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Abstract

Two subclasses S(a,t) and T(a,t) are introduced concerning with Sakaguchi
functions in the open unit disk U. Further, by using the coefficient inequalities for
the classes S(a, t) and T{a,t), two subclasses So(«, t) and To{c,t) are defined. The
object of the present paper is to discuss some properties of functions belonging to
the classes Spfa,t) and Tola, t).

1 Introduction

Let A be the class of functions of the form
flz) = z+2anz” (1.1)
n=2

that are analytic in the open unit disk U = {z € C : |2] < 1}. A function f{z) € Ais
said to be in the class S(a,t) if it satisfies

(-0
Re {f(z)_f(tz)} > a, [t|S1,t#1 (1.2)
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for some {0 £ @ < 1) and for all z € U. The class S§(0,—1) was introduced by
Sakaguchi [5]. Therefore, a function f(z) € S{a, —1) is called Sakaguchi function of order
a. Incidentally the class of uniformly starlike functions introduced by Goodman [1] is
following.

USTu{f()eA.R = 710 >0}, (z,{) e Ux U.

As for 8(a,t) and ST, Renning [4] showed the following important result.
Remark 1.1 f(z) € UST ifand only if for every z € U, |t| =1

(1= 1)2f(2)
- ) T

We also denote by 7 (a,t) the subclass of A consisting of all functions f(z) such that
2f'(2) € S{a,t). Recently Cho, Kwon and Owa [2], and , recently, Owa, Sekine and
Yamakawa [3] have discussed some properties for functions f(z) in S(a, 1), T(a, -1).
Now we show some results for functions belonging to the classes S(a,t) and T {a,1).

2 Sy(a,t) and Ty(a,t)

We first prove the following two theorems which are similar to the results of Cho, Kwon
and Owa [2].

Theorem 2.1 If f(z) € A satisfies
Z{]n —tp|+ (1= )us|Han| S1-0, wp=14t++-- +t" (2.1)

for some o (0 £ o < 1), then f(z) € S(a,t).
Proof For Theorem 1, we show that if f(z) satisfies (2.1) then

l(l*t)zf( )
f(z)—f(f)

-l<l-a

Evidently, since

(1 - t)Zf’(Z) —-1= Z+ Zn—2 naﬂznn ] = 2:3:2(”’ = uﬂ)a‘ﬂzn.—l

f(Z) - f(tZ) B z+ Zn—‘z unan” - 1 + Ef:Z Unanzn—l ’

we see that

A -t)zf'(z) _ ' < L=z |7 = Unl|an]
-1 = T- s faallaal
Therefore, if f(z) satisfies (2.1), then we have

l (L —)zf'(z)
f(z) - 1(t2)

This completes the proof of Theorem 2.1.

—1l<1—-a¢
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Theorem 2.2 If f(z) € A satisfies

oo

Y n{fn = ual + (1 = )l Haa £ 1-a (2.2)

n=2
for some a (0 £ a < 1), then f(2) € T{a,t).

Proof Noting that f(2) € T{«,t) if and only if zf'(2) € S(a,t), we can prove Theorem
2.

We now define
So(a,t) = {f(2) € A: f(z) satisfies (2.1)}

and

Tola,t) = {f(2) € A: f(z) satisfies (2.2)}.

In view of the above theorems, we see

Example 2.1 Let us consider a function f(z) given by

fz)=24+(1-a) (éﬁ’}—i}—a—)f + %E%%f) , 0SASL | =]8=1 (2.3)

Then for any t (Jt] £ 1,t # 1), f(2) € So(e,t) C S{a, t).
Example 2.2 Let us consider a function f(z) given by

fl2)=z+(1-a) (%z2+%9§)%23), 0SASL Bl =1dl=1 (24)

Then for any ¢ ([¢| < 1,¢ # 1), £(2) € Tole ) C T{oy t).

3 Coefficient inequalities

Next applying Carathéodry function p(z) defined by
2)=14Y pn" (3.1)
n=1

in U, we discuss the coefficient inequalities for functions f(z) in 8(a,t) and T{w, ).

Theorem 3.1 If f(2) € S(o,t), then

n—1 n—2 n-3

n—1 n—2
lan] < {1 +ﬂ2l J! + g Z Z l“‘a:“;z + 3 Z Z Z fuj, uj, uaal‘
‘ [os] J2>j1 j1=2 V03] js>iz fasis =2 V3 Vi Vs
o ]
een n—2 it Al
rorol] ot &y

where

B=21-0), vo=n-—up (3.2)
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Proof We define the function p(z) by

