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Radial transport in magnetized non-neutral plasma driven by rotating wave
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Sakyo-ku, Kyoto 606-8501, Japan
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Radial transport in non-neutral plasmas driven by a rotating wave field is examined in terms of the
drift-kinetic Vlasov equation. It is shown that the radial flux is generated by the E�B drift of
resonant particles subject to Landau damping in the axial dynamics. The rate of change in the
canonical angular momentum associated with the radial flux is equal to the torque resonantly exerted
by the azimuthal component E� of the wave. The absorbed wave energy is shared between the axial
kinetic energy of the particles and potential energy of the charged particle system. The basic idea of
this model may be extended to a scenario that the radial flux is generated by any other dissipative
processes that shift the phase relation between the wave and the particle orbits. © 2005 American
Institute of Physics. �DOI: 10.1063/1.2035427�

An appreciable number of observations have been accu-
mulated that indicate the significant contributions rotating
electric fields make to the particle transport and to modifica-
tions of the density distribution in non-neutral plasmas.1–4

While a theoretical model has been proposed for interpreta-
tion of the radial transport, more efforts may be necessary
toward constructing a clear model for coherent understand-
ing of the processes under the observation.5–7 In this Brief
Communication we study the transport process in terms of
the interaction between the waves and particles starting from
the drift-kinetic Vlasov equation and quantitatively examine
relations among involved processes.

The present study will reveal that the radial particle flux
is generated by the E�B drift of resonant particles that ab-
sorb the energy and momentum of the azimuthally traveling
waves through Landau damping. The rate of change in the
canonical angular momentum associated with the radial flux
is shown to be equal to the torque exerted by the azimuthal
wave field to the resonant particles. A conservation law holds
in the process of the conversion of the wave energy to the
potential energy and the kinetic energy of the charged par-
ticle system. The authors expect that the present analysis
provides a coherent picture about the processes involved in
the “rotating wall technique.”1–3 It should also be noted that
the radial transport as understood here is quite analogous to
the physical picture depicted for the radio-frequency flux
control of toroidal fusion plasmas.8

The configuration we study here consists of a cylindri-
cally symmetric plasma of electrons, with charge −e and
mass m, immersed in a strong homogeneous magnetic field
B=Bẑ and a small-amplitude wave traveling helically with
the azimuthal wave number � and the axial wave vector k.
Conversion to the ion plasma case is easily made by replac-
ing the mass and charge. The plasma is infinitely long axially
but bounded radially by a co-axial conductor wall placed at
r=w. We allow arbitrary dependence of the equilibrium den-
sity profile n0�r� on the radial coordinate r. We assume that

the magnetic field is so strong that the transverse motion of
the particles is described by the guiding-center approxima-
tion:
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The equilibrium state is determined by the zeroth order pa-
rameters included in the second term, that requests an azi-

muthal flow r�r�r��̂ to be driven by the equilibrium electric
field E0=−��0=E0rr̂,
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Here �̂ stands for the unit vector in the azimuthal direction,
and �r�r� represents the frequency of the azimuthal rotation
that depends on the radial coordinate r.

Selecting a Fourier component of ��r�ei���+kz−�t� from
the potential perturbation in Eq. �1�, we obtain the perturba-
tion of the velocity distribution function as
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Here f̂0 is the zeroth order velocity distribution function nor-
malized to unity on integration over the axial velocity v.
Introduction of the density perturbation associated with �f
into the Poisson’s equation leads to the differential equation

� · �̃ · �� = 0. �4�

Here �̃ is the dielectric tensor given as,9

�̃ = �0��� − i�X 0

i�X �� 0

0 0 ���
	 , �5�

where �0 is the dielectric constant in vacuum. The transverse
components of the tensor are
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and the axial component ��� is
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where �P is the local plasma frequency, and �C=eB /m is the
gyrofrequency.

The explicit form of the Poisson’s equation is written as

1

r
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In a non-neutral plasma trapped in a strong magnetic field,
we usually see the condition �C��P����r. If the imagi-
nary part of ��X /�r coming from damping effects in � is
negligibly small compared to ����=Im����, the imaginary part
of ���, we obtain

�
0

w

dr r���� − ���
*����2 = 0. �11�

This relation is derived mathematically by multiplying the
complex conjugate of � to Eq. �10� and integrating over the
radial coordinate from the axis �r=0� to the wall �r=w� after
subtracting it from the complex conjugate of its counterpart.
By separating the wave frequency � into the real part �� and
the imaginary part 	 and introducing it into Eq. �11�, we
obtain the growth rate of the wave as

	 = − �
0

w

dr r�������2��
0

w

dr r
�����

���
�
�2. �12�

Here ���� is the real part of ���.
Under a strong magnetic field B particles drift radially

due to the azimuthal component E� of the wave, and the
radial drift velocity is given as

�vr =
E�

B
=

− i � �

rB
. �13�

The radial flux density of the particles is obtained by extract-
ing the time-averaged microflux ��vr ·�f� and integrating it
over the axial velocity distribution as

� =� dv��vr · �f� =
en0�
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���2� dv Im�L̂ f , �14�
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The explicit form of the flux density is obtained from Eq. �9�
as
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This expression is consistent with that obtained by Eggleston
and O’Neil.10 The first term represents a directional flux that
depends on the sense of wave rotation, while the second term
indicates the presence of diffusion toward the reduction of
particles’ concentration. Both terms are proportional to the
wave energy density ���2 so that the wave-driven diffusion
can be stronger than collisional diffusion. When the first term
generates the inward flux, the second term tends to limit the
sharpening of the density distribution.

