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Abstract

Applying the coefficient inequalities of functions f(z) belonging to the subclasses
MD(a,8) and N'D(a,8) of certain analytic functions in the open unit disk U, two
subclasses MD*(ax, 8) and N'D*(a, ) are introduced. The object of the present paper
is to derive some convolution properties of functions f(z) in the classes MD*(a, )
and ND*(a, 3).

1 Introduction

Let A be the class of functions f(z) of the form

f(z) = z+§:anzn

n=2

which are analytic in the open unit disk U = {z € C||2| < 1}. Shams, Kulkarni and Ja-
hangiri [4] have studied the subclass SD{«, 8) of A consisting of f(z) which satisfy
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for some a{a > 0) and for some B(0 £ B < 1). The subclass KD(a, 3) is defined by
f(z) € KD(a,B) if and only if zf'(z) € SD(a,8). In view of the classes SD(«,8) and
KD(a, B), we introduce the subclass MD(w, 3) consisting of all functions f(z) € A which
satisfy

zf'(2) zf'(z) _ !
Re(f(z))<a|f(z) 11+ 4 (ze )
for some a(a < 0) and for some (3 > 1). The class N'D(a,f) is also considered as the
subclass of A consisting of all functions f(z) which satisfy zf'(z) € MD(«, 8). We discuss
some properties of functions f(z) belonging to the classes MD(a, ) and N'D(a, 8).

1f
We note if f(z) € MD(a, 3), then, for o < —~1, 2f(z)

{w = u+iv:Re w < ajw— 1]+ B}, that is, part of the complex plane which contains w = 1
and is bounded by the ellipse

(u_a2-ﬁ)z+ o o1

at -1 -1 (a® —1)?

lies in the region G = G(a,f) =

with vertices at the points

=y (=owes) (Br0) ()
a?-1"ve2-1)'\a2-1"v/a?<1) ' \a+1’ /' \a=-1"")"

Since Zif <l« z_f < f3, we have MD(a, 8) C MD(0,5) = M(B). For a = -1, if

i
f(z) € MD(a, ), then z;(;(j) belongs to the region which contains w = 0 and is bounded
by parabola
wo Vo Bt
2(5-1)
",
In the casc of f(2) € ND(a,p), z}‘, (i;) lics in the region which contains w = 0 and is

bounded by the ellipse
_ 2 2 23 __ 12
(u+ﬁ 1) P R ) (@ < —1)

a? -1 a?—1 :(oﬂ«—l)z

with vertices at the points

(1—ﬁ 5-1) (1—5”'5—1 1“54)(5~1 )
a2 -1 F_O{Q—l AUSINE 22 = 1 Na—1 3 at+1 .
B-1 1-4

a1 <0<

lies in the domain which contains w = 0 and is bounded by parabola

< B3, we have N'D(a, 8) C N'D(0,8) = M(B). Aund for o = ~1,

f'(z)

_ v? B-1
ETRE-D T 2
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The classes M(a) and N(«a) were considered by Uralegaddi, Ganigi and Sarangi [3], Nishi-
waki and Owa [1], and Owa and Nishiwaki [2].

2 Coefficient inequalities for the classes MD(«, 3) and
ND(a, B) |

We try to derive sufficient conditions for f(z) which are given by using coefficient inequal-
ities.

Theorem 2.1. If f(z) € A satisfies

Y A{ln—B+1+In=B-1-2a(n~1)}a,| S S-[2- 5|

n=2

Jor some a(a £ 0) and for some G(8 > 1), then f(z) € MD(a,f).

