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ON THE LAPLACE-STIELTJES
TRANSFORMATIONS OF SOME
PROBABILITY DISTRIBUTIONS

& H [Takano Katsuo
A% [[baraki  University]

1 Introduction

It is known in [8] that all of probability distributions with density of normed
product of the Cauchy densities such as

c

f(a‘)b; m) = (az +'J:2)(b2 + ﬂ']z)

, (0<a<b)

are infinitely divisible. But it seems that it is not known whether a prob-
ability distriution with density of normed product of the multidimensional
Cauchy densities is infinitely divisible or not. In this paper we will show the
infinite divisiblity of some probability distributions with density of normed
product of the 3 dimensional Cauchy densities, namely,

C

a,byz) = ’
H68) = ey + e

where ¢ is a normalised constant and
O<a<b; d=3; z= (21,29, 23) e R3.

We assume the dimension d is an odd integer since (d + 1)/2 is an integer,
but it should be noted that the density f(a,b;z) can not be decomposed to
a sum of partial fractions in the same way as in the 1 dimensional case. In
this paper we overcomed this difficulty. A probability distribution function
F(z) is called an infinitely divisible probability distribution if for each integer
n > 1 there is a probability distribution Fy(z) such that

F(z) = (Fy - x F)(z),



(* denotes the convolution.). If & probability distribution function F(z) is 0
on the interval (—oo,0) and infinitely divisible and if we denote the Laplace-
Stieltjes taransforms of the probability distributions F(z) and Fn(z),

()= [T =dF@), Gls)= [ e dm(a),

the equality
{(s) = (Ga(s))"

holds. It is known that the Laplace-Stieltjes transform of an infinitely divis-
ible probability distribution F(z) on [0,00) can be written as follows:

() = axp{ [ (7 = 1)2dK (@)}
where
(1)  K(z) is nondecreasing,
(©2) K(-0)=0,
(3) [ 1/zdK(z) < 0.

An infinitely divisible probability distribution F(z) on [0,c0) satisfies an
integral equation,

/OmtdF(t) = [: Flz —t)dK(t), £ > 0

and in particular if the probability distribution function F(z) on [0, 00) has a
density function f(x), the density funcion f(z) satisfies the following integral
equation:

z f(xz) :Am flz—t)dK(t), z > 0.
(cf. F. Steutel {7])

2 - Normed product of Cauchy densities
"In this section and the following section, assume that

O‘<'a,<b; d=1,38,5 - :w=(31,Z9,  ,Ta) e R%
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Let us consider the following probability density which is consisting of normed
product of the d dimensional Cauchy densities. That is

fla,byz) = @F I£}2)(d+1)/2c(b2 - twlz)(dﬂ)/z’ (1)

where ¢ is a normalised constant. It holds that

T'((d+1)/2)
(a2 T J|2)(@+ 0/

= /Ow exp{—t(a,z -+ mm} , t(d+1)/2—-ldt.

From this we can write the mixture density as the following form

{r(d+1)/2)}*

(a? + |$|2)(d+1)/2(b2 T lmiZ)(dﬁ—l)/z

—{t 2 _ 2t -~ b2
//0£t<oa,0§u<oo exp{~(t +u)la|” ~a u}
(tw) D21 gt gy, )

Therefore we obtain a characteéristic functions in which a normalised constant
is ignored.

{T((d+1)/2)}"
f exp(%z:v)( T )@ ¢ o] )(d+1)/2d

= / / exp{—a*t — b2u} - (tw)EV/ 2 dedy
-Ld exp{izz — (¢t +u)|z|*}dz

= [T TP el (4t +w) - @t - B
() D2 gy, (3)

By a change of variables,
ttu=u, t =t

9= foul om0

-eXp{—at b (v~ )} thW Yy — t) @021 gy
— /0 /22 ex{ | —b%}dv

1
/o exp{(t* - a )vy} LY IR g2y, (4)

we see that



Again, by a change of variable, v = 1/u, we have

ulzl2 2 a2
(4) :/0 exp{——— ! | - T exp{— ——}/ exp{ )y}
.y(d+1)/2—1(1 _ )(d+1)/2 1dy. (5)

