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Precursor of color superconductivity in hot quark matter
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We investigate the possible precursory phenomena of color superconductivity in quark matter at finite
temperaturd with use of a low-energy effective theory of QCD. It is found that the fluctuating pair field exists
with a prominent strength even well above the critical temperafyreWe show that the collective pair field
has a complex energy located in the second Riemann sheet, which approaches the drigilowsred toT . .

We discuss the possible relevance of the precursor to the observables to be detected in heavy ion collisions.
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It is an intriguing subject to explore how the QCD which thereby might affect observables to be detected by the
vacuum changes in hot and dense hadronic mtigl. The  heavy ion collisions with large baryon stoppif@j.
recent lattice QCD simulation$3] show that the QCD Since we are interested in relatively the IGwandp re-
vacuum undergoes a phase transition to a chirally restoregion, we adopt a low-energy effective theory of QCD as was
and deconfined phase at low temperatuff as T done in[6,10] where an instanton-induced interaction is em-

~170 MeV. Although it is still a great challenge to perform Ployed. We remark here that a simplified version of the
a Monte Carlo simulation with a finite chemical potential instanton-induced interaction in the two-flavor case takes the
on lattice QCD with an SU8) color group, we believe that a form of the Nambu—Jona-LasinitNJL) model[12], which

chirally restored and deconfined system is realized in densg?" be also derlyed by_a Fierz transformation of the one-
hadronic matter with largg. gluon exchange interaction with a heavy-gluon approxima-

It is to be noticed that a system with a finjie at low T tion; se€[1,4,13,14. Indeed it was shown lat¢d 1] that the

) . _physical content given ifil0] can be nicely reproduced by
can ha\{e.a Eerm| surface and the system may be desqr'bedtﬁsgsimple NJL model. Therefore, we simply take the follow-
a Eerml liquid co'mposed of qua}rks. In accordance with thqng NJL model as an effective theory:
validity of the diquark-quark picture of baryor{gl], the
quark-quark interaction is attractive in some specific chan- ,— i py+ GJ () 2+ (i ys716) 2]+ G (i ys ok 246°)
nels. Then the existence of the Fermi surface gives rise to a .

Cooper instability with respect to the formation of the di- X (YCiys TN 1h), (1)
guark or Cooper pair in the most attractive channel, and the .

system is rearranged to a superconducting phase where thdere y=Cy', with C=iv?y° being the charge conjuga-
color-gauge symmetry is dynamically brokgs]. Such color  tion operator. Here we have confined ourselves in the two-
superconductivit CSO has recently acquired renewed in- flavor case in the chiral limit;r, and A, are the second
terest, because the resulting gapvas shown to be as large components of the Pauli and Gell-Mann matrices represent-
as 100 MeV[6,7]. Furthermore, the color and flavor degreesing the flavor SW2) and color SW3), respectively. The sca-
of freedom of quarks give a fantastically rich structure inlar coupling constanGs and the three-dimensional momen-
dense quark matter with CS8]: Such quark matter may be tum cutoff A are determined so that the pion deciy con-
realized in the deep interior of neutron stéS), and char- stant f,=93 MeV and the chiral condensat€y i)
acteristic phenomena observed for NS such as the glitch phe=(—250 MeV)? are reproduced in the chiral limitL3];
nomena might be attributed to the existence of the CSC i5g=5.01 GeV ? and A=650 MeV. As for the diquark
the NS. coupling constanG., we shall fixG¢ at 3.11 GeV 2 [11]

Can CSC be relevant to experiments in the laboratory oin this paper. We have checked that the qualitative features of
Earth? The experiment using the available facilities, such athe results do not change f@ varied in the range used in
the BNL Relativistic Heavy lon Collide(RHIC) using high  the literature[8,11].
energy heavy ion collisions seems unfortunately unfit for the The phase diagram determined in the mean-field approxi-
problem, because the matter produced by RHIC is almoshation with Eq.(1) is shown in Fig. 1: The dashed line
baryon-free with much higher temperatures than the criticatlenotes the critical line for a second order phase transition
temperaturelT .~50-60 MeV of CSC. The purpose of the and the solid line denotes the first order phase transition. The
present paper is to explore possible precursory phenomena ofitical temperature of the chiral transition at=0 is T
CSC atT>T,, i.e., in the Wigner phase and show that the=185 MeV, while the critical chemical potential of chiral-
fluctuation of the pair field is significant dtwell aboveT,, CSC transition aT=0 isu=316 MeV. The tricritical point

where the order of the chiral transition changes from second
to first order is located at aboufl (x)=(70,280) MeV.
*Present address: RIKEN BNL Research Center, Brookhaven NaFhis phase diagram essentially coincides with those given in
tional Laboratory, Upton, NY 11973. [10,11].
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FIG. 1. The calculated phase diagram inTg« plane in our -

model. The solid and dashed lines denote the critical line of a firsivhere K,=—i ;, V+M and M=— 2G<( (X, 7) (X, 7))

and second order phase transition, respectively. is the dynamical mass. HereAZX (x,7)=A%(x,7)

