Ta=-p " | T-p |

(i1) When o, €Z° , we have the following mixed infinite sums ;

S S psiem(T) (59 - 0w TR

for sE&Z° where
l-clzl<l, Wz-¢)lzl< o,

and

|I‘(s—a-—/3)i ll“(s—m—[j’)LoO
| Ta-p 1" | 0-p |~
Proof of {i). Wehave

04

(z—c)“=z°‘<1—;c) (5)

IS SGI9 N KCE3
2 T a1k ? (Izi>1-cl) (6)
_i COT@+D)

= z 7
= klT(a+1-k) (7)



Next make (z-c)f x (7), then operate N’ to its both sides, we obtain

((Z—C)ﬂ‘(Z—C)a) 2 C) F(Ol+1) ((

_ ﬁ'a—k ‘
2 W (a1 ¢) -z )T (8)

_ i (=e)'T(a+1) i Iy +1) ((

_\F a-k ) g
=0 k!F(a+1—k) nx;O m'r(}/ +1_m) C) ) (Z )m ( )

y-m

Now we have

((Z - C)ﬁ)y_m - e—m(%m)%@. (z- C)ﬁ—)wm ’ (10)
(Iw ~m =) w)
I'(-8)
and
a-k - ixm r‘(m+ k —a) a-k=m
= —_—— . 11
(z777), =e T —o) z (11)
respectively,
On the other hand we have
@ - F 1 a
(=0 @=0), =% gy (e-ef) e, )

e DG PG =B BTk s, 13
e z, KIT(y +1-I(-))(-a) (z-0) . (13)

- ~iny r(}’ _ a+ﬁ y < [“a}k{_Y]k (14)
(-~ /3) % kI [1+ -],
since
((Z - c)ﬁ)y - PRtalY F(YF'('_k[;)ﬁ) (z- c)ﬁ”)’” ; (15)
[
r'-p ’
o mDk=a) .
(z=¢)" ) =¢ o) (z-0) , (16)
and
LA +1-k) = (~1) LA DA (17)

T (k- 2)
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where

[Al, = A(A +D)-(A+k=-1)=T(A +k)/T(A), with Al =1
{ notation of Pochhammer ). ’
Next we have the identity

2 —“—"-—La] [6] Fla,b;c;1) (18)
kel
'e)'i(c-a-b) (Re(c- a—b)>0)
= . . (19)
Fc-a)'(c-Db) CEZ,

Therefore, we have

((z—c)ﬁ'(z—c)“)y— -m L = B) (-0 F(-a,-y;1+B-y;1) (20)

F(-p)
=e—i:r:y F(y_ﬁ)r(1+a+ﬁ)r(l+ﬁ—Y)(Z_C)a+ﬁ-Y (21)
F-pra+pHra+a+p-y)
(Re(a+ﬁ+1) >O)
A+B-y)EZ,

™ S.in:rlj 'Sinﬂ()" -a-f) . Iy ~a- ﬁ)(z_ c)a+ﬁ-}’ (22)

sina(a + ) sinay - ) IN-a-H)
- Q) - 97 (23)

m
from{ 14 }, because we have the idennty
TAT(1-4) =—— (A€Z). (24)
sint A

Therefore, substituting ( 23 ), (10 ) and (11 ) into ( 9) we obtain

'y -a-p)
[(-a-p4)

i (=c)Ta+D) Q Ty +DI(y -m-BT(m+k- o)
kil (a+1-k) 2 miTy+1-mI(-I'(k- a)

(Z _ C)a +B-y

Q(a.p.y)

, (25)

X(Z = C)ﬁ-y{rm za-k-— m

we have then

o 2] fo.<]

; 20 L(a, B,y ; k,m) ( )k(%) =Q(a,ﬁ,y)rl(,y(_—aa_"ﬁ[’;) (Z;C)a, (2)




from ( 25 ), using the notation ( 1 ) ,under the conditions.
Proof of (1i). Set y=sEZ" in (2 ), we have then (4) clearly ubder the condi-

tions.

Corollary 1. When r,s €Z* we have the following doubly finite sums;

> S ; =) (2zc)" Cs-r-B(z-c\'
g};ﬂur,ﬁ,s,k,m)( z)( . ) =Q(r, B.s) F(—r-ﬁ)( - ) (26)
where
l-c/zl, 1(z-¢lzl<o,
and
ICe-r-p)  |C(s- B-m)

|<00 .

ITer-p1 | =P
Proof. Set a=rand y =5 in(2)we have then this corollary clearly.
§ 2. Direct calculation of the doubly infinite sums
The direct calculation ( without the use of N- fractional calculus) of the doubly
infinite sum in the LHS of § 1.(2)is shown as follows.
Theorem 2. Let

MNa+ DIy + DIy - B-m)Tk ~a+ m)

E'm!T(a+ -y +1-mI(-pTk-a) ’ ()

L=L(a.B,y: k,m):=

and

sinz f-sinn(y - a- f)

(10(@.B.y)l=M<x). (2)

0=0@,.B,y):= sinzr(a + B)-sinaly - f)

We have then

&

R = = i

k=0 m=0 < Z F(_a"' ﬁ) Z

where
: lelzl<1,

.and
(a+B), r-B, (y-a-pP &z .

Proof. Now we have

L(E.:i)(;ﬁ)‘ Ty -f kvl (3)*

z-c\"
—_— 4
b4 Z F'(-g) kl'mll+B-y] \z ( ) (4)

Z
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using the identity
L T(A +DI(=A)
k) = (=) —_—
F(A+1-k)=(-1) Tth— )
and

[—a]k-mi = {_ a]m{“a + m]fx’ *

We have then
*x
k

S5 B -

k=0 m=0 Z 4

m w0

[~al,lv], (z-c) [-a +m], (ﬁ)
=0 Z

k!

m=0 ml[l+ﬁ—y]m 4

Q

Ly - « _[-al,[-v],
r(- /5)( z ) zo ml {1+ f-v],

=F(Y‘ﬁ) z-¢\° V__ Cap -1
e e ICICLES ALY BAE

D¢ -Pra+f-y+a +/J‘)(Z—c>"
'-pria+pril+a+p-y) b4

i_—c <1, lz_-_C

Z Z
w0 _ k _ a-m
sy -9

E [A}k L —(1“‘ )

where

<1, Re(a +B)> -1 .

Because we ghave

since

and

- [a] [b]
F M : o= . m=
JF(a,bic:1) ZO—”mi [l T(c-al(c-b)

Moreover we have the identity

cEZ;

r(x)r(l-k)=sin’;l (A&Z),

then applying (14 )to ( 10 ) we obtain

3 oY () - o Ty’

(o) '(c-a-b) (Re(cm a-b)>

(7)

(8)

(11)

(12)

(14)

(15)
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§ 3. Commentary

[I] Inaprevious paper, the results obtained by the author are derived by the
use of ((z -0 )y , however the results shown in this article, the N- fractional

calculus ((z -0f (z- c)“)y is used

{II] When OQ=0Q(x,B,y)=1, 8§ 1. (2)overlaps Theorem 2 obtained in a

previous paper.[ 11]
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