We can rewrite f(a,b;z) such as the following form

fla,byz) = /Ooo (7rul)d/2 exp{— u-}du

c7rd/2 (b? — a?)y
d/2+2 PXp{ —.}./{) exp{T}
.y(d+1)/2 Y1 - )(d+1)/2—1dy, (6)

Let us denote

/2 —a?)v
9{d;u) := d/2+2 ~exp{— "}/ exp{ S ) }

ld+D/2— 1(1 _ Q,)(d+1)/2 1du. (M)

The density function g(d;u) is a mixing density of the d dimensional normal
distributions. For the case d = 1 we have

ert/?
g(lju) = W(GXP{ *"} - GXP{—‘—})

For the cases d =3, 5, 7, 9 we obtain

o3/ o 2
9(37 u) = (bg — Cb2)2 {u'}p (FXp{-——J} + EXP{—%—})
zb—zj%ma(exp{“%} - GXP{“%})], (8)
o/2
I e
——@%ﬁi(exp{ —}+ exp{———})
41172

+M(exp{———} - exp{-——})] )
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en?/2 3! a? b2
o(75) = g g (=} F o= )
3. 4! a? b
"W(GXI}{_Z} - GXP{‘“:;})
3. 5lyl/? a? b?
+ (2 = a?)? (GXP{‘*;“} + exp{ ‘J})
6lu3/? a? b?
NCEYRE (exp{——z:} - eXP{"‘,l‘L‘ )}» (10)
. C,ﬂ.Q/Q 4;‘ 0;2 b2
9(9; u) = (bz . a2)5 [ug/g (SXP{_’E} - eXp{"—,J})
4. 5! a? b?
—m(exi’{"g} + eXP{““‘,a‘})
6 - 6lul/? a? b?
+m(€xp{_;} —exp{~—})
4. Tl a? b?
“m(exp{‘“g} +exp{~--})
815/ a? b?
+<b2 _ &2)4 (exp{—~z} - exp{w-{b—})] (11)

For the general dimension d =2/ + 1 ({ = 5,6,...) we obtain a formula
o2
gldu) = m
—1)2=5 (14 )1 (1 2
'2;:0( ) ( ) (

o I+ 14 b
(a? — B2)iudl=s j>(€Xp{*a—}+ (1) exp{—a-}). (12)

3 Laplace-Stieltjes transformations of mixing
densities

Let us denote the Laplace-Stieltjes transformation of the mixing density

g(d;u) by ¢(d;s) and let us take ((d;+0) = 1. We will make use of the
. polar coordinate ‘
s=re’, (—m < <m0 <r).

Then

V5 = fre/? = \/F(cosg + isin g—)
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and 0 < 4/rcosf/2. For the case d = 1 then

¢(L;s) = /Ooo exp{—su}g(l' u)du

cT

— e )( exp{— 2a\/_}—~exp{ —2b4/s}) (13)

For the case d = 3 we have

(B5) = gl G exe(~2av5) + fexp{-2v5))
—m(ﬂp{—%ﬁ} - eXP{—Zb\/g})}: (14)
and for the case d = 5 we have

end

¢(5;8) = (m[%(%exp{—2a\/§}~%exp{—-Zb\/E})

_(b—2%3_)m(exp{ —20+/3} + exp{~ Zb\/_ }

4!

e -2 ] —
+(bz a2)? s(a exp{—2ay/s}(1 + 2@\/5
—b exp{—2by/s}(1 + 26\/-)} (15)
Making use of the formula
1.1, /= 22 dt
K,(z) = —2—(52) /0 exp{—t — prifvest (16)

we obtain a Laplace-Stieltjes transformation for the general case,
T e (R N (AW
¢ld;s) = {( b2 — g2)+1 EJ:O (bé _a2)j (3)23 2.

