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Propagation of axisymmetric Trivelpiece-Gould mode along vortex columns
generated by diocotron instability
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Yoshidanihonmatsu-cho-Kyoto-shi, Kyoto-fu 606-8501, Japan

�Received 19 June 2007; accepted 12 September 2007; published online 23 October 2007�

A high-frequency �HF� oscillation has been observed to propagate along magnetic field lines with an
axisymmetric profile extending over multiple columns of magnetized pure electron plasma which
undergo two-dimensional vortex motions. The observed frequency is a few hundred times higher
than the rotation frequency of the vortices and varies in time as the density distribution of electrons
deforms from an unstable hollow profile into vortex columns and approaches a single-peaked
distribution. Experimental examinations reveal that the HF oscillation is excited by the gate pulse
applied to prepare the initial profile and that the oscillation does not influence the subsequent
dynamics of vortex columns. Further examinations including detailed observations and theoretical
analyses indicate that the HF oscillation represents a profile-dependent eigenfunction of the
Trivelpiece-Gould mode wave that consists of a dominant axisymmetric component and small
fractions of higher azimuthal modes associated with the density distribution separated into
columns. © 2007 American Institute of Physics. �DOI: 10.1063/1.2793731�

I. INTRODUCTION

Many aspects of two-dimensional �2D� vortex dynamics
have been explored extensively by utilizing properties of the
flow composed of guiding centers of strongly magnetized
electrons that drift in the direction perpendicular both to the
uniform magnetic field B=B0ẑ and to the self-electric field
E.1–7 The 2D distribution n�x ,y� of electron density is mor-
phologically equivalent to the vorticity of the 2D flow.7,8

Hollow density profiles of electrons are subject to the dio-
cotron instability due to the radial shear of the azimuthal
flow.8 The dynamics of separated columns of electrons that
appear in a nonlinear stage of the instability has been studied
to examine fundamental processes of the turbulence in the
2D flow.5–7,9,10

The hollow distributions are produced by temporally re-
ducing the barrier height at one end of the square-well po-
tential trap to let electrons near the machine axis escape se-
lectively. The duration of the pulsed operation is to be much
shorter than the characteristic time of the vortex dynamics
that is evaluated as the E�B drift frequency. For the obser-
vation of the time-varying distribution of the electrons, the
trapped electrons are fully extracted along the magnetic field
line and counted in a 2D array.1–7,9,10 This scheme of diag-
nostics inevitably involves destruction of the electron plasma
at each time of the observation and requires repetition of the
experimental shots that start from the same initial condition.
Because the initial distributions are not free from shot-by-
shot variations and the subsequent dynamics proceed statis-
tically, there remains uncertainty in understanding the time
evolution of the vortex dynamics. In order to compensate
this shortcoming, electrostatic signals induced on sectored
segments of the conducting wall are recorded as a monitor to
compare with the data of the vortex images.2,7,11

The major topics to be reported in this paper have been
obtained through extensive examinations of the electrostatic
signals over a broad frequency range. The examinations have
revealed that high-frequency �HF� oscillations propagate
along the magnetic field lines extending radially over vortex
columns undergoing stochastic motions. This unexpected ob-
servation has stimulated an interest in the origin and nature
of the HF oscillations and raised a question about the validity
of vortex properties that have been reported without much
consideration about potential effects of the HF oscillations.

In this paper, we first present the method of experiments
that is closely related to the generation of the HF oscillations,
and describe the characteristic features of the oscillations as-
sociated with the vortex dynamics. We then address the fol-
lowing two issues related to the oscillations: First, the effect
of the oscillations on the vortex dynamics is investigated by
comparing the time evolutions of the electron densities in
two cases, with and without the oscillations, using a feed-
back control system. Secondly, the quantitative analysis of
the mode identification is carried out in terms of a eigen-
mode equation including the mode-coupling between the ob-
served asymmetric density distribution and the potential per-
turbations with various azimuthal modes.

