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A Filtered-X LMS Algorithm for Sinusoidal
Reference Signals—Effects of Frequency Mismatch

Yoichi Hinamoto and Hideaki Sakai

Abstract—The objective of this letter is to analyze the effects of
frequency mismatch for an adaptive algorithm that becomes the
Filtered-X LMS algorithm when the reference signals are purely
sinusoidal. The Filtered-X LMS algorithm is often used for active
control of acoustic noise. For the case of sinusoidal noise sources, if
there is a deviation between the frequency used in the adaptive al-
gorithm and its true value (frequency mismatch), the performance
of the Filtered-X LMS algorithm might degrade considerably. In
this letter, using the equivalent transfer function method, the ef-
fects of frequency mismatch are analyzed precisely. Finally, com-
puter simulations are presented to demonstrate the obtained re-
sults.

Index Terms—Active noise control (ANC), Filtered-X LMS algo-
rithm, frequency mismatch.

I. INTRODUCTION

ACTIVE noise control (ANC) is well known as a useful
technique for suppressing acoustic noise [1], [2]. The ANC

system produces the antinoise field to cancel the primary sound
field from the noise sources by destructive interference of sound
fields. The primary noise sources are often generated from ro-
tating machines, and in such cases, acoustic noise can be treated
as periodic signals that can be represented by a superposition of
sinusoidal signals. We can find typical applications in the pro-
peller aircraft, motorboats, helicopters, etc. [3], [4].

In the adaptive algorithms for ANC, a frequency analyzer,
e.g., tachometer, provides the signal frequencies, which are as-
sumed to be the true ones, in advance. However, if there is a
deviation between the frequency used in the adaptive algorithm
and its true value (frequency mismatch), the performance of the
adaptive algorithm in the ANC system might degrade consid-
erably. In [5] and [6], the effects of frequency mismatch have
been analyzed using the averaging technique for the case where
the reference signals are real sinusoids and the secondary path
is not considered. Though the technique is based on the assump-
tion that the step size is very small, the obtained results are in
good agreement with simulated values for relatively large step
size.

When the effects of the secondary path cannot be ignored, we
need to use the Filtered-X LMS (FXLMS) algorithm. The objec-
tive of this letter is to analyze the effects of frequency mismatch
accurately on the FXLMS algorithm with sinusoidal reference
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Fig. 1. Block diagram of the whole ANC system with sinusoidal reference sig-
nals.

signals. Using the equivalent transfer function method used in
[7] and [8], the exact steady-state error signal and trajectory of
the tap weight vector due to the frequency mismatch are derived.
Finally, computer simulations are presented to demonstrate the
validity of the obtained results.

II. ACTIVE CONTROL OF SINUSOIDAL REFERENCE

SIGNALS BY THE FXLMS ALGORITHM

In this section, we consider the case with no frequency mis-
match. The block diagram of the ANC system is shown in Fig. 1.
The noise source of the th rotating machine is assumed to be
narrow band and is modeled by a complex sinusoidal wave [3].
Namely, the th reference signal that is an input to the adaptive
system is given by , where
denotes the total number of noise sources, and
with the frequency of the th rotating machine and the sam-
pling frequency . When the higher harmonics besides the fun-
damental frequency are generated, each harmonic sinusoidal
signal is treated as the input to the adaptive system. Let the ref-
erence signal vector and the tap weighting vector be
defined by

(1)

(2)

where stands for the transposition, the frequency is
known, and for . The transfer function of the
secondary path from the loudspeaker to the error microphone
is assumed to be an th-order finite impulse response (FIR)
system . The output of the
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adaptive system passes through the secondary path to form the
antinoise signal , which can be expressed as

(3)

where denotes the complex conjugate. Each sinusoidal ref-
erence signal passes through each primary path
with the transfer function to yield the
desired signal at the error microphone, which is written as

(4)

in the steady state, where denotes the Hermitian transpose,
and for notational simplicity, we define and

The error signal is given by

(5)

Using the estimated transfer function of , the fil-
tered reference vector by is written as , where

and may be different from . So, the FXLMS algorithm in
this case is described by

(6)

where is a positive step size. This is a special case of the
multireference frequency FXLMS algorithm in [1, pp.131–134]
with a single weight for each frequency. Equations (3)–(6) de-
scribe the dynamics of the ANC system. The analysis of this
system has been done in [9] using the state-space technique in
linear system theory where the stability limit about has been
shown.

