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A topic of nonlinear Schrodinger equation
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1 Introduction

We consider a wave function defined by the following Fourier transformation

U (2,1) =/

oo

Sm UC) ei{km~w(k)t}dk’

where i = /=1, k is a frequency number, Sy, (k) is a spectrum function and w (k) is
an angular frequency. From the definition we can see that u., (z,t) is a mixture of some
waves with different frequencies each other on some bandwidth controlled by the spectrum
function S, (k). When S, (k) is a delta function 6, (-) concentrated on a frequency k¢
the wave function u,, (z,t) is called the (purely) monochromatic wave v, (z,1), i.e.

&0 .
us (o,8) = [ 8, (k) O g

= cos {koz — w (k) t} + isin {koz — w (k) t}.

On the other hand wu,, (,t) is called a nearly monochromatic wave function if Sy, (k) is
a unimodal function with a small compact support. As to some application of nearly
monochromatic waves, see for example [6]. In this note we focus on the envelope function

defined by
U (3,1)

A=
and show that the envelope function A,, {z,t) satisfies Schrodinger equation under some
conditions for the spectrum function S,, (k) and the angular function w (k). Furthermore
we deal with the cases when the spectrum function is a bimodal function S, (k) with a
compact support which constructs a bichromatic wave function u, (z,t) and the angular
frequency is a two dimensional function w (k,-), respectively. In these cases we show
that the envelope function satisfies a kind of nonlinear Schrédinger equation under some
conditions for the spectrum function and the angular function. As for the details of
the nearly monochromatic waves, see e.g. [5]. Further, for more applications of nearly

monochromatic waves and bichromatic waves, see [1]-[6].
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2 Profile of nearly monochromatic waves

For analyzing the envelope function A,, (z,t) we first introduce a profile of un, (z,t) which
means an approximation of u,, (z,t) by replacing w (k) or w (k,-) with the Taylor expan-

sion of them as following.

Definition 1 Suppose that an angular function w (k) € C™ can be represented by

& w7 (ko)

w(k) =3

1
=0 I

(k= ko)’

from the Taylor ezpansion. The nth order profile of the envelope function of nearly

monochromatic wave defined by

i{ka:—zﬂj %—)(k—kg)jt}
Sm (k) e i=0

A (x’t)’: & uy (7, t)

where K is a compact support of Sp, (k).

Theorem 1 The second order profile flfn (z,t) satisfies the linear Schrrmédinger equa-

tion,

-+ Tw” (ko) —Tmr 0.

{042 (z,1)
¢ 2! oz?

o 842 (z,t)) 1 A2 (z,1)
ot ' (ko) ox

3 Bichromatic waves and nearly bichromatic waves

Put Sy (k) = i’w—@—;ﬁi@ for some frequencies kg and k; with |k; — ko] = O(A) for

sufficiently small positive constant A. Then the (purely) bichromatic wave is defined by

us (z,t) = fw Sy (k) gitka—wikitl gp — % [ei{k"‘”_“’(k")t} + ei{klm"“’(k”t}] .

Furthermore let Sy (k) be a bimodal spectrum function with a compact support K and
suppose that the length of the support is |K| = O (A). Let u, (z, t) be a nearly bichromatic
wave defined by

up (x, 1) = fK S, (k) eithe—e(08 g

and A (z,t) be the envelope function of u; (z,t) defined by

up (2, 1)

Ay (z,t) = w (=, t) .
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Furthermore A7 (z,t) is the n-th order profile of A, (x,t) defined by

LS e {k:c EO—-”—)Q‘-O-(k Ic)’t}
. Iz S =
- Uz (36,75)

Theorem 2 The second order profile of the envelope function of nearly bichromatic waves
flg (z,t) satisfies the following Ginzburg-Landau type equation,

A2 ig{z,t) A2
_8_{138(_:_’}_)_ + {wr (ko) + (kl _ kg) wlr (ko) € } aAb (.’E,t)

1 + etg(@st) ox
t AL (2,1) | & (ki ko) () elgl@t)
= Ew ( 0) 52 + Z n!—“‘w (k) mz‘lb (x,t),

n=3

where

g (@,1) = (kr — ko) — {(/cI ~ ko)a! (ko) + % (s — )" (ko) + - .}t_

4 Nearly monochromatic waves with w (£, ¢)

We next consider the wave equation given by

(z,1) / S, (k) e{kawlklAn@nl)t} gp
where w (£, <) is a two dimensional angular frequency function and
N U (2, )
A _ Um 4,
m (mj ) Uy (!E, t)

is the envelope function of 4, (z,t). Since the above equation is a kind of an integral
equation and it is difficult to obtain its exact solution, we give a relation between the

integral equation and nonlinear Schrédiger equation to investigate the solution.

Theorem 3 Assume the following conditions.
(1) A >0 s small enough.
(2) All partial derivatives of w (£,<) less than third degree are uniformly bounded in

a neighborhood of (ko,0}.
(8) S (k) is bounded and its bound is independent of .
Then we have for 0 <t < Const. A, as A = 0

(04, (z,1) m (T, 1) P A (z,1)
{—az““ or 0 220 Sy P00

—we (ky,0) 1Am (z, t)’zflm (z,t) =0 (A4) .
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5 Nearly bichromatic waves with w (<)

We next consider the wave equation

'&b (37, t) — /;( Sb (k’) ez’{}cm——w(k,iz‘ib(m,t)I)t}dk’

where A (z,1) is the envelope function of i (z,¢) defined by

_ Up (l‘,t)

Ab (ZL’, t) = " (ZIZ, t) .

Similarly to Ap, (z,1), the above wave equation means an integral equation and it is
difficult to obtain the exact solution. From the next theorem we can see the exact equation

as the solution of nonlinear Schrédinger equation.

Theorem 4 Assume all assumptions of Theorem 8. If |ky — ko| = O (A?), then A, (z,t)
satisfies the same nonlinear Schrodinger equation in Theorem 3,

[ 04, (z,1) 8A, (z,8)) 1 Ay (x,1)
{_—5{— + g (b, 0) =57 1 + e (o) g —

e (o, 0) | A (2,1)] Ay (2,8) = O (&%),

for0 <t < Const. A, as A — 0.

Theorem 5 Assume all assumptions of Theorem 3. If |k, — ko| = O (A), then Ay (z,1)

satisfies the following nonlinear Schrodinger equation,

[ 04, (z,%) 1 DAy (x,1
1 {T + <w§ (kO,O) -+ §w§£ (ko,O) ikl bl I’CQ!) -——%(E——‘)‘}
1 P4, (z,t . 2 .
+iw§§ (Iﬂo) _——8%2_-) — We (k‘o, 0) {Ab (Z,t)’ Ab (il],t) =0 (A4) 5

for 0 <t < Const.A, as A — 0.
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