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Fusion cross sections at deep sub-barrier energies
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A recent publication reports that heavy-ion fusion cross sections at extreme sub-barrier energies show a
continuous change of their logarithmic slope with decreasing energy, resulting in a much steeper excitation
function compared with theoretical predictions. We show that the energy dependence of this slope is partly due
to the asymmetric shape of the Coulomb barrier; that is, its deviation from a harmonic shape. We also point out
that the large low-energy slope is consistent with the surprisingly large surface diffusenesses required to fit
recent high-precision fusion data.
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The primary ingredient in any nuclear reaction calculat
is the nucleus-nucleus potential, consisting of the repuls
Coulomb interaction and an attractive nuclear part. Althou
the Coulomb termVC(r ) is well known, there are large am
biguities in the nucleus-nucleus potentialVn(r ), and many
attempts have been made to extract information on this qu
tity from experimental data for heavy-ion reactions. Wh
elastic and inelastic scattering are sensitive mainly to
surface region of the nuclear potential, the fusion reactio
also relatively sensitive to the inner part. They thus prov
complementary sources of information.

In heavy-ion reactions, strong channel coupling effe
~due to collective inelastic excitations of the colliding nuc
and/or transfer processes! significantly modify the landscap
of potential energy surface, replacing the uncoupled sin
barrier with a distribution of barriers@1–4#. In order to ex-
tract the nucleus-nucleus potential from heavy-ion fusion
actions, it is therefore advisable to use either high-ene
fusion data where the barrier penetrability is essentially un
for all the distributed barriers, or very low-energy data whe
only the lowest barrier contributes to the cross section.
these, the low-energy data probably provide cleaner infor
tion since the high-energy data may be complicated by c
peting reaction processes such as deep-inelastic scatter

A recent paper@5# has reported on an attempt to measu
the fusion cross sections for the 60Ni189Y system at deep
sub-barrier energies, down to the 1024 mb level. The authors
of Ref. @5# used the Wong fusion formula@6# to analyze their
data and showed that the experimental cross section ex
ited an abrupt decrease at extreme sub-barrier energies.
also analyzed the data in terms of the logarithmic slope,
fined byL(E)5d@ ln(sE)#/dE, and showed that this quantit
exhibited a continuous increase with decreasing energy
contrast to the theoretical slope that approached a con
value. They also found similar behavior in a few other s
tems found in the literature, including the58Ni158Ni and
90Zr192Zr reactions.

The main part of the analysis in Ref.@5# relied on the
Wong formula as a reference. A natural question is whet
this formula, based on a parabolic approximation to the C
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lomb barrier, is adequate at deep sub-barrier energies@7#. It
was claimed in Ref.@5# that the Wong formula leads to fu
sion cross sections similar to those obtained with
coupled-channels approach for the58Ni158Ni system. How-
ever, the former was simply a fit to the latter with paramet
that had no physical connection to the potential used in
coupled-channels calculations.

The aim of this paper is to reanalyze critically the58Ni
158Ni reaction with an exact one-dimensional-potential c
culation as well as with coupled-channels calculations@8#
and show that the Wong formula is indeed unreliable at v
low energies. This is particularly so for a quantity such as
logarithmic slope, which accentuates the energy depende
of the cross section. We also discuss the findings of Ref.@5#
in connection with the problem of the large surface diffus
nesses of the nuclear potential for sub-barrier fusion, d
cussed for some time in the literature@4,9,10#.

Let us first discuss the validity of the parabolic appro
mation to the potential. Figure 1 shows the nucleus-nucl
potential for the58Ni158Ni system~solid line!, along with
its parabolic approximation~dashed line!
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FIG. 1. The nucleus-nucleus potential for the58Ni158Ni reac-
tion. The solid line is obtained with a Woods-Saxon nuclear pot
tial with parametersV05160 MeV, r 051.1 fm, anda50.65 fm.
The dashed line shows the quadratic expansion of the pote
around the barrier position.
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V~r !;B2
1

2
mv2~r 2R!2, ~1!

whereB and R are the barrier height and position, respe
tively. Herem is the reduced mass of the system andv is the
barrier ‘‘curvature’’ given byv252V9(R)/m. We use a
Woods-Saxon nuclear potential withV05160 MeV, r 0
51.1 fm, anda50.65 fm. On the inside, the nuclear pote
tial varies relatively rapidly, while on the outside the Co
lomb potential varies slowly, resulting in an asymmetric b
rier shape. The deviation from parabolic approximation~1!
becomes larger as the energy goes down, and one ex
this approximation to break down at energies well below
barrier. It was shown in Ref.@7# that the parabolic approxi
mation is adequate only forur 2Ru<a, that is, for incident
energies withinmv2a2/2 of the barrier height. In the presen
example mv2a2/252.62 MeV, and it is evident that th
parabolic approximation is valid only in a relatively sma
range of energies near the barrier top.