Ky-1y1/2(20/5) Ki-1y+1/2(26/5)
2j-144(j-1)+1/2 I+144725-1 D {5-134+1/2
{a” Gayap-mm T foan

where (n+ .
ri{n —r)l(22) (18)

T
Kusijal2) = ()7 exp{ -2} 20

(cf. G. Watson [10}).
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4 Laplace-Stieltjes transformations without ze-
ros on the right half plane except for the
origin

In this section we will show that some 3 dimensional probability distributions
.are infinitely divisible. For the case d = 3 we obtained the Laplace-Stieltjes
transformation

¢(3;8) = c;{(bz — az)(% exp{—2a+/s} + %—exp{—Zb\/s-})
——j—g(exp{—Qa\/E} - exp{—2b\/§})},.
where we let ¢; = cm?/(b? — a2)3. From the above we have
¢'(8;8) = —cl\/__{ (b* — a®)(exp{—2a+/5} + exp{—2b+/5})
——2——(a exp{—2a+/s} — b exp{—2b4/5})

\/S
1
2 (exp{~20y5} - exp{-2V/})}. (19)
On a neighborhood at the origin the function ¢(3; s) does not vanish. In fact,

we have

3 8) = er{ (8~ o) (2~ 2aya + 22V oot
(1 205 + ZV (Zbﬂ £ 0(s%2)))

Cr‘}k—‘

((1—2a\f +(“a2{) (2‘:‘;’()3 +0(s2))

(- 26f+(2b;{_> (Zbg,m +0(s2)}

(b+a)?
ab

5

= a{(b-a)( —4)

LB - aD)(a+b) — %(53 - a%)s +0(s2)} (20)

and see that ((3;s) # 0 at a neighborhood of the origin since 4ab < (a + b)2.
From the calculation of the following

(3) = = {(0* - o)1 - 20v5 + E g



—b(1 — 2by/5 + ———(2”2‘{5)2 +0(s42))

_é((l — 2a+/5 + (2‘1\/5)2 . (2@\/5)3 +0(52))

2 ]
—(1 — 2b/s + (%f)z - (%f)a + 0(s2)))}
_ -cl{—g-(b — a)® 4 0(s1%)} (21)

we see that ¢’(3; s) is bounded at a neighborhood of the origin.
Theorem 1. Assume that an inequality
0<b® —ba—ba®—a’

holds. Then the Laplace-Stieltjes transformation (3;s) does not vanish on
the right half complez plane except for the origin.

Proof. Let us denote /s by z. Let us denote
p(z) = {(3; 5)v/s exp{2av/s}/{c1}
= (b®— ag)(% + %exp{w2(b —a)z})z + 2(exp{—2(b — a)z} — 1).(22)

We will show that Op(z) # 0 on the right half plane except for the origin.
Making use of the polar coordinate

z=rexp{it} =rcost +rsint, (0<t<7/2)
we see that
p(rexp{it})
= (b~ a2)(% + —i—exp{—Z(b —a){rcost + irsint)})
(rcost +irsint)
+2(exp{—2(b — a)(rcost +irsint)} — 1)
= (b* - az)(% + %exp{—2(b — a)rcost} cos(2(b — a)rsint)
——z% exp{—2(b — a)r cost} sin(2(b — a)rsint))(r cost + irsint)

+2(exp{—2(b — a)r cost} cos(2(b — a)rsint) — 1
—iexp{—2(b— a)rcost}sin(2(b — a)rsint)). (23)
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Let us denote
Sp(rexp{it})
1

T R 18

= (b*—a )aTsmt
+(8* — az)% exp{—2(b — a)r cost} cos(2(b — a)rsint)rsint
— (% - ag)—z exp{—2(b — a)r cost} sin(2(b — a)rsint)rcost
—2exp{—2(b — a)r cost}sin(2(b — a)rsint). (24)

When ¢ = 0 the Laplace transformation ((3;s) is positive. We take 0 < ¢ <
/2. We see that

Sp(rexp{it})
1 1
= (b~ a?')afr sint — (b — a2)gr sint exp{—2(b— a)rcost}

rsint

+exp{—2(b — a)r cost}[2(4* ~ a%) cos?((b — a)rsint)

T CosSt

b
= exp{—-Z(b ~ a)rcost}2(b® - a2)T st

~2{(b* — o?)

