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1 Introduction.

1.1 Notation. FE$IX affine Lie algebra ICHT A AN R EL LD TE
Z 5 (affine Lie algebra 12889 2 A2 FIH I Kac] 2RI,

g : nontwisted affine Lie algebra of type ADFE over Q,’

b C g : Cartan subalgebra,

I={0,1,..., ¢} : index set of simple root,

v = {h]-}jg C b : simple coroots, II = {e; }jel C b* : simple roots,
¢ =2 ic;0/h; € b : canonical central element, ¢ € b* : null root,

{A; }j <7 © b* : fundamental weights,

P C b* : integral weight lattice,

r; € GL(h*) : simple reflection with respect to o,

W = (r; | i€ I) C GL(B*) : Weyl group of g,

U,(g) : quantum affine algebra g, with the degree operator,
U,(g) : quantum affine algebraq, without the degree operator.

1.2 Littelmann’s path crystal. Path &I, KOBICER CEEELR S ~
0,1] = b* T, 7(0) = 0 1> (1) € P #WrETLOO L THD. =T
0,1] == {t € Q|0 <t <1} BUFTEIHK S D%, Lakshmibai-Seshadri path
(LS path &B&9) LIF{IN D path ETH 5; shape A € P ® LS path &,
b OMEEWIVLREEHIT, WA OROF v : v, 1, ..., v, EEBREOFH
0:0=0y<01<03< <o, =10 (y;0) TEES path ThH D (#
13 §2.1 #28). B()) % shape A @ LS path £DESE L4353, B()\) 1213, root

R [NS4] CHE LRI, TNTO affine Lie algebra =5t LT® HOTHBN, 22Tk
RS EMEIZT 27202 symmetric 2 b DOEIT2ES = L1045,
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operators e;, f;, j € I, Z BT, BRI crystal DIBEBAD ZLHHHR T
%. (root operator DERIL §2.2 BFE. 7=, crystal £\ Tl [HK, §4.5] 72 &
EZRINEN)

1.3 What is the crystal B(\)? Affine Lie algebra O integral weight I3,
canonical central element ¢ € h & ? pairing DEIZ & > T, positive level D o,
negative level Dt D, £ LT, level-zero D DD IFBHEIZHIEE NS

P={AeP|Xc)>01u{reP|XNc)=0}u{re P|A{c) <0}.
(1) pbsi‘trive level (2) le\‘r;l-zero (3) n;trive level

A %3 positive level (resp., level-zero, negative level) T %725, W I21 dominant
integral weight (resp., level-zero dominant integral weight, antidominant integral
weight) BHE—2FENTVE L LIZERBL LY. 22T, A € P A level-zero
dominant TH 3 &g, '

Ac) =0, Alh;) € Zzg  for every j € I := I\ {0}

THDEEIINI. ,

LS path ODE&ENS, fEED w e W ITH LTB(w)) =B(\) &3 2 NE5
I247°% (Remark 2.1.6 BB). E TR~z L L E4bES &, B(\) @ crystal &
LTOEBEZRETI VOB, Ae P A

(1) dominant integral weight,

(2) level-zero dominant integral weight, ¥ 7213,

(3) antidominant integral weight
DHLICELTEN T b WIS, 2D 55, (1) dominant (resp., (3) antidom-
inant) MFAIT-OVTIE, B(A) iE highest (resp. lowest) weight A @ integrable
highest (resp. lowest) weight U,{g)-module ® crystal base &, crystal & LT, [&
BCR25 2 &8mb T35 ([J, Corollary 6.4.27) % [Kasl, Theorem 4.1] %%
B). £ Z CHEILZR DD,

Q. A€ P 7 level-zero dominant @ & &, shape A @ LS path &0
729 crystal B(A) 1IZ2ED & 572 crystal THA 502

&T, level-zero fundamental weight w;, i € [, = I \ {0}, &

w; = AZ — a;/AO
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TEET 5. Fxld, 3, %3C [NS1], NS2 IZBYVT, A = mwi, m € Zg, i € I,
DEERIZ, B(A) @ crystal & LTOREZF, 240 extremal weight U,(g)-
module @ crystal base & FETHZ L EFTFLE (BF7 7 4 8D extremal
weight module Iz 2\ Tix [Kas2] 2B INV). 0%, B INS4] iz,
A B—fRD level-zero dominant MDIEE T B(A) @ crystal structure Z&®RE$ 3 =
EWCEZ Lic. ARBRBLL, BT [NS4] TR LN EEDERTH S

2 Littelmann’s path crystal.

SDET a2 T, Littelmann 12k - TEA X7+ path crystal IZoW\CEE
T 5. BRI, [L1) R0 [L2] 2 8 BBE i,

2.1 Lakshmibai-Seshadri paths. Path &3, RN CER 2 58 7
0,1 = b* T, 7(0) = 0 »> 7(l) € P ZWMEeT OO L ThHE. T T
01]={teQ|0<t<1) Th3. ¥ Ttris YT, LT Tk > -
& 1272 % Lakshmibai-Seshadri path I2-5\ CEEI4 3 (see [L2, §4]).