An analytic formula for the fusion cross section for par
bolic barrier~1! was derived some time ago by Wong@6#:

s~E!5
\v

2E
R2ln@11e2p(E2B)/\v#. ~2!

The upper panel of Fig. 2 compares this formula with t
fusion cross section obtained by numerically solving
Schrödinger equation with the true potential. No coupling
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FIG. 2. The validity of the Wong formula~2! for the fusion cross
section for the58Ni158Ni system. The upper panel shows the f
sion cross sections ~in mb! on a logarithmic scale, while the lowe
panel shows the logarithmic slopeL(E)5d@ ln(sE)#/dE. The solid
and dashed lines denote the exact numerical results and the W
cross section, respectively.
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included in these calculations. As we saw in Fig. 1, the pa
bolic approximation underestimates the barrier thickness
the tunneling region, and thus overestimates the penetrab
at low energies. The bottom panel of Fig. 2 shows the lo
rithmic slopesL(E). Equation~2! yields a slope that is con
stant at low energies, and is given by

L~E!;
d

dE
lnF\v

2
R2e2p(E2B)/\vG5

2p

\v
. ~3!

On the other hand, the slope computed from the exact res
shows a continuous increase with decreasing incident en
~solid line!. This is reminiscent of the experimental finding
of Ref. @5#.

At low energies, the logarithmic slope is related to t
s-wave barrier penetrabilityP0 by L(E)5d ln@P0(E)#/dE. In
the WKB approximation, the penetrability is given by

P0~E!5e22S(E)/\5expF22E
r 1

r 2
drA2m@V~r !2E#/\2G

~4!

at energies well below the barrier. Here,r 1 and r 2 are the
inner and the outer turning points, respectively. Defini
D(E) as the difference between the true action integralS(E)
and its value in the quadratic approximation, we have~ingor-
ing an unimportant constant factor!

S~E!5E
r 1

r 2
drA2m@V~r !2E#5

p

v
~B2E!1

\

2
D~E!.

~5!

Since the Coulomb barrierV(r ) has a nonsymmetric shape
D(E) increases as the energy decreases, and the logarit
slope L(E)52p/\v2dD(E)/dE is always larger than
2p/\v. Furthermore, one can show that the second der
tive of this action integral is a positive quantity and th
L(E) is a decreasing function ofE. For example, this is the
case for the sharp-cut potential,Vn(r )5@2VC(r )
2V0#u(R02r ), for which the action integral can be evalu
ated analytically@11#. These facts are consistent with th
numerical result shown in the lower panel of Fig. 2 as well
with the experimental findings discussed in Ref.@5#. We thus
conclude that the continuous increase of the logarithm
slope with decreasing energy is not in itself evidence
anomalous behavior of the fusion cross section at very
energies, as claimed in Ref.@5#.

We now discuss the relation between the logarithm
slopeL(E) and the surface property of the nuclear potent
For scattering processes, it seems well accepted that the
face diffuseness parametera should be around 0.63 fm ifVn
is parametrized by a Woods-Saxon form@12–14#. In marked
contrast, recent high-precision fusion data suggest tha
much larger diffuseness, between 0.8 and 1.4 fm, is nee
to fit the data@9#. This is not just for particular systems bu
seems to be a rather general result@4,10,15–18#. Note that
fusion depends strongly on the potential on both sides of
barrier, in contrast to the elastic scattering which depe
mainly on the potential on the outside. At high energies,

ng
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fusion cross section changes with the diffuseness due to
way the position and height of thel-dependent barrier chang
with increasingl. At lower energies, the main effect come
from the overall width of the barrier. A large diffusene
seems to be desirable in both these respects@9#.