+ 2} cos({b — a)rsint) sin((b — a)rsint)]

[cos((b — a)rsint)

b? — a®)rcost +2b _ _ -
- 2(p? —~) a?)rsint sin((b - a)rsint)]* + R, (25)

where we let

L 1
R = (b*~ ag)ar sint — (5% — a2)grsint exp{—2(b — a)r cost}

—exp{—2(b — a)r cost}2(b* — az)rs;nt
b? —a? t+2b
(G areost 43 b ) sin) (26)

2(b% — a?)rsint
We see that
2 2 L. 2 2 I
R > (*-a )Ersmt ~ % —a )grsmt exp{—2(b — a)r cost}
—exp{—2(b ~ a)r cost}2(b* — a?)
[(62 —a¥)rcost + 2b]2
2(b + a)

rsint
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= (b® — a®)rsint exp{—2(b — a)r cost}

1
{‘—m((bz - (12)']" cost + 2b)2

+%exp{2(b —ajrcost} — %]
= (1* —a®)rsint exp{—2(b— a)rcost}
1 1
= ((b® = a®)r cost oz
| B0+ o) (( a“)r cost + 2b) ;

2 b'_ 5 L‘Z - 2 2 zt
(1+ ( c;l)rcos +4(b a)Z?r cos )

(exp{2(b —a)r cost}

2(b—a)rcost  4(b — a)’r? cos?t
st Mb-aresty )

+

+

Ql—Q e

-1 -

From the last member of the above equality we see that
1

L 2 2 _ 2
W((b a )TCOSt+2b) g
1 2(b — a)rcost  4(b— a)*r?cos®t
LA T G—
B -ba-bd® -4 N 2(b— a)bwcost
- ba(b + a)? a(b+ a)

(b-a)’b—a) o
3ha 7% cos” L. (28)

Therefore under the condition
0 < B — b¥g — ba?® - a®

we see that R > 0 ifsint is positive and r > 0 and see that Sp(r exp{it}) > 0,
and we conclude that ((3;s) does not vanish on the right half complex plane
except for the origin. g.e.d.

Theorem 2. Assume that the inequality
0 < b®—bPa—ba® —d®

holds. Then the probability distribution with density function g(3;u) is in-
finitely divisible and the probability distribution with density function f(a,b; x)
is infinitely divisible.
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Proof. By Theorem 1 the Laplace-Stieltjes transformatiom ¢ (3; 5) does not
vanish on the right half plane except for the origin and we have

{'(3)
) C({3 . 3) P , PO
G ><-%”+b%ﬁrﬁ%w%ﬁ~w%ﬁn
- %{ J(1 4 e~20-2V5) _ %(a _ pem20-a)3)
‘é(l _ g-2maviy]
{0 = ) o) = - (a0)

From the above we will calculate the inverse Laplace transform,

k(t) = lim — / RS ALC L P (30)

Rvoo 2714 Jg—iRy ¢(3;5)

(0 <&, 0<t, Ry = Rcose).

By the Cauchy theorem
[ #(z1dz = o,

g
we obtain the following integral in such as a way in the figure after references.

1 ¢'(3;5)

Er_’ifA—nB ( ) ( - )ds
IS N I (3s)
B ‘27m'/BAC' ( UC(S;S)CLS 27m/cr~De( )( )

IR N 1) S S BN G C )
271@'/13—;@'( l)C(B;S)db 27T’ZI/GAH = ) )ds

(3
b sy S Bis) 1 NG
omi Juop© ( 1>C 3;8) s %ﬁynpet (=1) ¢(3;s) ds

1 ts CI )
—é—ﬂ/pm/&e (—1)C(3;$) ds. (31)
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(a) The contour integral along the curve B —~ C :
'(3; s)

ts 1 C(
S & D 4

™ &0 1 —9(b—a i9/2
s

De~10/2 i6/2 e~ N
_ (a— be—2(b—a)\/ﬁe ) - —(1-— o~ 2(b—a)vRe )}
VR R
H = at)(g + et
a
26_19/2 b}/ Bei0/2 ;
v/ (1 — e 2= VRS ] Retidp (32)
We see that
08—y s e
2ei0/2 NGk g% VERei/2
_ (a _ be—Z(b—a) Re ) . _(1 _ 6-2(b—a) Re )}
VR R
[{(8 = )+ e vE
a
2¢1/2 [T ei0/2
Y (1— e tb-a)vihe )H < K (constant) (33)