Definition 2.1.1. 7 = (v; o) % integral weight DFly v, 1y, ..., v, & BHEH
DHg:0=09g<o1< - <o,=1DEEF 5. 7= (v; o) KT ORSMICK
BTERREE |0, 1] = b* xS,

u—1

7(t) = Z(aur — w1 )V +(t— 0y )1, for Ou-1 St <0y, 1 <u<s (2.1.1)

u/=1

AT, Ae P 2EET 5.

- Definition 2.1.2. y, v € WA IKXfL T, UTORMEZEZ 72T WA OFOF] 4 =

Yo, V1, ..., e = v & positive real root MOF ¢, §or o G BPIFETBLE >
EEDD: 1=1,2, ... kg LT v =rg(ne1) 2y 4(€Y) < 0 BRI T 5.
< =T, positive real root & CXFLT, re 13 € 12T 3 reflection %58 L, &Y ik ¢
7@ dual root ZRT. p>v ThHB L &, dist(u,v) TEDEBEELEFFID 5 15354
BOVODORES k2% Licd 3,

Definition 2.1.3. 0 < 0 < 1 25 5% - Li, vEWAN p>v 2ELTVE
ET B, (p,v) XT3 o-chain I, BUTD (1) £7203 (2) 2874 WA O5xnm
Slp=u>un> >u=v0rrThH5:

(D) p=w=v(Thbb k= 0),
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@ k>1Cho,1=12. . kiZHLT, dstus,u) =1, B2, u(&)) €
0 Vo BERSIT D, ZIZT, & 1E y = rg(vo1) BTG HE— DD positive real
root ThH5 (v_y > v, BL, dist(vi-g, 1) =1 ITHEE).

EC, n=(v; 0) &, LFOLEME (LS) &My, WA OFTDFlyv i, 1e, ..., Vs
LEBEOFlg:0=0g <0 < <o, =1DfEELIS:

(LS) T_TDu=1,2...,8= 112V T (Vy, Yuy1) 29D 0y
chain BEET 5. :

Lemma 2.1.4 ([L2, Lemma 4.5a)}). %/ (LS) &M d 7 = (v;0) IKXHLT
(2.1.1) CEE ZEAWICHT CERLRER: 0,1 » 9 2BX5 L, x(0) =02
S (1) e P &ied. Thbb, v id path £725.

Definition 2.1.5. &t (LS) 79 m = (v; o) KR LT (2.1.1) TEE?
path 7 : [0,1] = b* %, shape A ® Lakshmibai-Seshadri path (LS path &
) LEES. B()) T shape X @ LS path FDEEEZRT.

Remark 2.1.6. LS path OEENLUTOI L BERILHND: MEEDO AP
L weW IR LT, B(A) =B(wA) ALY 5.

2.2 Root operators. %1%, (raising) root operator ¢;, j € I, DEREEE
LED. 7eB\) & jel THLT,

HA(t) = (n())(hy) for te (0,1,  m] =min{H(t)|te[0,1}},

B bL,mi> -1 ThHiL, em =0 LEDHD. ZIT, 01 B\ I2g8Eh
720\ symbol T 2. mf < -1 DHEIL,

w(t) if 0<t<t,
(em)(8) = { w(to) + r(m(t) — 7o) if to SE<t,
w(t) + o if i <t<1,

EEDBDH. ZIT,
t; .= min{t € [0, 1] | HI () = mJ},

to == max{t' € [0,4,] | H(£) > m] + 1 for all t € [0,¢]}.
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iz, (lowering) root operator fj, j € I, 7248, Hf (1) —m] <1 DOBEL, fim =10
LED, HT (1) —m] > 1 OHEE, |

(t) if 0 <t <ty
(fim)(t) = < 7wlto) +ri(w(t) — wlty)) if Lo St <ty
7(t) — o if t; <t <1,

LEDD. ZIT,

to :=max{t € [0,1] | HF () = m]},

ty = min{t’ € [to, 1] | HF (t) >m] +1 forall t € [t/, 11}
Theorem 2.2.1 ([L2, §2,84]). £&® 7 € B(X) & j € [ LT ¢, fym €
BA)U{8} &5, SbIC

wi{m) == n(1) for € B(A),
gi(m) :=max{n > 0| efm # 6} for m € B(A) and j €1,
p;(m) ==max{n > 0| fim # 0} for m e B()\) and j €1,

EEDB E, BN 1 (P % weight lattice &3 %) crystal & 725 (crystal {22V T
3 [HK, §4.5] 2 B8).