For a fixed value of the barrier heightB, the barrier cur-
vature\v is approximately proportional toa21/2 @7#. Equa-
tion ~3! then indicates that the logarithmic slopeL(E) is
roughly proportional toa1/2. The large experimental slop
found in Ref.@5# may therefore be another indication of th
large surface diffusenesses already noted in heavy-ion
sion. In order to assess this, we perform the exact coup
channels calculations for the58Ni158Ni reaction using the
computer codeCCFULL @8# with different values of the sur
face diffuseness. This code uses the isocentrifugal appr
mation to reduce the dimensionality of the coupled-chann
equations~see Ref.@8# for details!, but we have checked tha
this is still valid at energies well below the Coulomb barri
In the calculations, we include the double quadrupo
phonon excitations in both the projectile and target nucle
similar coupling scheme successfully explained the exp
mental fusion cross section and barrier distribution for
very similar 58Ni160Ni system@17#. The dynamical quadru
pole deformation parameterb2 for the Coulomb coupling is
estimated to be 0.177 from the experimentalB(E2) @19#
with the radius parameterr coup51.2 fm. We require a some
what larger value ofb250.261~with r coup51.06 fm) for the
nuclear coupling in order to fit the data. The fusion react
often requires a radius parameter of around 1.06 fm, sma
than the usual value of around 1.2 fm, used to extrac
deformation parameter from the electromagnetic transi
probability. This results in a larger deformation parameter
well as in a larger deformation lengthbr coup. Although the
Coulomb-coupling Hamiltonian is independent of the va
of the radius parameter to be used, the nuclear coupling t
depends on it through the combinationbr coup. Therefore,
this problem may also be related to the parametrization
the nucleus-nucleus potential, and thus to the large sur
diffuseness problem, though the value ofr coup51.06 fm
should be reasonable for finite nuclei with a diffuse surfa
@20#.

In Fig. 3, we show the dependence of the fusion cr
section ~upper panel! and of the logarithmic slope~lower
panel! on the surface diffuseness parametera for the 58Ni
158Ni reaction. The figure also includes the experimen
data@21# for comparison. The experimental slope was co
puted using point-difference formulas with both two a
three successive data points. The dotted line is the result
the nuclear potential shown in Fig. 1, that is, witha
50.65 fm, while the dashed line is obtained with the pote
tial parameters V05195 MeV, r 050.94 fm, and a
51.0 fm. The former leads to a cross section whose slop
not steep enough to account for the experimental dat
energies below the barrier. As a consequence, the logarith
slopeL(E) is underestimated at these energies, as in Ref.@5#.
On the other hand, the potential witha51.0 fm improves the
agreement considerably both for the cross section and
logarithmic slope. We also include in the figure a calculat
with a51.3 fm ~solid line!. This further improves the fit to
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the logarithmic slope, although it somewhat worsens the
to the cross section itself at incident energies around 97 M
~We have confirmed that none of these results depends on
value of r 0 as long asV0 is adjusted, so that the barrie
height remains unchanged.! Clearly, the experimental dat
favor a large value of the surface diffuseness, as in m
other systems in the literature.

In summary, the ‘‘unexpected’’ behavior of heavy-ion fu
sion cross sections at extreme sub-barrier energies claime
Ref. @5# has two causes. One is the use of the Wong form
which is inadequate at energies far below the barrier. T
exact numerical calculation is vital in discussing the fusi
cross section and especially the logarithmic slopeL(E) at
low energies. We pointed out that the exact calculation sho
a similar energy dependence of the logarithmic slope a
the experimental data even without coupling. The other r
son for this apparent anomaly is the use of a diffusen
parameter that is widely used in calculations for scatter
processes, that is,a'0.63 fm. This potential leads to fusio
cross sections whose logarithmic slope is much smaller t
for the experimental data at deep sub-barrier energies. If s
a calculation is used as a reference, the experimental
may appear to fall much more steeply than expected@5#.
However, if one uses a larger value of the diffuseness par
eter in the phenomenological potential, the data can be
produced within the present coupled-channels framewo
The need for a large diffuseness to describe the fusion
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FIG. 3. Dependence of the fusion cross section~upper panel!
and the logarithmic slope~lower panel! on the surface diffusenes
parametera for the 58Ni158Ni reaction. The dotted, dashed, an
solid lines are coupled-channels results using diffuseness pa
eters of 0.65 fm, 1.0 fm, and 1.3 fm, respectively. The dou
quadrupole-phonon exitations in both the projectile and target
taken into account. Experimental data are from Ref.@21#.
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cess has also been found consistently in other systems. H
ever, the reason for the large differences in diffuseness
rameters extracted from scattering and from fusion analy
remains an open problem. In particular, it is still not cle
whether a large surface diffuseness reflects the true natu
the potential or simply mocks up other effects that caus
rapid decrease of fusion at low energies. In this context,
mention that neither the double-folding potential@9# ~which
is usually much deeper and narrower than the Woods-Sa
one! nor the geometrical corrections to the coupling poten
@22# seem to resolve this problem.
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More experimental and theoretical studies of fusion
deep sub-barrier energies are needed to improve our un
standing of this process, which may be especially import
in astrophysical fusion reactions. Isotopic dependences
also be of interest, particularly for exotic nuclei whose s
face properties may be modified by the presence of wea
bound nucleons.
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