II. EXPERIMENTAL METHOD

The dynamics of the pure electron plasma is examined in
a Malmberg-trap, as schematically shown in Fig. 1,3,11 which
consists of a uniform magnetic field �B0=0.048 T� and a
square-well potential. The potential distribution is produced
by negatively biasing two parts of the electrodes, Nos. 9–11
and 17–19, at −90 V out of 11 ring electrodes axially aligned
with a pitch of 24 mm that form a conducting wall with a
radius of RW=32 mm. Electrons are introduced from prese-
lected cathode elements into the potential well through a
temporally decreased potential barrier at the electrode Nos.a�Electronic mail: kwaiyosuke@h01a0395.mbox.media.kyoto-u.ac.jp
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9–11. After about 1 s of the isolated relaxation of the con-
fined electrons following repetitive operations of an
injection-hold cycle, a single-peaked density distribution is
established in an axisymmetric form that is axially homoge-
neous over the trap length of L�80 mm. Since the plasma
potential is the deepest near the axis, electrons in this region
are expelled when the potential barrier at the injection side is
reduced again in a pulse, and the density profile is shaped
hollow.

On the recovery of the bias voltage, the hollow distribu-
tion completes the initial configuration of the diocotron in-
stability, and subsequently develops into separated columns
in the nonlinear stage of the spontaneous evolution in the
trap.6,9,10 A set of image data representing a typical evolution
of the density distribution is shown in Fig. 2. The distribution
at each time step is taken by removing the potential barrier at
the electrode Nos. 17–19 and damping the electrons onto the
phosphor screen biased at 7.5 kV after the prescribed time of
holding. The luminosity distribution on the screen is re-
corded on the charge-coupled-device �CCD� camera with the
dynamic range of 16 bits and 512�512 pixels providing the
spatial resolution of 0.1 mm/pixel. The surface of the screen
is coated by the aluminum film serving as a charge collector
to absolutely determine the number of trapped electrons NQ

as well as to avoid a charge accumulation on the phosphor
surface. A linear relationship between NQ and the integrated
luminosity NL of the CCD image has been confirmed,11,12 so
that the axially integrated 2D density distribution nl�x ,y� is
determined absolutely. Based on the axial uniformity of the
density distribution, the electron density is evaluated as
n�x ,y ,z�=nl�x ,y� /L.

An imperturbing monitor is introduced in order to
supplement the destructive imaging diagnostics. The dynam-
ics of the electron plasma induce a time-varying charge-
density distribution �=−�0���r ,� ,z� /�r�r=RW

on the surface

of the conducting wall in a manner observable without seri-
ous disturbances to the plasma. Here, ��r ,� ,z� is the self-
field potential created by the density distribution n�r ,� ,z�,
and �0 is the dielectric constant in vacuum. The spatial dis-
tribution of the image charge is detected as currents flowing
out of the axially aligned electrode Nos. 12–16, and azi-
muthal resolution is provided by four 90° sectors installed on
the ring electrode Nos. 12, 14, and 16. The amplitude of a
signal Vrec detected on a sector electrode �at the azimuthal
position �p with the axial length l=22 mm and the azimuthal
half-width of �� grounded through a resistance R ��� is re-
lated to the amplitude of the time-varying plasma potential
��� by the equation11,13

Vrec = �0RWlR
d

dt
�

�p−�

�p+�

d�
���RW,�,z�

�r
. �1�

III. EXPERIMENTAL RESULTS

A. Origin and property of the HF oscillation

The electrostatic diagnostics unexpectedly revealed the
appearance of HF oscillations much stronger than low-
frequency signals associated with the vortex dynamics. Ex-
perimental examinations focused on the phase difference be-
tween the signals detected simultaneously on different
electrodes indicate that the HF oscillations are characterized
by the azimuthal mode number m=0 and the axial wave-
number of kz=� /L. Figure 3 plots the time evolution of the
frequency and amplitude of the HF oscillations observed at
the electrode No. 13 in the relaxation process shown in Fig.
2. The error bars represent the width of shot-by-shot varia-
tions. Throughout the whole process, while the wave ampli-
tude undergoes damping, the frequency shows an upward
shift. Particularly in the interval from 18 to 34 	s when the
density distribution changes drastically through merger from
separated columns down to a single-peaked distribution, the
frequency shows a rapid increase and the amplitude decays
substantially after this period. It is expected from these ob-
servations that the properties of the oscillations are attribut-