2.3 B()\) @ crystal graph. Crystal 235 2 bivic & &, crystal graph & 33
% I-colored oriented graph 23 £ 2 (see [HK, pp.67 ~ 68]).

Definition 2.3.1. B(\) ® crystal graph IZLATFO X S IZEZES D I-colored
oriented graph THh %: TEADOEENL B(A), RHIOEE G

rh o ifandonlyif fir=x  (jel).

3 IR

3.1 B()\) ® connected component [Z2WT. %7, level-zero dominant 72
A€ Picxt LT, B()\) @ crystal graph i< connected component 23 ED < HWNH
B, £72, @ connected component F TR ED L 5 RBRIZHDIDEEND.
T, UTOZLICEETS.

Remark 3.1.1 ([NS4, §3.1]). Level-zero dominant integral weight A X, A =
Sier, Miwi + 18 (my € Lo for i € Iy and n € Z) FS ZEHHRDS. T

-
S
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TN =Y ey, muws & B<. ol % LS path ME# & root operators DEFHD>
5, B(X) & B(X) 1%, crystal & LT, IRIERAETH D Z L 4355025, (crystal graph
A EEL BT weight ?§>—*§: 12 né-shift SHTVBEW) LER-T, th
Dhh,n=0DFEEE LTIV,

LLTF, level-zero dominant integral weight A = 3,., mym; & fix § 5.

Turn(}) := U {qg/mi|1<qg<m;~ 1}

1€Supp>2(A)

8L s:=#Tun(A)+1 &L,
Turn(MU{0,1} ={0=m0 <1 <Tp <+ < Touq < T 5= 1}

LUNTEL, &b, 1<u<s—1 20T, 7, PEEMTEERTE 7w = qu/Pu
& L, Ig(/\,pu) = {'L c f() ! m; EpuZ} <1:£< .

Theorem 3.1.2 ([NS4, Theorem 3.1.1]). B(A) @ crystal graph ?# connected
component 1XELF D% L7z pair TED D LS path &7 Me—DFLe:

A=Nib, ..., A=Ne16, A 70, Tty -5 Tsm1s Ts)s

F€Io(Apu)

Z I, Ny =0 &T5. #ig, (3.1.1) OFO pair i3 shape A O LS path EEDD.

&, LS path ®EEM D, straight line my(t) = t), t € [0,1], 4% shape A ©
LS path THD Z L3251 5. Bo(A) & straight line m, &% B(A) O connected
component &4 5. Z T, LTD (a), (b) (CEET % ([NS4, Theorem 3.1.1] @
HBDaR B

(a) £, root operators DEHEH 5, B(A) O % connected component i, crystal
LT, By(N) EEIEREITH D T LA %, (crystal graph | EEAIEE BV
It weight 28— 2 § OfIfEA shift SN TVWBEY.) TRDD, ]B( ) @ crystal
graph X, Bo(\) @ crystal graph @ = =23 b2 TV 5.

(b) & &Iz, Theorem 3.1.2 I &V, T b D= B —i15&MH

Nu—Nu+1€ Z THjZZg (lgugs—l,st(])
jelo(Apu) ‘ '
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%?ﬁ%fcﬁ"#ﬁ%ﬁ(@ﬂ (N1, N, ..., Ny_1) T parametrize 45 Z &R 0005.