. . _ +A%4(x,7) is the total pair field to induce the pair
Given the phase diagram for the equilibrium state, We{ald:  Notice the self-consistent nature of the

now proceed to examine fluctuations of the color Coopeproblem G(x,7x',7') is the usual nonanomalous Matsub-
pairs in the normal phase &t>T.. We shall obtain possible ara Green function. To see a linear response of the
collective states and their strength functions in the linear re: system, one may replaces(x,7x’,r') in Eq. (3)
sponse theory. We suppose that the following external pa'thh a free Matsubara Green funCu@](O)(X 7x',7'): thus

field is applied to the systemA¥ (x)=A%gkXe 1o, we have FT(x7x,7m)=(—v%ald7)—Kg— ury?) 1

WhICh is tantamount to adding the external Ham|lton|an><Af‘)t(xﬂ_)q_z)\2i 75G(°)(X,T;X,T+)- Inserting this expres-

Hex=J dXA%,(X) (4% ¥5 72\ 24%) + h.c... Then a color Cooper-  sjon into Eq.(2) and performing the Fourier transformation,
pair field is dynamically induced, as given hyi 4(x,7) we have

=—2GC<Z(X,T)7-2)\2i ys#S(x,7)), where the angular

brackets denote a statistical average. Using the anomalous AF 4(K,on)=—GcAL (K, 0,) (K, 0,), (4)
Green function defined by F'(x,7;x',7")

= —(TAy(x, 1) p(x',7")}), the induced pair field is ex- where

dk’
O(k,w,)=—2N N—lf —— | 2{f (B[ 1 F(E )] F (B i
(k,p) #(Ne—1) (277 EvEr {f~(Ex)[ (Ex—k) 1= (Ex—xr)
- —EwEr_—k'-(k—Kk")+M? - - —EEp_w+k' - (k—Kk')—
X[1=f7(Ex) [}—— (11 (BEe) = (Bki) I——
_|‘Un_2/~l~_Ekfk'+Ek' —Iwn—Z,u—i-Ek,k,-i—Ek/

—EvEr_ 1+ k' -(k=k")—
L P (B — (B o) | Sk KR . (5)
_|wn_2M_Ek,k/—Ek/

Here,E,= Vk?+M? andf*(E)={exd B(E+w)]+1} 1 with  This is a central result in the present work, on which the rest
B=T"1. The first term in the brace on the right-hand sideof the discussion is based. The proportionality constant in
(ths) of Eq. (5) is originated from the process®, +q—q EQ- (6) converted in the real-time dor,nain is called the re-
and its inverse proces;aAfotJrq. The second and third SF;]‘?”S? fubntct_lon(,j Sr trr]etardeldt_Gree?s fltj_nCth;(k'“’t)'
terms can be interpreted similarly in terms of kinetic pro-}[’:]elcuplse? hﬂl?‘eof t)k:e ioagzlg;cgr?;rér;u?)lfr?e I(BE’(alz)w?
cesses. Insertind\{ (K, w,) =A% (K, 0,) + A5 4(K,0,) into ’

=D(k,w+in).
Eq. (4), we obtain the |_ndu9ed pe}lr f'e.ld in t_he linear re- SettingM =0, let us examine precursory collective modes
sponse to the external field in the imaginary time as

above the CSC phase when approaching the critical point as
shown by the arrow in Fig. 1. Then we notice the following
equality holds:

~GcQ(k,wp) A

Alg(k,wn) = 1560k e

Ae=Dlkiwn)Aey. (6 1+GcQ(0,0)7-7,=0, @)
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FIG. 2. The spectral function for the pair field BT, with € Rew [MeV]
=(T-T,)/T.=0.05, 0.1, 0.2, and 0.5 at=400 MeV (a) and
=Ef>00 I\;I)evc(b) al @ # FIG. 3. The pole of the precursory soft mode for

=400 MeV and 500 MeV. The numbers attached to dots denote

owing to the self-consistency condition for the diquark con-€= (T Ta)/Te.

densate al =T.. This equality is the origin to lead to the , o
various precritical phenomena for CSC, as we will see(0)=2. One should notice that the gap equatighimplies
shortly. Here it should be stressed that although the following"@t 2=0 is a solution aff=T¢, i.e., there exists a zero
discussion seemingly relies heavily on the fact that phasEnOde at the critical point. The singular behavior seen in the

transition is second order, the nature of the collective mod&Pectral function near the critical point in Fig. 2 is caused by
to be discussed below will not be altered even when thdhe presence of the zero mode. Conversely, one may take the
phase transition is weak first order. emergence of the zero mode as the critical condition for the