Proof. Let us suppose that

Y {ln-B+1+In-8-1-2a(n-1D}Ha|<p~[2- 4]

n=2

for f(z) € A. It sufficies to show that

UG NNET ORI

(- -1 -2) a1 Gew

<Zf’(2) L HGE) 13 _ ﬂ) . '

f(2) f(2)

We have

2f(z) _|20'(2)
(f(z) I FE) ”l“ﬁ)“ _ |2f/(2) — ae®l2f'(2) ~ F(2)| = BF(2) + £ (2)
(zf'(z) IREiCN 1[ _ ﬁ) 1| PR = aePlzf(z) ~ F)] - BF () - £(2)
) e

2+ Yy nan” — 0| 550 (n — Dan2"| = Bz — B30, 002" + 2+ 37, an2”
ZF Yopmy M0n 2" — €| 300 (n = 1)an2| = B2 — B3, an2" = 2 = 300, an2”

2~ /3) + Z:():Q(n -8B+ l)anz"_l — ae‘wr 2‘7’;2 (n - 1)anzn—1|
-~ Tt~ B~ Dans T ¥ aeh Sy~ D)
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o B+ T I B+ Lllan = 03525 (n = Dl
B =%t in—B—1llan| + o, (n = Dltal

The last expression is bounded above by 1 if

2=+ 3 e Bt Lol a3 = Dlan 5= == Uas = a3~ 1)fad

n=2 n=2 n=2 n=2

which is equivalent to our condition
S {n—B+1]+In—B—1| - 2a(n— 1)}a,} < f - 2 f]
=2

of the theorem. This completes the proof of the theorem. g
By using Theorem2.1, we have

Corollary 2.1. If f(2) € A satisfies

[o ]

Yon{ln-B+1+n-F-1-2a(n—-1)}a|<p-[2- 5|

n=2

for some a{a £ 0) and for some (B > 1), then f(z) € ND(«, 5)

Proof. From f(z) € ND(«, ) if and only if zf'(z) € MD(a, ), replacing a, by na, in
Theorem?2.1, we have the corollary. a

3 Relation for MD*(a, ) and N'D*(e, 3)

By Theorem2.1, the class MD*(a, ) is considered as the subclass of MD(a, ) consisting
of f(z) satisfying

(3.1) Y Aln=B+1+n-B-1]-2a(n- 1)} < B~ [2- 0]

n=2

for some o £ 0) and for some B(8 > 1). The class ND*(«, B) is also considered as the
subclass of A'D(a, 3) consisting of f(z) which satisfy

oc

(3.2) Y n{ln=B+1+In—8-1]-2a(n-1)}a| S B-|2- 5|

n=2

for some a(a £ 0) and for some B(8 > 1). By the coefficient inequalities for the classes
MD*(«, 8) and ND*{(a, 3), we see
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Theorem 3.1. If f(z) € A, then
MD*(ay, 8) C MD* (g, B)

for some a; and ax{a; £ ay L0).

Proof. For oy € ey < 0, we obtain

S {In—B+1+n—B— 1| - 2a5(n — 1)}aa|

n=2

< S {In - B+11+ In— - 1| — 23 (n — 1)}Hal.

n=2
Therefore, if f(z) € MD*(cy, ), then f(z) € MD*(ay,3). Hence we get the required
result. g

By using Theorem3.1, we also have

Corollary 3.1. If f(z) € A, then
ND*(aq, 8) C ND* (e, 5)

for some o and as(a; £ as £ 0).

4 Convolution of the classes MD*(a,3) and ND*(«, §)

For analytic functions f;(z) given by
s o}

fj(’z)=z+§:an,izn (.7:1723 :p)3
n=2

the Hadamard product (or convolution) of fi(z), fa(2),--- , fp(2) is defined by

(fl*f?*"'*fp)(z) = ’+Z (H Gn’j) z".

n=2 \j=1

Thus we have

Theorem 4.1. If fi(z) € MD*(a,B.) and f2(2) € MD*(a, ) for some a(a £ 2 — V/5)
and B, B2 (1 < 1, P2 £ 2), then (fy + fo) € MD*(a, §), where

(B = 1){6 — 1)(2 — )

P = G D -+ a2 —a-F)
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Proof. From (3.1), for f(z) € MD*(e, ) with 1 < 3 £ 2, we have

