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Convolution properties for certain subclasses of
analytic functions involving Silverman paper

Kyohei Ochiai (Kinki University) and  Shigeyoshi Owa (Kinki University)

1 Introduction
Let A denote the class of functions f(z) of the form

fR) =24 an"

=2

which are analytic in the open unit disk
U={zeCllz| < 1}.

We denote by S the subclass of A consisting of all functions f(z) which are univalent in

U.
Let 8* () be the subclass of A consisting of all functions f(z) which satisfy the following
inequality
zf'(2) }
Re {-—-———— >a (z€l),
oM S

for some @ (0 £ a < 1). A function f(z) € S*{(a) is said to be starlike of order o in
U. Furthermore, let K(«) denote the subclass of A consisting of all functions f(z) which
satisfy the following inequality

Re{1+~z}f%£l}>a (2 €,

for some o (0 £ @ < '1). A function f(z) € K(«) is said to be convex of order « in U.
We note that
f(z) € K{a) < zf'(2) € §*(a).

In 1975, Silverman [1] gave the following coefficient inequalities for the functions in the
classes $*(a) and K(a).

Theorem A. If f(z) € A satisfies the following coefficient inequality

f:(n—-aﬂanlél“a 0£a<l),

n=2

then



‘33
"‘"""—-!()— — z 87
o 1!<1 (zeU,0S <),

that is, that f(z) € S*(a).
Theorem B. If f(z) € A satisfies the following coefficient inequality

-l S1-a 0Sa<),

n=2

then
szl (Z)

<l-a (z€eU,05a<1),
e Febosacy

that is, that f(z) € K(a).
In this paper, we consider a new subclass M{a) of A consisting of functions f(z) such

that
fe) 1
zf'(z) 2«

for some @ (0 < @ < 1). We also introduce and investigate here the subclass N'(a) of A
consisting of functions f(z) which satisfy the following inclusion relationship

zf'(2) € M{a).

1
<oz (ZEU),

20

2 Properties of the classes M(a) and N (o)

Theorem 1 If f(z) € A satisfies
(2.1) ’zf'(z)-—(ufﬂ-(i))‘d—za (z )

7z) f'(z)

for some a (i— Sa< %), then

e oL,
priie 1I<2a 1 (zeU),

therefore, f(z) € M(a).
Corollary 1 If f(z) € A satisfies

2f"(z) _ 221"(2) + 2f"(2))

(2) T )

<1-2a (z€0)

1
for some o (l Sa< 5), then

4
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therefore, f(2) € N(a).

Theorem 2 If f(z) € M{a)

where, 0 Sy<1and0< L1~

Corollary 2 If f(z) € M(e) (% Sac< 1), then

!(ffz))ﬁ’l

<l (z€U)

where 0 < 3 < 1.

where 0 < f S 1.

3 Coefficient inequalities

Theorem 4. If f(z) € A satisfies

= =2
(3.1) o~ alau] £ 5(1 -1 - 20)) = 1
" l-a (35a<])

for some o (0 < o < 1), then f(z) € M(a).
Theorem 5.  If f(z) € A satisfies

e o]

32 Yonln — o)a S 5(1~[1 - 20) 1
=2 l—a (55a<])

I

for some a (0 < a < 1), then f(z) € N(a).
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4 Convolution

Definition If f(z) € A and g(z) € A are given by

f(z) = z+ianz” €A

n=2
and

g(z) =z + anz“ € A

n=2

Then the convolution (f * g)(2) of f(2) and g(z) is given by

(frg)z) =2+ Zanbnz".

n=2

In this section, we define

filz)=24) anis" (j=1,2,3,--)

n=2
and .
g(z) =2+ bapz" (k=1,2,3,--).
n=2
Theorem 6 If f;(z) € M*(qa;) with % Sa; <1 for each j =1,2, then
(fi * fa){2) € M* ()
where

(1 “0{1)(1 — o) .
C-a)2-a) - (1 -a)(1—a)

1
Theorem 7 IffJ(Z) € M*(Olj) with 5 g 0,’3. < 1 fOT‘ each j = 1,2}. s m, then

a=1-—

(fr*fax# fin)(2) € M*(a),

where
"

[Ta-=o)