The spectral function which is the measure of the excita£0lor superconductivity. This condition is actually long
tion strength of the fluctuating pair field is given by known_ln t_he condensed matter physics and called the Thou-
less criterion15].
1 Notice that the pole should be located in the lower half
plk,w)=—— IMDR(k, ). (8)  plane otherwise the system is unstable for the creation of the
collective mode. Because of a cut along the zakis, the
The temperature dependence of the spectral function at analytic continuation 0Q(0,z) to the lower half plane leads
=400 MeV and zero momentum transfér<0) is given in  t0 the second Riemann sheet,
Fig. 2(a). One can see that a prominent peak moving toward

the origin grows as the temperature is lowered towiardas (k=)

indicated by the arrow in Fig. 1. From the experimental point 2N (Ng—1) A tanh—2_|_

of view, it is interesting that the peak survivesTatven well Q(0,2)= 5 f Ak2d km
- -

aboveT . with e=(T—T.)/T.~0.2. This means that the pre-
critical region of CSC is one to two orders larger in the unit
of T, than that in electric superconductors. Of course, this is
related to the difference of the ratiop /Er and A/Eg, 1 2 i
where wp is the Debye frequency arid is the Fermi en- 2
ergy; the NJL model is similar to the attractive Hubbard
model than to the BCS moddll6]. The result foru  where P denotes the principal value and the term in the sec-
=500 MeV is shown in Fig. @); one sees that although the ond line is the additional term farto be in the second sheet.
growth of the peak becomes relatively moderate, the quali- A numerical calculation shows that there indeed exists a
tative features do not change. pole in the lower half plane fof >T.. Figure 3 shows how
The existence of the peak with the narrow width suggestshe pole moves a3 is lowered towardT, for u=400 and
the existence of a well-defined collective mode as an elemers00 MeV. One sees that the pole approaches the origih as
tary excitation in the Wigner phase. The existence and th& lowered towardT .. Such a mode whose energy tends to
dispersion relationw=w(k) of a collective excitation in  vanish as the system approaches the critical point of a phase
an isotropic system is examined by searching possibléransition is called a soft modd]. Thus we have found the
poles of the response function, i.e., solving the equatiompole for the soft mode for CSC in hot quark matter. As far as
1+GcQ(k,w) =0. HereQ(k, w) is the analytic continuation we know, this is the first time when identification has been
of 9(k,wp) to the upper half plane. The existence of a poledone of the softening pole in the complex energy plane for
w=w(k) for givenk means that the pair field; q(k,0(k))  superconductivity, including condensed matter phygics.
can be created even with an infinitesimal external fisj ~ The significance of the existence of such a soft modk at
as seen from Ed6), which physically means that the system =0 lies in the fact that it causes long-range correlations for
admits spontaneous excitation of a collective mode with thehe color Cooper pairs in the Wigner phase, which leads to a
dispersion relatiorw = w (k). Since the energy of the collec- singular behavior of various observables such as the trans-
tive mode is found to be the lowest k=0, let us obtain port coefficients, as will be discussed later. We remark that

z 2

z
,U,+§ tanhﬁ , (9)
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such a soft mode in hot and dense quark matter was firknown as paraconductivityPC) [21]. The direct analogy
discussed i17] in relation to the chiral transition. thus leads to an expectation of the enhancement of color
Another characteristic feature of the soft mode is that theconductivity aboveT; in our case, which we call color para-
absolute value of the imaginary past of the pole is larger conductivity (CPQ: In fact, the PC for the metal supercon-
than that of the real pa, for both u. This feature may ductivity comes from the fact that the effective dynamics is
have an important implication for an effective equation de-given by the TDGL equation giving rise to a zero mode at
scribing the dynamical phase transition for CSC: The dy-momentumk=0 at T=T, [21], which is just the behavior
namical behavior of the order parameter n€aiis well de-  extracted from the behavior of our soft mode as shown in
scribed by a nonlinear diffusion equation which is known asFig. 3.
the time-dependent Ginzburg-LandaDGL) equation18]. More interesting is that the electric current can also have
We, however, remark that by settikg- 0, the so-called Lan- an anomalous enhancement in the Wigner phase due to the
dau damping due to the particle-hole excitation is not incor-color pair-field fluctuations: This is because the propagator
porated in the present calculation. Figure 3 shows that thef photons(and also gluonsat T>T, is modified by the
ratio w; / o, becomes larger for the largar. This is plausible fluctuating pair field as in the usual superconduc{@3].
because the larger the Fermi energy, the larger the density dhis implies that photons and hence dileptons from the sys-
states near the Fermi surface, which implies that the voluméem can carry some information of the fluctuation of the

of the phase space for the decay of the pair field increaseslor pair field.

with w at low T.

In short, we have explored precursory phenomena for the

It is interesting that the so-called pseudogap in the densitgolor superconductivityCSQ in quark matter afl #0; the

of states observed in high: superconductoréHTSC) as a
characteristic precursory phenomerd®] might be attrib-
uted to fluctuations of the Cooper paif0]. Thus the

fluctuating pair field exists with a prominent strength even
well aboveT,. We have also discussed the possible observ-

ability of CSC through the fluctuations by heavy ion colli-

present results strongly suggest such a pseudogap phase sions with large baryon stopping using an analogy with the

ists also for CSC in a rather broad regionToédboveT.. To

precritical phenomena known in the metal and the high-

establish the pseudogap phase, one must calculate the denstyperconductors.

of states from the single particle Green’s functidr®,20,

which we hope to report on in a future publication. Experi-
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