for sufficiently large R and we obtain

// |6tRew\/Eew/2|Kd9
7/2—¢

/2 £ e
<K/ etReosd [Rag < Ket S5 0 34
- w/2—e ¢ v/ Rsine (34)

as R — oo.
(b) The contour integral along the curve C ~ D : On the interval 7/2 < § <
T we see that

(-t s ooy

2e—/2 JRei/2 g~ Ny
- ( be—2(b— a)VRe ) _ __(1 . e—-2(b—a) Re )}
VR R
/{ bZ _ CL l + 16-2(6—0,)\/_? 9/2)
b
%2e —i8/2

75 (1- e"z(b"“)‘/ﬁ"'wlz)}t < K (constant) (35)



for sufficiently large R an by the inequality 0 < 26/ < sin6 for 0 < 6 < /2
we obtain

[ jeme /R K as
/2

S K " etRcosS\/Rdg
/2

/2 )
— Kf e—d:Rst\/RdG

0
w/2
< & [ cmrm /R
0
v s
- Ki——_ —2tR8 [w RW/QZK 1— —tR =0 36
as B — oo.
¢) The contour integral along the curve D — G : We see that
g

ts CJ(S;S) .
/D—)Ge (_l)C(S;s) s

+7r : 1 .
o tpei® 2 2 «—Z(b-—-a.) 17/ 2
o _[{-R © [\/pe'm/Q{(b a )(l—i'e VP )

—im/2 —¢m .
2 0oy T oty
VP P
1 1 ;
2 2yt ot 2b-a)pet™/?
J{(R = a?) (= + e )
ze—iw/2
P
R, 2 2 ~2(b—a)\/pi
_ / e [{ (12 — a¥)(1 + e H-VFY)
% , )
+_\;’__ﬁ_(a_ be—?(b—a)\/ﬁz) 4+ %(1 _ e—-?(b——a)\/ﬁz)} |

o oyl 1 ap-ayym
{ —a)(-+ e 7

(1- e—z(b—a)\/ﬁe""/z.)}] e dp

P (1 v _d\/% (37)

(d) The contour integral along the small circle G ~ H :

ot [ ¢'(3;5) o
/G»-\H (I)C(B;S)d




— - 1 —2a i8/2 - reif/2
= [ e ({0 - e ey
e—18/2
7

—if
e”" _ i9/2 _ 6/2
(6 2a+/Te —c 2b\/7e )}

(ae—Za\/’r'ei”/") _ be—?bﬁewﬂ)

T
1 i 1 i
R e R =

2 R
€ (6_26“/;6 8/2 _ e—?b\/-'Fe Wz)}}r@“”idg (38)

T
—+ 0 as r — 0 since the absolute value of the integrand of the above integral

tends to zero from (20) and (21) as r tends to zero.
(e) The contour integral along the curve H — F : We see that

'(3;s)
ts -1 C( 3
/H——)Ee ( )C(S;s) as
R . 1 »
— tpe™*" | __ 2 _ 2 __,2(b__a)\/'-e w2
- '/T . [\/ﬁe-”ﬂ{(b o’)(1+e ! )

287',7\'/2

VP

e+’£7f

(a — be~20-a)pe"/2

- — ewi‘l:/Z
p (1—e 2(b-a)\/p )}

1 1 —
2 oyt b _o(p—a) pein?
HE = ah) (= + ze2Cmvr™)
zefiwﬂ
VP
R .
- / e—tp{{(b2_GZ)(1+C+2(b—a)\/§z>
2 . 1 .
— (g - be+2(b—a)\/§z + 21— e+2(b—a)\/ﬁz
& )+ 3 )}
1 1 ,
2 _ 2\ T A2(b-a) /Bl
@ = et + 5 )
2t : 1 dp
-1 +2(b~a),/Ft ) ) 39
N )}] i (39)