=1
m e

[[e-a)-T[-o)

=1 j=1

Theorem 8  If gi(z) € N*(oy) with

a=1-—

S ap <1 for each k = 1,2, then

S

(91 % g2)(z) € N*(a),
where _
(1 - Cﬁl)(l - Ofg)

a=1- 22— )2 - ag) — (1 — o)(1 — @)’




Theorem 9

where

Theorem 10

where

Theorem 11

where

Theorem 12

where

Theorem 13

where

1
If gr(2) € N*(og) with 5 Loy <1 foreach k=1,2,3,--- ,m, then

(g1 % go%---xgm)(2) € N*(a),

H(l - O{k)

gm-1 H(‘) — ) H(1 ~ )

If fi(2) € M*{a;) with0 < o £ l for each j = 1,2, then

(f1 % f2)(2) € M*(a)

a=1-—

b2

_ 20.’1(1’2
o + (2 — 011)(2 —ay)

If fi(z) € M*(0;) with 0 < o £ for each j =1,2,3,--- ,m, then

(fux fax T fm)(2) € M (),

Zﬁaj

J=1

HO'J + H(2 a;)

=1

Ifgr(2) e N*(on) with 0 < ap S for each k = 1,2, then

(g1 % g2)(2) E N* (@)

_ 2()!1(1’2
- Q109 +2(2 had al)(2 - a2)'

If gi(2) e N*(og) with 0 < o £ for each k=1,2,3,--- ,m, then

(g1 % g2 %+ % gm)(2) € N¥(a),

39
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Theorem 14  If g;(z) € N*(oy) with % L ap <1 for each k = 1,2, then

(g1 % g2)(2) € M*(a).

where

_ (1 —0a)(1 - o)
42— )2 —ag) — (1 —a1)(1 —og)’

a=1
1
Theorem 15  If gi(z) € N*(ay) with 5 Lo <1 foreachk=1,2,3,---,m, then

(91 % g2 % -+ % gm)(2) € M*(a)

where

: H(l - ak)

k=1

a=1] pon

4m=1 ﬁ(Q — o) = [J(1 - )
k=1

k=1

Theorem 16 If fi(z) € M*(ay) with = < a; < 1, and if g1(z) € N*(B1) with

Do -

1
=< (1 <1, then

Z

(fi*g1)(z) € M(a)

3 (1-a)(1-54) ~
22-a)(2-B1) - (1 —e)(1 - B1)

Theorem 17  If f;i(z) € M*(«a;) with —;— La; <1 foreach j=1,2,3,--+ ,m, and if

where

a=1

gr(z) € N*(Bp) with % < Br< 1 for each k =1,2,3,--- ,p, then

(fr e x frkgr ik gy)(z) € M*(%)

where . ,
ITa-ap]fa -89
=1 k=1
v=1- m ) m P
2[[e-en]]E-8)-T[0-e)[[-5)
Jj=1 k=1 Jj=1 k=1
Theorem 18  If gp(z) € N*(ey) with 0 < oy £ -;— for each k = 1,2, then
(91 % g2)(2) € M*(a),

where
20!1 (872

“= 4(2 - 01)(2 - Q’g) + 61’10’2‘
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Theorem 19  If gu(2) € N*(oq) with 0 < oy, £ 3 for each k =1,2,3,--- ;m, then

(g1 % g2 %+ % gn)(2) € M* (),

where

m
e
k=1

a=— -~ .
Hmﬁ +4m1 H(2 - ap)
k=1

k=1

Theorem 20 If fi(z) € M*(ay) with 0 < ay <

By f -

, and if g1(z) € N*(B;) with
0<pgsg %, then
(f1# 91)(2) € M*(a)

_ 201 5
22— )2 - B1) +aufy

1
Theorem 21  If f;i(z) € M* () with0 < o; £ 5, for each j=1,2,3,--- ,m, and if

where

«

L 1
gr{z) E N*(Br) with 0 < By £ 5 for each k =1,2,3,--- ,p, then

(fir-oxfmrgis % g)(2) € M*(v),

where . )
2]] e I 5
J=1 k=1
7= m 2 m ¥4 *
rl[e-a][e-8)+][x]]5
j=1 k=1 j=1 k=1
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