FIG. 1. Schematic view of experimental configuration.

FIG. 2. Images of the time evolution of the density distribution. The dark-
ness is proportional to the density. The time of observation �in microsec-
onds� is indicated at the upper left corner �the density is hollowed at 5 	s�.

FIG. 3. The time evolution of the amplitude ��� and frequency ��� of the
HF oscillation observed at the electrode No. 13 in the relaxation process, as
shown in Fig. 2.
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able to the dispersion relation of body waves propagating in
the electron plasma and that the dispersion relies on the time-
varying density distribution.

The origin of the HF oscillations is examined by control-
ling the amplitude and timing of the gating pulse for produc-
ing the initial density distribution of a concave profile. Ob-
servations indicate that the HF oscillations are excited at the
moment when the temporally reduced potential barrier re-
turns to the normal bias of the trap. It is also observed that
the HF oscillations are excited even when the decrement of
the potential barrier �Vplug is so small that a density profile
remains convex. The HF amplitude increases with increasing
�Vplug. From these observations, the origin of the HF oscil-
lations is confirmed to be an axial displacement of the
plasma column caused by the fast rise of the potential barrier.
This consideration indicates that the generation of HF oscil-
lations is not a phenomenon specific to this experimental
configuration, but should have been excited in previous vor-
tex experiments.1,2,5–7 Actually, Driscoll noticed the genera-
tion of high-frequency plasma modes with kz�0 and m=0 in
the hollowing process and examined its contribution to the
development of an unstable diocotron mode with kz=0 and
m=1.14 Though there is no further description about the
identification of the modes, the influence onto the m=1 dio-
cotron dynamics was denied on the basis of resistive control
of the HF amplitude.

Hereafter, the discussion will focus on �1� the effects of
the HF oscillations on the 2D vortex dynamics with time-
varying mode number m and �2� the mode identification of
the oscillations.

B. Effect of the HF oscillations on vortex dynamics

The comparison is made between two cases of vortex
dynamics, the HF oscillations are excited or suppressed. The
suppression of the oscillations is carried out by inserting a
negative-feedback circuit between two electrodes at Nos. 13
and 15, by which the HF signal detected at No. 13 is fed to
No. 15 after varying its amplitude and phase. Figure 4 shows
the detected HF signals and associated density distributions
in the two cases. While the HF oscillations are completely
suppressed at 20 	s in the lower panels, there appear no
differences exceeding shot-by-shot variations in the density
distribution representing the vortex dynamics.

Quantitative comparisons between the two cases are
made in Fig. 5. Here, the vortex structures are characterized

in terms of three integrals calculated from the observed
density distribution n�x ,y�, the system energy
E= 1

2 �Ld2rn�−e��, the enstrophy Z2= 1
2 �d2rn2, and the pa-

linstrophy P= 1
2 �d2r ��n�2. The enstrophy and palinstrophy

are a measure of the peakiness and fineness in the spatial
structures of the density n�x ,y�, respectively.10,15,16 Figure 5
indicates that each integral is close to its counterpart within
the extent of shot-by-shot stochasticity, regardless of the
presence of HF oscillations. These analyses support the va-
lidity of the present understanding of vortex dynamics and
turbulence based on the experimental observations with pure
electron plasmas.1,2,5–7,9,10,14

C. Mode identification of HF oscillations

As stated in Sec. III A, the observed oscillations are axi-
symmetric �m=0� and have the axial wave-number of kz