The function ('(3;s)/¢(3;s) is symmetric with respect to the real axis and
the integrals along the curves £ ~ F and F ~ A tend to zero as R — oo.
Erom the above integrals we obtain

k(t)

(1 _ e—2(b—a)\/5ef"”/2)}}e—ifrdp
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i

. 1 (R _tp 2 2 ~2(b—a) /P
ki e [ [ - e

21 < 1 ,
_}_____ a— b —2(b—,—,a)\/ﬁz + - . —2(b—a),/ii@)
\/ﬁ( ) p( }
1 .
b2 _ a + 6—2(!7 a)y/Pi + 1— e—2(b—a)‘/§z
/{( ; %) ﬁ< )}
+{ b2 (1 4 e+2(b-—a)"/ﬁz)
21 1 )
______(a be+2(b~—a)\/_z) _( _ e+2(b~a)\/ﬁi)}
VP p
/{(bz _ a2)(l + £e+2(b*a)\/ﬁi> _ _2_7;_<1 _ 6+2(b—a.)\[ﬁi)}] ﬂp_ (40)
a'b Vi RV

Let us denote the above k(t) by

+o0
k{t 2/ Le“’f”Ndp,
+0 2w D ./p

We see that
N = R[{(#F —a®)(1 + eV
L2 21 (a be—-z(b—a)\/'z) p( e—Z(b-a)\/ﬁi)}
--{(62 _ a2)(_1_ + £e+2(b——a)\/’,5é) B _21_(1 _ e+2(b~a)\/ﬁi)}
a b N

+{ bZ (1 + 6+2(b-—a)ﬁz)
2 1 ;
—(CL - be+2(b—a)\/ﬁz + 21— gH2(b—a)y/pi
VP ) p(- )}

2 oyl 1 speaymy , 2 —2o-alyp

{* ~a )=+ 5e™ ’f)+%(1"e Ho-vr )
= 2{{((;2 a®)(1 + 605(2(5 — a)\/p))

2b
_ﬁ&n( 2(b - a)\/—"r (1 - 008(2(b - G,)\/ﬁ)}
_{(bg 4 )(21,: v _16005(2(5 ~a)\/p)) - %Sin@(b — a)\/f_’)}
—{~(¥* - a*)sin(2(b - a)/p)

2 - '
+7ﬁ(a —beos(2(b— a)/p)) + %sin(Z(b - a)\/ﬁ)}
{8~ )7 sin(2(6 - a)/7) - ““j%(l - cos(2(b — o)) - (41



Let us denote ,/p by y in these calculations. By the calculation we obtain
the following form,
1

1 . 2 .
b2_ A T a=2b-a)yiy _ 21 20—a)y
( a,)<a+be )- e )}

{(52 ( + 26+2(b a)yz) + __2__(1 - 8+2(b-—a)yz’)}

yi
1 1 2
= SlE*-a N+ g e con2s — Al

D =

"

+8(1 — cos2(b — a)y) — 4(p* - az)(% + %)y ;sin2(b — a)y} . (42)

We see that the denominator D is always positive, i.e., by (27) and (28) we

obtain
(- =y <o (5

We see that the numerator N is always nonnegative. In fact, we obtain

N = —{2(& +6)*((a by cos((b — a)y) +sin((b~a)y))’}.  (44)

From the above D and N we see that the value of the integral

K = Ow 2175 gj‘j‘ (45)

is positive for all positive ¢. By the fact that |N/D| < K (constant) we obtain

that
/100%;“ f{/ s 7”“"2\/‘/ e <

1 odt
/ it < / {f 7" \Td’o}d 2\/‘ {7z =
Therefore we see that the probability distribution with density function
9(3 : u) is infinitely divisible under the condition and the probability distri-
bution with density function of normed product of the 3 dimensional Cauchy
densities is infinitely divisible under the condition since it is the variance
mixture density of the normal distributions. g.e.d.
If a =1 and b =2 the condition is satisfied. In fact, we have

v~ bl —ba?—a® =1,

and it is seen that the probability distribution with density f(1,2;z) is in-
finitely divisible.
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