1 (1—-t)zf'(2) ) d
= L~ =14 pu2" 3.3
v =25 (72705 2 33)
for f(2) € S(a,t). Then p(z) is a Carathéodory function and satisfies
lpal £2 (n 2 1). (3.4)
Since
(1 —t)zf'(z) = (f(z) = f(t2)) (@ + (1 — )p(2)),
we have
[ o] o0 [e9]
z + Z Nap2" = (z + Z unanz“) (1 +(1-a) anz”)
n=2 n=2 n=2
where
Up =1+t 41244t
So we get
1 — /
Ap = o 2 (P1Un—1Gn-1 + PolUn-20n_9 + - + PrnsUtzas + Pn-1) (3.5)

From the equation (3.5), we easily have that

ol = 5= m] < T
=), 2(1 - ) oyl
ol e ol +1) £ 2 (120 - g )

and

N SO N 7 U WUV T
la4lv = |4 — 4 {1+2(1 )<12-u2| +}3-u3])+2 (1-a) |2——u2’[3—u3|}'

Thus, using the mathematical induction, we obtain the inequality (3.1).
Remark 3.1 Equalities in Theorem 3.1 are attended for f(z) given by

zf'(z) _1+(1-2a0)z
fz) - f(t2) -z

Remark 3.2 If we put @ = 0, t = 0in Theorem 3.2, then we have well known result
) €8 = lan| S m

where S*is usual starlike class. And if we put @ = 0, ¢ = —1, then we have the result
due to Sakaguchi [5]
f(z) € STS = |a,] £ 1,
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where ST'S is Sakaguchi function class.

For functions 7 (a,t), similarly we have

Theorem 3.2 If f(z) € T(a,t), then

l jl , n—1 n—2 ]u w0 ] n—1 n-2 n-3 l“ Yy
la“i < { +ﬁz +8 1%31 %51 ,33 1955 %5, st 33
I .iI ng;l le_; ng ng 112_2 Y51 Y52 U33]
n~1 l’u{
+...+I5‘"-*2H,_.3_}, (3.6)
pard 21
where
B=21-qa), vy=n—u,
4 Distortion inequalities
For functions f(z) in the classes So(a, ¢) and To(w, ), we derive
Theorem 4.1 If f(2) € Sy(a,t), then
j , J :
ol =Y laallel” = A1 S AR S J2l + Y lanllz]” + As] 2+ (4.1)
n=2 n=2
where
—a—-3Y - -
Ag — 1 @ Zn:Z{In uﬂ! + (1 a)lun|}la"] (] ; 2)‘ (4-2)

i+ 1= aluj|

Proof From the inequality (2.1}, we know that

f: {In = ua| + (1 = @) fualtlan) S 1= a =Y {In— | + (1 = @) |un|}an]-

n=j+1 n=2

On the other hand
[n = tn| + (1 = @)|ua] 2 n — afun],

and hence n — alu,| is monotonically increasing with respect to n. Thus we deduce
oo k]
G+1-alul) Y leal S1—a = {Ip - us + (1 = @) |ual}anl,
n=j+1 n=2
which implies that Therefore

3 Jaa| € 4;. (43)

n=j+1
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Therefore we have that
J
1F(2)] S 12+ laallz™] + Ajlel™*
n=2

and

IF(2)] 2 12l = Y laallz"] — Ajl2F

n=2

This completes the proof of the theorem.
Similarly we have

Theorem 4.2 If f(z) € To(a,t), then

J

2= 3 fanllz]® = Byl ()] S [2[+ ) laall2]" + Byl

n=2 n=2
and
J J )
1= nlaglla"t = Cilal ™ S IF @ S 1+ Y nlan]lz" + Gyl
n=2 n=2
where
l—a- Zfl:Z n{]n— tn] + (1 — @)|un|}|an] .
B, = 2 2).
j G+ DUT1 - alunl} G22)
and

 _ I_Q_Ziz:2n{|n—unl+(1_a)lunl}la’ﬂl $ > 9
G= J+1—aluj] 22

5 Relation between the classes
By the definitions for the classes Sy{a, t), and Ty(a, t), evidently we have
Solayt) € S(B,8) (0SB Laxl)
and
Tole,1) CTo(B,t) (0SBSa<l).

Let us consider a relation between Sy(f,t) and To(e, ).
1+o
Theorem 5.1 If f(2) € To(w,t), then f(z) € S (T’t)'

Proof Let f(z) € To(e,t). Then, if 3 satisfies

[ = tnl + (1 = Blun| o [0 = un| + (1 — )fun]
- p - -«

(4.4)

(4.6)

(4.7)

(5.1)
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for all n 2 2, then we have that f(z) € &(8,t). From (5.1), we have

(1—a)ln— u,)

<1~ . .
s nin — un| + (1 = a){n — 1)|u,] (5:2)
Furthermore, since for all n 2 2
In — u,) 1 1
: <=-<= .
nin—u,|+ (1 —a)(n—Du,| = n = 2’ (5:3)
we obtain .
4
f(z) € S (T,t) .
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