S {nt1-B)+ (1~ 1 B)~2a(n—D}Han| € 3 {(n+1-F)+ln—1-| ~2a(n—D}a|

n=2 n=2
é 2(/6 - 1)7
that is, if f(z) € MD*(w, ), then
(41) PR
n=2

Conversely, if f(z) satisfies

(4.2) 3 nl - a);_l; Pra i<,
n=2

then f(z) € MD*(a, ). From (4.1), if f;(2) € MD*(a, £1), then

(43) R L
n=2

and also if fo(2) € MD*(e, 3a), then

(4.4 yrlzao ke, g1

n=2

Applying the Shwarz’s inequality, we have the following inequality

{nl-a)-pi+aH{n(l-a)-Frt+a}
(45) n+9 J ,51 _ 1)(,62 - l) lan,luaﬂ,2| § 1

by (4.3) and (4.4). From (4.2) and (4.5), if the following inequality

—~n(l-a)+1-f+a
(49 P
n=2

]an,lnan,zl

\/{n(l— ~pitaln(l—a) - f+a)
m Br—1)(B~ 1)

is satisfied, then we say that f(z) € MD*(a, ). This inequality holds true if

nl—a)+1-pF+a {n(1 —a) =B +a}{n(l —a)— G +a}
4o g-1 Vlemllanal £ \/ B =)= D)

for all n 2 2. Therefore, we have

nl—a)+1-F+a < {n(l-0a)= B +a}{n(l —a) - F+a}
g-1 - (Br—1)(B - 1)

(4.8)
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which is equivalent to

(B = 1)(B = {n(1 — o) + a}

(4.9) ABZ1+mrdx@—n+4mLﬂw—m+aHMLwﬂ—%+w}

for all n 2> 2.

Let G(n) be the right hand side of the last inequality. Then G(n) is decreasing for n 2> 2
for @ £ 2 — /5. Thus G(2) is the maximum of G (n) for a(a £ 2 —+/5). This completes the
proof of the theorem. O

For the functions f(z) belonging to the class N"D*(a, 3}, we also have

Corollary 4.1. If fi(z) € ND*(a, 1) and fo(z) € N'D*(, ) for some o and 1, fa,
(1 < B1,B2 £ 2) then (f1 * f2)(2) € ND*(, 8), where

(61— 1){2 = 1)(2 — a)

S 7§ /g e ey e

By virtue of Theorem4.1, we have the following theorem.

Theorem 4.2. If f; € MD*(o,35) (7 =1,2,---,p) for some a(x < 2~ /5) and gi(1 <
Bi £2), then (fi* fy % - * f,) € MD*(av, B), where

A,
+
Bp - Cpr + Ep

g=1 (b2 2),

A =T, (8 -1)2- o)™, B,=(2- a)p-zmjﬂ(ﬁj - 1),

—2

Cp = 3.@—af (1~ a)", D, = W7 (8~ DIL, ,1(2— o= ),
1

3

3
f

and
E, = (1~ a)p'zﬂﬁzl(Q —a—f3).

Proof. When p = 2, we have

(B =16~ 1){(2 - o) _
Br=—DB=-1D+2—a=5)2—-a-P)

Let us suppose that (f; * --- % f) € MD*(a, ) and fry1 € MD*(a, Bry1), Where

Ay
B, - C.Dy+ E,

B=1+

Bo =1+ (k2 2).
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Using Theorem4.1 and replacing 31 by B and B2 by Bry1, we see that
(Bo = 1)(Brsr — 1)(2 — @)

B =1+
' (Bo = D)(Brir = 1)+ (2 — o= (o) (2 — & — Br41)
=1+ Asis
T By — {Be(2 = a = Be1) + (1 — @)CeDi(2 — @ — Bry1) } + B
=1+ A
Biy1 — {Be(2 — @ — Biq1) + Cf Dra} + Eea
— 14 Apti ’
Biy1 ~ Copi Dy + By
where
k-1
Ch=> - 1-a)™"
m=2
This completes the proof of the Theorem. 0

Finally we have

Corollary 4.2. If f; € ND*(«, ;) (§ =1,2,---,p) for some o and B;(1 < §; £ 2), then
(fis fax- % f,) € ND* (e, 3), where

A,
B, - C;D, +2"1E,

A, = Hz;=1(ﬂj ~1)2~af™, By=(2~ O’)p-ZH?:l (85 = 1),

=1+

(» 2 2),

=2
G, = Z 22— ) (1 — )™, D, = 27 (B - DI, (2~ a = ),
m==1
and |
E,=(1- a)p"2H§21(2 —a— ;).
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