III. EFFECTS OF FREQUENCY MISMATCH

In some situations, the frequencies in the desired signal (4)
are not precisely known. In this section, using the equivalent
transfer function technique, we analyze the effects of frequency
mismatch for the FXLMS algorithm with sinusoidal reference
signals. In this case, the frequencies in the FXLMS algorithm
(6) differ from those in the desired signal

(7)

The quantity denotes the
frequency mismatch. The complex conjugate of the th compo-
nent of (6) is written as

(8)

Taking the -transform of (8), we have

(9)

where

(10)

Then, the -transform of the output of the adaptive system
is . From (3) and (5), we

have

(11)

but from (9), we have

(12)

Hence, from (11) and (12)

(13)

where

(14)

and is the -transform of in (7).
From (13), it follows that

(15)

Thus, the transfer function from to is given by
. The characteristic equation

is the same as that derived in [9] where the complex con-
jugate version is presented. In [9], this result is obtained by
the state-space technique in linear system theory that requires
vector-matrix manipulations, whereas only scalar operations are
used in (8)–(14). Assuming that is taken within the stability
region derived in [9], based on the definition of frequency re-
sponse for (7) in the steady state is given by

(16)

where from (14)

(17)
Substitution of (15) into (12) gives
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Noting that corresponds to in (7) with re-
placed by , the stationary trajectory of
is given by

Hence, we have

(18)

When are sufficiently
small, for , the th term in (17) is dominant, and in (18), so is
the th term. Hence, the stationary trajectory of the tap
weight is approximated as

(19)

Moreover, under the condition , it fol-

lows from (19) that , and the
output of the th adaptive weight is close to

, which cancels the corresponding com-
ponent in , and the error signal approaches zero.
Otherwise, the error signal does not approach zero, and the
effect of frequency mismatch appears in the error signal. It
is noted that in the case of no frequency mismatch, that is,

, it follows that , and (16) is zero as it should
be. The increase in the time-averaged squared magnitude of the
error signal due to the frequency mismatch is given by

MISMATCH (20)

In the case when the frequency mismatch is sufficiently
small, we can approximate (20) as

MISMATCH

(21)

To compare (20) and (21) with the existing result in [5], we
consider a special case of single real sinusoid without the sec-
ondary path . Writing
and , then

, where . If
the adaptive tap weights and are of complex
conjugate relation, so are and . This
is seen as follows. Writing ,
and , we have

.
Hence, is real, and (6) is written as

Thus, . Hence

(22)

This is used in [5], and the effect of frequency mismatch
is analyzed by the averaging method, and the corre-

sponding formula to (20) in [5] is

(23)

where in (23), in [5] is replaced by 2 due to (22). For
, (23) is approximated as

(24)

but (21) is so that (24) coincides with this for the
case where .

For the general real-valued system with multiple sinusoids
and secondary path, we set a pair of frequency and with
the complex conjugate pair of initial tap weights.

IV. SIMULATION RESULTS

To examine the validity of the above theoretical develop-
ments, some simulations have been performed. An FIR system
with 256 taps has been used as the transfer function . This
corresponds to the transfer function of a real secondary path in
[1]. The above FIR system has been truncated with 32 taps and
used as an estimated transfer function instead of . It
is seen that and satisfy the necessary condition (the
90 condition) for convergence in [9] as follows:

(25)

The reference signals are assumed to be of the form
of unit magnitude complex sinusoid. In our simulation
studies, we consider three tonal noise frequencies of 125,
250, and 300 Hz, where 250 Hz is assumed to be the
harmonic of 125 Hz. If a sampling frequency is 1 kHz,
then , , and . In
this case, the reference signal vector is given by

,
and . Each primary noise source passes through
either of two primary paths and in [1]. Hence, the
frequency responses from the primary noise sources to the
microphone are given by

. It turns out
that in this case, corresponds to the stability
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Fig. 2. Learning curves in decibels when the frequency mismatch exists. (True
signal frequencies: ! = �=4 + a � 10 �, ! = �=2 + 3a � 10 �,
! = 3�=5 + a � 10 �. User-specified frequencies: ! = �=4; ! =

�=2; ! = 3�=5).

TABLE I
EXPERIMENTAL AND THEORETICAL VALUES OF THE INCREASE

IN THE TIME-AVERAGED SQUARED MAGNITUDE OF THE ERROR

SIGNALS DUE TO THE FREQUENCY MISMATCH WITH THE SAME

EXPERIMENTAL CONDITIONS IN FIG. 2.

limit of the step size [9]. So, we adopted . The initial
weights are set to .

Fig. 2 shows the learning curves in the presence of the fre-
quency mismatch. In conjunction with this figure, in Table I, we
compare the experimental and theoretical values in (20) and (21)
of the increase in the time-averaged squared magnitude of the
error signal due to the frequency mismatch. From Table I, since

(20) gives an exact solution, the result perfectly coincides with
the experimental one. On the other hand, (21) is derived under
the assumption that the frequency mismatch is sufficiently
small. So if the frequency mismatch is large as in the case
(compared with the case of ), the difference between
the theoretical and experimental values is relatively large.

V. CONCLUSION

This letter has investigated the exact effects of the frequency
mismatch for the FXLMS algorithm with sinusoidal reference
signals using the equivalent transfer function technique. The
exact steady-state expression for tap weights and the error signal
have been derived. The simulation results have demonstrated the
validity of the derived expressions.
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