Lo (a), (b) 26, Be(X) DBEFRHHIUL, B(\) 2F0%RF 00205 2
T,

3.2 Bo(A) @ crystal strucure IZ2VT. ZDOH 77 3 2 T, connected
component Bo(A) D crystal & LTOBEEICONWTIRRS, 20®iC, 39, &
HOEEE [NS3] OERRICONTEHEE 2T 5.

cl: b* — b§*/Q5 % canonical projection &3 3. path m : [0,1] — h* 2% L
T, cl(m) « [0,1] = §*/Q6 % (cl(m))(2) := cl(r(t)), t € [0,1], TEZHEL, BNy =
{cl(m) | T € B(N)} &B<. HX [NS3] KB 2 ERBIIUTOEETH 3.
Theorem 3.2.1. (1) B(A)g IZELTF® (3.2.1) X 5T (Py := cl(P) % weight
lattice &9 %) crystal structure ZEFETH 2 & ARk 3:

e; cl(m) = cl(e;m),  f;cl{m) = cl(f;m),
ei(cl(m)) = ¢;(m),  @i(cl(m)) = ;(m), formreB(Mandjel. (3.2.1)
wt(cl(m)) = cl{wt(r)), '

EL,cl(f)=6 LED S,

(2) A = Y miw: % level-zero dominant integral weight &4 5. Z ML X,
B(X)q i, crystal & LT, Uy(g)-module &, , W(w;)®™ @ crystal base & %<
HD. T T, W(w;) i level-zero fundamental Uy(g)-module TH 2 (W(w;) i
DV [Kas2, Theorem 5.17] Z2R).

.%‘ZGC, B(A)a @ affinization #UTFTO & S ICEETS. 7, m = B(\)q X Z

T

LEL. BT, BNa OF (nn) 2o EELZEKTE. B, ixtd
Kashiwara operators ¢;, f;, 7 € I %,

ei(n®2") = (em) @ 2™ fi(n®2") = (fim) @ "0

TEETB. S50, wt: BNa - P % wi(n ® 2°) = afi(n(1)) + nd TERF .
ZIT, aff 5 /Q6 — b* 1, aff(cl(ay)) = 0y, § € I, BED, afi(cl(P)) C P %1%
723 cl: h* — h*/QF O section TH B, HiLlT €5, @i ! m —Zsy %

ein®2") i=¢;(n)  i(n®2") = p;(n)

TED D, ZD &%, [NS4, Proposition 4.1.2 and Theorem 422 kv,
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Theorem 3.2.2. A = Y, mw; % level-zero dominant integral weight &9 5.
TD&EE, B(MNa 1 (P % weight lattice &3 3) crystal 12723, & 5T, LT
crystal isomorphism 2N EET 3

0:BMa3 || Bo(r+ Ms)

MeZ
0<M<dy—1

22T, dy € Zyo 13 {my}icr, DRKAKIETH A,

L7#35 T, connected component Bo(A) i, affinization ]m ® subcrystal &
WO EITRD. BT, 071(Bo(\) IHMAIZ 2B 75 5009 fEREEBRS Rz,
UFTDOEEET 3.

Remark 3.2.3. (1) f£EE®D n € B(\)q IKH LT () NBo(A) £ 6 Th 3.
(2T eBM) DL E, (1) HUTOBE LT\ A:
m(l)=A—-a+n's, withae 5)+ = ZZEOQJ- and n' € Z.

Jjely

Theorem 3.2.4 ([NS4, Corollary 4.2.7]).
07 (Bo(N) = {n® 2" € B2 | &t (C)}

(C) med™mnB()) &L, 7(1) = A—a+n6 ¢T3 (a e, n €L
Remark 3.2.3 28). 20L& n' —ned,Z

3.3 F&LH. (1) B(A) @ crystal graph iZ Bo(\) @ crystal graph = E—ps i
BoThRY, T b a e — st
Nu“Nu-l-le Z ijZQ (}.S’U/SS—I;NS.‘ZO)
j€lo{Apu)

TN TIERBEEDF] (N, Ny, ..., N,_;) Tparametrize S5 (Theorem 3.1.2).

(2) 2E=DOTTH D Bo(N) i, &l (C) 27T THRAD 2T BNy = B(\a xZ
? subcrystal IZFIZTH 5 (Theorem 3.2.4). Z ZC, B(A)q 1L, level-zero funda-
mental Uy(g)-module D7 > Y VEED crystal base IZFZ T % (Theorem 3.2.1).

34 BOTLIME. ) = mw DL&, B()) iX extremal weight module
crystal base L REITSH D Z & 2%, 33T [NS1], [NS2] i2BW\T, SRENL TS, &
IA5B, A B mw; OFE TR E &1, B(A) i3 extremal weight module ¢ crystal
base & REITIFRL THESAL (NS4, Appendix]). A B—FD & x|z, B()) iz
[E1272 crystal base &2 U,(g)-module BEET B0 E 3 TS D & = 54505
TR,



144

Biglc. AF, - OFRES THRRT AT X CF S o/ NEHREE, HA
e R LE T S, BIET B T L B T B S o UEREEE

WhbBILEELETET. HoBL 3 TSVELE.
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