�� /L in a frequency range of 
E�B�
HF�
p�
c,
where 
E�B and 
HF are the characteristic frequency of the
vortex motions and HF oscillations, and 
p and 
c are the
electron plasma and cyclotron frequency, respectively. These
properties suggest that the HF oscillations belong to
Trivelpiece-Gould �TG� modes.17 However, the identification
as an axisymmetric TG mode propagating in irregularly
aligned electron columns is not readily acceptable because
previous analyses have been concentrated to the case of
propagation in a continuously connected density
distribution14 and in most cases with axisymmetric
profile.13,17,18

Experimental evidence supporting this identification is
that the HF oscillations remain observed in the same fre-
quency range even when the decrement of the potential bar-
rier �Vplug is decreased to such a low level that electrons are
not drained to trigger the diocotron instability. The open
circles in Fig. 6 represent the frequency of the HF oscilla-
tions observed when �Vplug=60 V. Because the initial profile
of the density distribution remains convex, the diocotron in-
stability does not set in, nor do vortex columns appear. The
open squares stand for a solution of the eigenmode equation

FIG. 4. A comparison between two cases in which the HF oscillations are
excited �upper panels� and suppressed �lower panels�. The left panels show
the detected the HF signals and the right panels display the time evolution of
the density distribution.

FIG. 5. The time evolution of the energy �circles�, enstrophy �squares�, and
palinstrophy �triangles� with �open symbols� and without the HF oscillations
�closed symbols�.

102106-3 Propagation of axisymmetric Trivelpiece-Gould mode… Phys. Plasmas 14, 102106 �2007�

Downloaded 11 Mar 2008 to 130.54.110.22. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



for a potential perturbation �0�r� that belongs to the axisym-
metric TG mode propagating in an axisymmetric density dis-
tribution n0�r�13,18

1

r

d

dr
	r

d�0�r�
dr


 − kz
2	1 −

1


2

e2

�0me
n0�r�
�0�r� = 0, �2�

where −e and me are the electron charge and mass, respec-
tively. The boundary conditions are imposed so that
�0�RW�=0 and d�0�0� /dr=0. The experimental data are in-
troduced for the density distribution n0�r� and kz=� /L. The
electron temperature Te is set to be zero in Eq. �2�. The
correction of the finite temperature is given approximately
by 
T

2 =
2+3Tekz
2 /me. The closed squares represent the fre-

quency corrected for the finite temperature of Te=0.3 eV, a
typical electron temperature in the present experiments. A
satisfactory agreement between the observed frequency and
the eigenfrequency supports the argument that the observed
HF oscillations belong to the TG mode exited by the gating
pulse imposed to the potential barrier.

IV. DISCUSSION

On the basis of the above arguments, we extend the
mode analysis to the case of asymmetric density distributions
as shown in Fig. 2. After expanding the potential perturba-
tion ��r ,� ,z , t� and the zeroth-order density distribution
n�r ,�� in Fourier series as n�r ,��=�m�nm��r�eim�� and
��r ,� ,z , t�=�m�m�r�e−i�
t−m�−kzz�, the eigenmode equation
with azimuthal mode number m is written as

1

r

d

dr
	r

d�m

dr

 −

m2

r2 �m − kz
2	1 −

1


2

e2

�0me
n0
�m

= kz
2 e2

�0me

1


2 �
m��m

nm−m��m� �3�

in the frequency range relevant to the observation. The terms
on the left-hand side describes the potential perturbation of
the TG mode propagating in an axisymmetric density distri-
bution n0�r�, and the right-hand side represents the mode
coupling between asymmetric components of density distri-
butions and potential perturbations. The eigenvalue 
 is de-
termined for kz=� /L so that the solutions �m�r� to the simul-

taneous equations of Eq. �3� with m=−mmax¯mmax satisfy
the boundary conditions that �m�RW�=0 for all m and that
�m�0�=0 for m�0 and d�m�0� /dr=0 for m=0.