The canonical angular momentum consists of the me-
chanical term and the electromagnetic term as11

Lz = �
j

mjv�jrj + �
0

w

dr r� d� r�̂ · ��0E � B� . �17�

By employing the Poisson’s equation for the electric field E,
and replacing the summation over discrete particles by spa-
tial integration, Lz may be rewritten as

Lz = m�
0

w

dr 2�rn0�r�r2�r�r�

+
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2 
Nw2 − �
0

w

dr 2�rn0�r�r2� . �18�

Because the kinetic term is substantially smaller than the
electromagnetic term typically by a factor of �r /�C�10−5,
the first term is neglected in the following calculation. By
using the conservation relation of the number of particles

�n0

�t
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1

r

�

�r
�r�� = 0, �19�

the time derivative of the angular momentum is written as
follows:
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Substitution of the expression �15� for the flux density leads
to

L̇z = � � k2�0�
0

w

dr r���2Im���� . �21�

Therefore we can estimate the contribution to L̇z from a shell
bounded between the radii r and r+dr as

dL̇z = �r dr � k2�0���2Im���� . �22�

The propagating wave exerts a torque to the plasma con-
tained in the shell12
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dNẑ = 2�r dr r� � �− e���nE�� . �23�

Resorting to the same procedure as for Eq. �15�, this expres-
sion may be rewritten as

dN = �r dr � k2�0���2Im���� . �24�

Comparison of Eqs. �22� and �24� leads to the relation

dL̇z = dN . �25�

This equation clearly indicates that the canonical angular
momentum of the plasma is driven by the torque of the azi-
muthal electric field of the propagating wave7 and that the
relevant mechanism is the Landau resonance with the par-
ticles streaming in the axial direction.

The modification of the density distribution n0�r� due to
the radial flux results in a change in the potential energy U of
the particle system. On recalling the potential distribution �0

of the zeroth order, the increasing rate of U may be written
as

U̇ = �
0

w

dr 2�r�− e�0�
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Therefore the contribution from the shell bounded within r
and r+dr is

dU̇ = − 2�r dr e
��0

�r
�

= − �r dr �0 � �r�P
2 ���2� dv Im�L̂ f , �27�

=�r dr �0 � �rk
2���2Im���� . �28�

Here we have used the relation ���0 /�r� /rB=�r that corre-
sponds to Eq. �2�. By combining Eq. �28� with Eq. �24� we
obtain the relation between the energy increment and the
torque power,

dU̇ = �rdN . �29�

On the other hand the resonant wave-particle interaction
in the axial direction should be associated with particle ac-
celeration. The increasing rate of the kinetic energy dK in the
shell is evaluated as follows:9

dK̇ = 2�r dr� dv�− e�v��fEz� = �r dr
ike

2
� dv v��*�f

− ��f*�,

= − �r dr �0�P
2 k���2� dv v Im�L̂ f , �30�

=�r dr �0�� − � �r�k2���2Im���� . �31�

By comparing Eqs. �28� and �31� we obtain an interesting
relation:

dK

dU
=

� − � �r

��r
, �32�

and, on integration over r, we further obtain

K̇ + U̇ = − 2	�
0

w

2�r dr �0��
�����

���
·

k2

4
���2 = − Ẇ . �33�

Here we have substituted Eq. �12� for Im����. The right-hand
side of Eq. �33� stands for the absorption rate of the wave
energy due to the Landau damping.9 The last relation clearly
indicates that the wave energy resonantly absorbed by par-
ticles is fully consumed in axial heating and in radial com-
pression and that the branching ratio of the power depends
on r as given by Eq. �32�.

A few remarks may be in order in comparing the present
model with experiments. Rotating waves are launched from
an axially localized antenna so that the waves are detected
after axial, not temporal, damping. In most cases drastic
changes in the density distribution are observed in the time
scale much longer than the mean-free-time of Coulomb col-
lision. Therefore one may need to find an appropriate distri-

bution function for f 0̂ in Eq. �16� so as to include collisional
relaxation into quasilinear diffusion process in the phase
space r−v. In the authors’ experiment, a 20–200-fold in-
crease has been observed in the on-axis density when the
frequency of the launched wave �in Trivelpiece–Gould
mode13,14� is linearly ramped up over a period much longer
than the collision time. The experimentally evaluated radial
flux agrees with Eq. �16� within a factor of 3 if we substitute

the Maxwellian distribution for f 0̂ and introduce the global
structure of the wave potential ��r�, as determined from Eq.
�10� for the observed density distribution n0�r�. When we
reverse the sense of rotation, radial expansion of a flattened
profile is observed in the density distribution in a manner
consistent with Eq. �16�. The authors believe that the basic
features of the observations are explainable on the basis of
the present model. Specific discussion in regard to various
experimental conditions will be reported in separate papers.

In closing it may be worth to add a few words about
further implication of the present model.15 There is a possi-
bility that the basic idea of the model includes other pro-
cesses than Landau damping. The equations specific to the
Landau damping are Eqs. �16� and �31� and �32�. The con-
servation equation �33� can be obtained by combining Eqs.
�27� and �30�. The essential element in the radial flux � that

is not specific to the Landau damping is Im�L̂ f or Im���
originating from the imaginary part of the denominator in
Eq. �3�. Consequently any dissipative processes that generate

Im�L̂ f are expected to cause the wave-driven radial flux
�16�. For quantitative discussion we have to use more gen-
eral equations that include such processes.
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