The open squares in Fig. 7 stand for the eigenfrequency

 /2� calculated from Eq. �3� based on the density distribu-
tions observed at each time step as plotted in Fig. 2. Here,
the number of the azimuthal modes are taken to be suffi-
ciently large up to 20. The observed frequency, as already
shown in Fig. 3, is plotted again in the open circles for com-
parison. Though there remains a noticeable frequency gap of
about 20%, the general tendency of an upward shift is com-
mon to the observed and calculated frequencies.

For quantitative agreement with the experimental results,
it is necessary to include the contribution of the finite tem-
perature of Te=1 eV into the eigenfrequency obtained for
Te=0 eV, as shown in the closed squares. Because it is dif-
ficult technically to determine the energy spectra19 while the
density distribution varies in time with substantial stochas-
ticities, the introduction of Te=1 eV remains as an assump-
tion without directly supporting observational data. How-
ever, it is not unreasonable to expect such an amount of
temperature in the presence of the turbulent mixing of vortex
columns. Actually, in other experiments with the same ma-
chine, the electron temperature has been observed to be
around 1 eV right after a single-peaked distribution is estab-
lished after mixing of many electron strings generated
through multiple injection from the cathode array.

The eigenfunctions of the TG mode ��r ,�� satisfying
Eq. �3� at each time step is plotted at the top of Fig. 7. The
absolute values of � is determined so that the radial electric
fields at the wall −�� /�r�r=RW

match the experimental data
obtained by using Eq. �1� with the measured amplitude of the

FIG. 6. The time evolution of the frequency measured in the unhollowed
densities ���, eigenfrequency 
 /2� calculated from Eq. �2� for Te=0 eV
���, and 
T /2� for Te=0.3 eV ���.

FIG. 7. The time evolutions of 
 /2� ��� for Te=0 eV and 
T /2� for Te

=1 eV ��� obtained from the observed density distributions in Fig. 2, and
that of the observed frequency as plotted in Fig. 3 ��� �left vertical scale�.
The solid diamonds ��� show the time evolution of the mode amplitude
n /n0 calculated from Eq. �4� �right vertical scale�. Top: The contour plot of
the eigenfunctions determined as the solution to Eq. �3� �normalized to
unity�. The solid arc at the left stands for the wall radius.
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HF oscillation Vrec.
13,20 In Fig. 7, the eigenfunctions are nor-

malized to unity. In association with the clear appearance of
four vortex columns in Fig. 2, a quadruple component is
reproduced in the theoretically expected frame at 18 	s. In
spite of the appearance of the m=4 mode, the spectrum
analysis of the mode energy ���m�2 indicates that the fraction
of the power of asymmetric modes remains less than 1% of
the total HF power throughout the whole process.

The density perturbation of the TG mode n�r ,�� is ob-
tained using the relationship with the eigenfunction
��r ,��:13,20

n�r,�� = − kz
2 e

me

1


2n�r,����r,�� . �4�

The time evolution of the amplitude of the TG mode n /n0 is
shown in Fig. 7 as the solid diamonds. Here, n and n0 are
the spatially averaged density perturbation and zeroth-order
density, respectively. When the mode is excited, the TG
mode component occupies about 20% of the plasma density,
and this large amplitude is sustained even when the density
distribution is separated into the vortex columns.

V. CONCLUSION

From the above analyses, it is concluded that the HF
oscillations belong to a body wave that propagates as a TG
mode under the dominance of an axisymmetric eigenmode
extending over separated electron columns. The propagation
of an axisymmetric TG mode astride separated densities has
been overlooked in previous studies. Though any contribu-
tion of the HF waves to vortex dynamics may be discarded in
the context of the observations and interpretations so far re-

ported, the observation that the frequency of the HF wave is
affected by the distribution of vortex columns may be useful
for unperturbing diagnostics.
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